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LETTERS TO PROGRESS IN PHYSICS

Progress in Physics: Twentieth Year of Publication

Florentin Smarandache1, Andreas Ries2, Pierre Millette3, and Ebenezer Chifu4

Progress in Physics Editorial Team
1fsmarandache@gmail.com, 2ries@ptep-online.com, 3millette@ptep-online.com, 4ebenechifu@yahoo.com

“All scientists shall have the right to present their scientific research results, in whole or
in part, at relevant scientific conferences, and to publish the same in printed scientific
journals, electronic archives, and any other media.”

Declaration of Academic Freedom, Article 8 [1]

With this inauguration of Volume 20 of Progress in Physics,
the journal starts its twentieth year of publication, offering a
much-needed avenue for the dissemination of truly scientific
submissions that are written as proper scientific papers that
are free of logical, mathematical and physical errors.

The journal Progress in Physics was created in January
2005 on behalf of many influential scientists with whom we
were in correspondence. The main reason was that publica-
tions in other journals were allowed only if the submitter was
affiliated with a scientific institution or research organization.
Given this situation, many working scientists finding them-
selves partially employed or unemployed, such as in between
research grants, find themselves unable to publish their re-
search results. Even e-print archives such as Cornell’s arXiv
required scientific affiliation and still follow this policy. This
is why the Declaration of Academic Freedom was written and
published in ten languages in Progress in Physics [1], and
why the journal was started.

Since commencing in 2005, we have published 967 arti-
cles till now, which are accessed free of charge online. We
have also distributed printed copies of the journal to major li-
braries of science throughout the world and offer open access
online based on library preferences. The journal has a sta-
ble position among other scientific journals published by sci-
entific institutions, and at the same time remains absolutely
independent from any bureaucratic influence on the part of
scientific organizations.

Our aim is to publish a professional journal by keeping a
high professional level of operation. Therefore, we always re-
view submitted papers accepting those that meet the require-
ments stated above, and rejecting those that are not written
as proper scientific papers or that contain formal errors. We
follow our major principle according to which we consider
submissions on the basis of what has been written in the sub-
missions, without any connection with the submitter’s affilia-
tion, personality and other considerations.

This has allowed us to make our journal a repository for
high quality scientific research over the last two decades. We
still do everything to keep the high level of the journal, which
is a great advantage for our authors. Our Editorial Team as-

sures our readers and authors that we will continue to adhere
to this independent editorial policy in the future, thereby fol-
lowing the Declaration of Academic Freedom.

In conclusion, we have done, and will continue to do, ev-
erything to support the principles of open and free dissem-
ination of scientific information in the future. We open this
20th anniversary volume of our journal with faith in the future
and invite all researchers who want to publish their scientific
results to submit their manuscripts to our journal.

Submitted on January 2, 2024
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LETTERS TO PROGRESS IN PHYSICS

On the Lambda Term in Einstein’s Equations and Its Influence
on the Cosmological Redshift

Dmitri Rabounski and Larissa Borissova
Puschino, Moscow Region, Russia

E-mail: rabounski@yahoo.com, lborissova@yahoo.com

Here we analyze our theory of the physical vacuum (λ-field filling de Sitter spaces), in
which we calculated its physically observable properties (2001) and the parabolic (non-
linear) cosmological redshift specific to de Sitter spaces (2013). To explain the recently
discovered non-linear cosmological redshift, we consider the following options: 1) our
Universe is a de Sitter world with λ> 0 and, therefore, with a parabolic cosmological
redshift (because with λ> 0 the non-Newtonian gravitational forces acting in a de Sitter
world are forces of repulsion, which decelerate photons), but in this case the physi-
cal vacuum has a negative density ρ̆ < 0, and the observable curvature radius of space
is imaginary (the space geometry is hyperbolic); 2) our Universe is a de Sitter world
with λ< 0, where the physical vacuum has a positive density ρ̆ > 0, and the observable
curvature radius is real (the space geometry is spherical), but with a parabolic cosmo-
logical blueshift (and not a redshift) because with λ< 0 the non-Newtonian forces are
forces of attraction (they accelerate photons); 3) our Universe is a de Sitter world with
λ> 0 and, hence, a parabolic cosmological redshift, but the λgαβ term in Einstein’s field
equations has the opposite (negative) sign. We vote for the 3rd option, because in this
case a) the physical vacuum has a positive density ρ̆ > 0, which satisfies the physical
requirement that any kind of observable matter must have a positive mass and density,
b) the observable curvature radius of space is real (and not imaginary) and, hence, the
space geometry is spherical (and not hyperbolic), c) the non-Newtonian gravitational
forces are forces of repulsion (they decelerate photons, thereby producing a redshift),
d) the event horizon in such a universe is outlined by the gravitational radius of the de
Sitter sphere. All this confirms the supposition that our Universe is a huge de Sitter
gravitational collapsar with λ> 0 and a non-linear (parabolic) cosmological redshift.

In the late 1980s and 1990s, we undertook a massive theoret-
ical research on the motion of particles in the space-time of
General Relativity, which we published in 2001 in our two
monographs [1, 2]. In particular, we created a theory of the
physical vacuum (λ-field filling de Sitter spaces), in which we
calculated its physically observable properties such as den-
sity, pressure, etc. [2, Chapter 5]. In 2010, using the mention-
ed theory of the physical vacuum, Larissa created a theory of
the de Sitter gravitational collapsar (de Sitter bubble), which
she suggested as a model of the observable Universe [3]. In
our third monograph [4], published in 2013, we predicted
a parabolic (non-linear) cosmological redshift in a de Sitter
space [4, §6.4–§6.5]. In 2018, we also published a short pa-
per on the mentioned parabolic redshift [5].

Meanwhile there was a serious problem with determining
the cosmological shift in the frequency of photons travelling
in a de Sitter world. This problem arose due to the sign of the
λ-term, because it is not specified in de Sitter’s metric. So,
our closest colleagues drew our attention to some confusion
in our sequential publications on this subject.

First, in our theory of the physical vacuum, where we did
not consider the cosmological redshift, we assumed λ< 0 and,

therefore, a positive vacuum density ρ̆ > 0 in our Universe [2,
§5.3]. In this case, the non-Newtonian gravitational forces
acting in any de Sitter space are forces of attraction, and the
physically observable three-dimensional curvature is positive
C > 0. Since C = 1

R2 , the latter means that such a universe has
a real observable curvature radius R, and, therefore, the space
geometry is spherical (this is what the geometry of a de Sitter
space should be). But a few years later, when Larissa suggest-
ed a collapsed de Sitter sphere as a model of the observable
Universe [3], and then, in our monograph on the internal con-
stitution of stars, where we considered de Sitter collapsars [4,
Chapter 6], and also in our subsequent paper on the cosmo-
logical redshift [5], it was assumed that λ> 0. This is because
forces of attraction (λ< 0) accelerate photons, thereby pro-
ducing a photon blueshift (gain of the photon energy), and
forces of repulsion (λ> 0) decelerate photons, thereby pro-
ducing a photon redshift (loss of the photon energy). But in
the case of λ> 0 we should expect a negative vacuum density
ρ̆ < 0, a negative physically observable curvature C < 0 and,
hence, an imaginary numerical value of the observable cur-
vature radius R of such a universe (this means that the space
geometry is hyperbolic).

4 Rabounski D. and Borissova L. On the Lambda Term in Einstein’s Equations and Its Influence on the Cosmological Redshift



Issue 1 (June) PROGRESS IN PHYSICS Volume 20 (2024)

To resolve this contradiction, a solution was proposed in
§6.5 of our book [4] (§5.1 in the 1st edition, 2013). But this
solution was not well recognized by the readers, because it
was “lost” among many other new results presented in that
book. As a result, the above confusion has created a problem
in understanding the parabolic cosmological redshift that we
had predicted for a de Sitter universe.

Note that the cosmological redshift problem was never
our task or field of interest. The parabolic redshift in a de
Sitter universe was just one of the spin-off theoretical results
that we obtained in the course of our long-term work on other,
much more important mathematical and applied problems in
the General Theory of Relativity.* On the other hand, we
must respond to our colleagues regarding the parabolic cos-
mological redshift in a de Sitter universe, which we had pre-
dicted “at the tip of the pen”. It looks like it is time to dot all
the i’s in this problem.

Let us begin. The λ-term was introduced in 1917 by Al-
bert Einstein [6]. He added it multiplied by the fundamental
metric tensor gαβ to the right-hand side of the field equations
(known also as Einstein’s equations), which thus acquired
their final well-known form†

Rαβ −
1
2
gαβR = −κTαβ + λgαβ .

He did this, because the metric of a static finite spherically
symmetric space filled with a homogeneous and isotropic dis-
tribution of substance — Einstein’s metric, which he initially
considered as the basic cosmological model of our Universe,
— does not satisfy the original field equations (which do not
contain the λ-term). Mathematically, this means that substi-
tuting the components of the fundamental metric tensor gαβ,
taken from Einstein’s metric, into the original field equations
(without the λ-term), the left-hand side of the field equations
does not equalize the right-hand side. But with the λ-term

*“As you know, our success depends on the fact that nearly all major
scientific advances have been made while looking for something else, or fol-
lowing up curious observations.” — David Jones, Editor of New Scientist,
May 1981. Cited from: Jones D. The Inventions of Daedalus. W. H. Freeman
& Co., Oxford, 1982, page 3.

†Here Rασ =R ··· βαβσ · [cm−2] is Ricci’s tensor (obtained as the contraction
of the Riemann-Christoffel curvature tensor Rαβγδ by one index in each pair
of its four indices), R= gαβRαβ is the scalar curvature, κ= 8πG/c2 = 1.862×
10−27 [cm/gram] is Einstein’s constant, G = 6.672 × 10−8 [cm3/gram sec2] is
Gauss’ gravitational constant, and Tαβ [gram/cm3] is the energy-momentum
tensor of a distributed matter that fills the space.

Einstein’s field equations show how in a Riemannian space the field of
its four-dimensional curvature depends on the field of a distributed matter
(substance or, say, electromagnetic field) that fills this space. Note that Ein-
stein’s field equations are not some kind of physical hypothesis. They follow
mathematically from the geometric structure characteristic of any Rieman-
nian space (as well as the Riemannian quadratic metric and its invariance
throughout the entire space). For example, let us have a space determined
by a metric. In order for this space to be Riemannian, it is necessary that
its metric has the Riemannian quadratic form ds2 = gαβ dxαdx β, be invariant
throughout the entire space, and satisfy the field equations.

added to the right-hand side of the field equations, the fun-
damental metric tensor gαβ of a spherically symmetric static
homogeneous and isotropic universe (Einstein’s cosmological
model) makes both sides of the equations equal to each other,
so the equations vanish. For detail, see Einstein’s 1917 pa-
per [6] and the comprehensive review on this subject [7].

A year later, in 1918, Willem de Sitter [8] mathematically
deduced that, in addition to Einstein’s metric (which deter-
mines a space filled with a static finite spherically homoge-
neous and isotropic distribution of substance), there is also
another space metric satisfying the field equations containing
the λ-term. De Sitter’s space metric has the form

ds2 =

(
1 −
λr2

3

)
c2dt2 −

dr2

1 − λ r2

3

− r2
(
dθ2 + sin2

θ dφ2
)

and describes a static finite spherically symmetric space filled
with a homogeneous and isotropic distribution of the λ-field
(determined by the λ-term) without any islands of mass or
distributed substance. The above metric then became known
as de Sitter’s cosmological model.

Since the zero component T00 of the energy-momentum
tensor of a distributed matter is associated with the density of
the matter [6], then, according to the right-hand side of the
field equations, the λ-term divided by Einstein’s constant κ
should be associated with the density of the λ-field. Over the
last century many astronomers tried to measure the numeri-
cal value of the λ-term, using various measurement methods;
see the 2001 review on this subject [9]. However, all that
they achieved does not differ from the result known in already
the 1950s, according to which even the sign of the λ-term is
under question, and the upper limit of its numerical value is
|λ |⩽ 10−56 [cm−2]. Even now the astronomers can only say
that the λ-field is an extremely rarefied medium, the density
of which cannot be surely detected within the current accu-
racy of astronomical measurements.

There was no theory of the λ-field until the mid-1990s,
when we began our own research on this subject. As a re-
sult of our research, in Chapter 5 of our monograph [2], first
published in 2001, we presented a mathematical theory of the
λ-field. In the framework of this theory, we theoretically de-
termined the physically observable properties of the λ-field
and much more. As always in our studies, we used the mathe-
matical apparatus of physically observable quantities in Gen-
eral Relativity, known also as the Zelmanov chronometric in-
variants [10–12]; see the most comprehensive review of this
mathematical technique in our survey [13].

In [2] we called the λ-field the physical vacuum, because
it has vacuum-like properties. We relied on the works of Erast
Gliner [14,15], announced in 1966 by Andrew Sakharov [16].
Gliner selected and then studied a special state of distributed
matter for which the energy-momentum tensor is Tαβ = µgαβ,
where µ is a constant number‡. He called this state of matter

‡Gliner used the space signature (−+++), resulting in Tαβ =−µgαβ.
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the µ-vacuum, because it is related to vacuum-like states of
substance (Tαβ ∼ gαβ, which means Rαβ = kgαβ, k= const), but
is not the vacuum (because Tαβ = 0 in the vacuum). Following
this way, we introduced a new geometric classification of the
states of distributed matter (and of space-time itself) accord-
ing to the form of the energy-momentum tensor. We called
this new classification the T-classification of matter:

I. The emptiness is the state of space-time, for which the
Ricci tensor is zero Rαβ = 0, which means the absence
of both distributed substance (Tαβ = 0) and the physical
vacuum (λ= 0).* So, the emptiness is the state of a
space-time without any kind of distributed matter;

II. The physical vacuum or, simply, the vacuum is the state
of distributed matter (space-time), which is determined
by only the λ-field (λ= const, 0);

III. The µ-vacuum is the state of distributed matter (space-
time), which is determined by the energy-momentum
tensor of the form Tαβ = µgαβ (where µ= const). This
is a vacuum-like state of matter, because Tαβ ∼ gαβ;

IV. Substance is the state of distributed matter (space-time)
for which Tαβ , 0, but Tαβ / gαβ. This state comprises
both ordinary substance and electromagnetic fields.

For the above reasons, we called the mathematical theory
of the λ-term, which we presented in Chapter 5 of our mono-
graph [2], the theory of the physical vacuum.

The energy-momentum tensor and physical properties of
the physical vacuum (λ-field) were derived as follows. We
presented the field equations in the form

Rαβ −
1
2
gαβR = −κ T̃αβ ,

where T̃αβ =Tαβ + T̆αβ is the joint energy-momentum tensor
that describes both distributed substance and the physical vac-
uum, and

T̆αβ = −
λ

κ
gαβ

is the energy-momentum tensor of the physical vacuum. The
physically observable properties of a medium are expressed
with the projections of its energy-momentum tensor Tαβ onto
the time line and the three-dimensional spatial section of the
observer [10–13]: the observable density ρ, the observable
momentum density J i and the observable stress tensor U ik

ρ =
T00

g00
, J i =

cT i
0

√
g00
, U ik = c2T ik,

Since the observable density of matter is positive, ρ= T00
g00
=−µ> 0, he ob-

tained negative numerical values of µ. We always use the space signature
(+−−−), because in this case the three-dimensional observable interval is
positive [10–13]. Therefore, we have µ> 0 and Tαβ = µgαβ.

*In an empty space, we have the field equations Rαβ − 1
2 gαβ R= 0 or, in

the mixed form, R βα − 1
2 g
β
α R= 0. After their contraction Rαα −

1
2 g
α
αR= 0, we

obtain R− 1
2 4R= 0. Hence, the scalar curvature of any empty space is R= 0,

and the field equations in an empty space have the form Rαβ = 0.

which, when calculated for the energy-momentum tensor of
the physical vacuum T̆αβ =− λκ gαβ, have the form

ρ̆ =
T̆00

g00
= −
λ

κ
,

J̆ i =
c T̆ i

0
√
g00
= 0 ,

Ŭ ik = c2 T̆ ik =
λ

κ
c2hik = − ρ̆c2hik,

where hik is the upper-index form of the physically observable
three-dimensional metric tensor hik =−gik +

1
c2 vivk.†

From here we see that the physical vacuum (λ-field) is
a uniformly distributed matter (since it has a constant density
ρ̆= const), and also is a non-emitting medium (the energy flux
in the physical vacuum is zero c2 J̆ i = 0).

The equation of state of the physical vacuum‡ follows
from the general formula of the stress tensor

Uik = p0 hik − αik = phik − βik ,

which is applicable to any medium [12]. Here p0 is the equi-
librium pressure of the medium, p is the true pressure, αik

is the viscosity of the 2nd kind, and βik =αik −
1
3 αhik is the

anisotropic part of αik (α=αi
i is its trace), called the viscosity

of the 1st kind and manifested in anisotropic deformations of
the medium. Since the physical vacuum (λ-field) is the only
filler of any de Sitter space, and de Sitter’s metric means a
spherically symmetrical, homogeneous, isotropic and static
(non-deforming) space, then in the physical vacuum ᾰik = 0
and β̆ik = 0 (it is a non-viscous medium). Hence, the energy-
momentum tensor of the physical vacuum has the form

Ŭik = p̆hik = − ρ̆c2hik ,

and the equation of state of the physical vacuum is

p̆ = − ρ̆c2,

which means the state of inflation: if the density of a medium
is positive, then the pressure inside it is negative (the medium
expands).

So, we have obtained that the physical vacuum has the
following physical properties:

†The physically observable three-dimensional spatial interval is deter-
mined as dσ2 = hik dx idxk , where hik =−gik +

1
c2 vi vk for which hik =−gik

and hi
k =−g

i
k = δ

i
k . Here vi =−c g0i√

g00
is the linear velocity with which the

reference space of the observer rotates (in the case, if it rotates), for which
v i =−cg0i√g00 , vi = hik v

k , v2 = vk vk = hik v
ivk . See the mathematical appa-

rarus of chronometric invariants [10–13] for detail.
‡The equation of state of a distributed matter is the relationship between

the pressure and density in the medium. For instance, p= 0 is the equation
of state of a dust medium, p= ρc2 is the equation of state of a matter inside
atomic nuclei, p= 1

3 ρc2 is the equation of state of an ultra-relativistic gas.

6 Rabounski D. and Borissova L. On the Lambda Term in Einstein’s Equations and Its Influence on the Cosmological Redshift
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The physical vacuum, i.e., the λ-field, is a homogene-
ous ( ρ̆= const), non-viscous (ᾰik = 0, β̆ik = 0) and non-
emitting (J̆ i = 0) medium, which is in the state of infla-
tion (p̆=− ρ̆c2).

We are able to calculate the numerical value of the phys-
ically observable density of the physical vacuum ρ̆=− λ

κ
and,

therefore, the numerical value of the λ-term, if the physi-
cally observable three-dimensional curvature of the observ-
able space will once be somehow measured in astronomical
observations. How to do this is explained below.

In constant curvature spaces such as de Sitter spaces the
Riemann-Christoffel curvature tensor is [17, Chapter VII]

Rαβγδ = K
(
gαγ gβδ − gαδ gβγ

)
, K = const ,

where K is a constant number proportional to the constant
scalar curvature R. Contracting it step-by-step we obtain the
Ricci tensor Rαβ =−3K gαβ, the scalar curvature R=−12 K
(because gαβ gαβ = 4) and, as a result, the field equations in a
constant curvature space

3K gαβ = −κTαβ + λgαβ ,

which mean (λ− 3K) gαβ = κTαβ. Because Tαβ = 0 in any de
Sitter space (its only filler is the λ-field), then the observable
density of the physical vacuum in a de Sitter space is

ρ̆ = −
λ

κ
= −

3K
κ
= −

3Kc2

8πG
,

and, since the physically observable three-dimensional curva-
ture C of a de Sitter space is C =−6K,* we obtain the physi-
cally observable density of the physical vacuum ρ̆, the λ-term
and the pressure p̆ inside the vacuum (the latter follows from
the equation of state of the physical vacuum, p̆=− ρ̆c2), ex-
pressed with the physically observable space curvature C

ρ̆ =
C
2κ
, λ = −

C
2
, p̆ = −

c2C
2κ
,

or, since C is known to be related to the physically observable
curvature radius R of a three-dimensional constant curvature
space as follows C = 1

R2 ,

ρ̆ =
1

2κR2 , λ = −
1

2R2 , p̆ = −
c2

2κR2 .

Astronomical observations performed over the last cen-
tury indicate that the physically observable event horizon in
our Universe is approximately 1028 cm (within one order of
magnitude). Therefore, if we assume that our Universe is a
de Sitter sphere with the observable curvature radius 1028 cm,

*It was obtained by projecting the Riemann-Christoffel curvature ten-
sor Rαβγδ onto the time line and the three-dimensional spatial section of the
observer; see [2, §5.3] for detail.

then we should expect (all within one order of magnitude):

ρ̆ ≈ 3 × 10−30 gram/cm3,

p̆ ≈ −2 × 10−9 gram/cm sec2,

|λ | ≈ 5 × 10−57 cm−2.

Gravitational forces act in any de Sitter space, but they are
non-Newtonian gravitational forces because they arise due
to the non-Newtonian gravitational potential created by the
physical vacuum (λ-field). Below explains why.

In general, gravitational forces are forces caused by the
non-uniform distribution of the gravitational potential w de-
termined by the zero component g00 of the fundamental met-
ric tensor gαβ. As is known, in a general case [18],

g00 =

(
1 −

w
c2

)2
, hence w = c2 (

1 −
√
g00

)
,

and the physically observable vector of the gravitational iner-
tial force, determined in the framework of the the mathemat-
ical apparatus of chronometric invariants [10–13], is

Fi =
1
√
g00

(
∂w
∂xi −

∂vi
∂t

)
.

In a space of de Sitter’s metric (see the metric in the be-
ginning of this article) we have

g00 = 1 −
λr2

3
, hence w = c2

1 −
√

1−
λr2

3


is the non-Newtonian gravitational potential specific to de
Sitter metric spaces. The mixed components g0i are zero in
de Sitter’s metric, hence vi =−c g0i√

g00
= 0 (which means that

de Sitter spaces do not rotate). Using the above, we obtain
that the physically observable gravitational inertial force in a
de Sitter space has the following non-zero components

F1 =
λc2

3
r

1 − λ r2

3

, F1 =
λc2

3
r ,

or, when expressed with the physically observable density of
the physical vacuum ρ̆ and the observable curvature radius of
space R,

F1 = −
κρ̆c2

3
r

1 + κρ̆r2

3

= −
c2

6R2

r

1 + r2

6R2

,

F1 = −
κρ̆c2

3
r = −

c2

6R2 r .

This is a non-Newtonian gravitational force, because it
arises due to the non-Newtonian gravitational potential spe-
cific to de Sitter spaces, and also increases with the distance
over which it acts (the force is proportional to r).

Based on the results presented above, we arrive at the fol-
lowing conclusions:
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1. If the λ-term is negative λ< 0, then the density of the
physical vacuum is positive ρ̆ > 0, the pressure inside
it is negative p̆< 0 (which means that the vacuum ex-
pands), the non-Newtonian gravitational forces acting
in the space are negative F i < 0 (this means that they
are forces of attraction), and the three-dimensional ob-
servable curvature is positive C > 0;

2. On the contrary, if the λ-term is positive λ> 0, then
the density of the physical vacuum is negative ρ̆ < 0,
the pressure inside it is positive p̆> 0 (the vacuum con-
tracts), and the non-Newtonian gravitational forces act-
ing in the space are positive F i > 0 (therefore, they are
forces of repulsion). But in this case, the physically ob-
servable three-dimensional curvature is negative C < 0
and, therefore, the observable curvature radius of space
R has an imaginary numerical value R= 1

√
C
= 1
√
−2λ

,
which means that the three-dimensional space geom-
etry is hyperbolic (but not spherical, how the geometry
of a de Sitter space should be).

Let us now study how the sign of the λ-term affects the
frequency shift gained by a photon travelling in a de Sitter
universe. It is called the cosmological frequency shift, be-
cause it is calculated for a photon fled a “cosmological” dis-
tance comparable to the radius of the Universe.

As we have shown and applied in our previous studies
since 2009 [3–5], the physically observable cosmological fre-
quency shift in photons is deduced by integrating the scalar
equation of isotropic geodesic lines (trajectories of free light-
like particles, e.g., free photons), which is the equation of the
physically observable photon energy. This equation follows
from the theory of chronometric invariants [10–13] (physi-
cal observables in the space-time of General Relativity), and
is the chronometrically invariant (physically observable) pro-
jection of the four-dimensional equations of isotropic geo-
desics (the four-dimensional equations of motion of free pho-
tons) onto the time line of the observer, while the chronomet-
rically invariant projection of the four-dimensional equations
of isotropic geodesics onto the three-dimensional spatial sec-
tion associated with the observer gives the three-dimensional
physically observable equations of motion of free photons.

In particular, in 2011, following this calculation method
applied to the equations of motion of mass-bearing particles,
the cosmological mass defect of mass-bearing particles had
been predicted [19]. The cosmological mass-defect is a new
effect predicted according to General Relativity.

In short, the aforementioned calculation method applied
to photons is as follows.

The four-dimensional (general covariant) equations of an
isotropic geodesic line, which is the four-dimensional trajec-
tory of a free photon*, when projected onto the time line and

*This is a photon, the motion of which is non-deviated by another force
than the forces caused by the space itself (gravitation, rotation and deforma-
tion), so it travels along a shortest (geodesic) trajectory. If a photon is also

the three-dimensional spatial section associated with an ob-
server, have two physically observable (chronometrically in-
variant) projections, which are†

dω
dτ
−
ω

c2 Fi ci +
ω

c2 Dik cick = 0 ,

d
(
ωci)
dτ

− ωF i + 2ω
(
Di

k + A·ik·
)

ck + ω∆i
nk cnck = 0 ,

whereω is the photon’s frequency, ci is the physically observ-
able chr.inv.-vector of the light velocity (hik cick = c2), and

dτ =
√
g00 dt −

1
c2 vi dxi

is the physically observable time interval. The factors under
which photons move freely, aside of the chr.inv.-gravitational
inertial force Fi (explained above), are the chr.inv.-angular ve-
locity tensor of the space rotation Aik, the chr.inv.-tensor of
the space deformation Dik and the chr.inv.-Christoffel sym-
bols ∆i

jk (they mean the non-uniformity of space)‡

Aik =
1
2

(
∂vk
∂xi −

∂vi

∂xk

)
+

1
2c2 (Fi vk − Fk vi) ,

Dik =
1
2

∗∂hik

∂t
, Dik = −

1
2

∗∂hik

∂t
,

∆i
jk = him∆ jk,m =

1
2

him
(
∗∂h jm

∂xk +
∗∂hkm

∂x j −

∗∂h jk

∂xm

)
.

We call the time projection (first equation) the chr.inv.-
energy equation, because it gives the physically observable
energy E = ℏω of the photon as it travels. The spatial (second)
projection represents the chr.inv.-equations of the photon’s
motion in the three-dimensional space.

We calculate the cosmological frequency shift of a photon
by integrating the chr.inv.-energy equation. De Sitter met-
ric spaces do not rotate or deform§, therefore the only acting

under the action of another additional force, that force deviates it from the
geodesic (shortest) path thereby making the photon’s motion non-geodesic.
Such a deviating non-geodesic force or forces appear in the right-hand side
of the equations of motion thereby making the right-hand side of the equa-
tions nonzero and, thus, transforming them into the non-geodesic equations
of motion. See our monograph [2] for detail.

†For details on how these projections are deduced, see our first mono-
graph [1], in which we considered geodesic particle motion in terms of
chronomeric invariants (physically observable quantities in General Relativ-
ity), and also our second monograph [2] focused on non-geodesic motion.

‡The chr.inv.-derivation operators with respect to time and the spatial
coordinates have the form:

∗∂
∂t
= 1√

g00
∂
∂t

and
∗∂
∂x i =

∂
∂x i +

1
c2 vi

∗∂
∂t

.
§In de Sitter’s metric (see it in the beginning of this article), we have

g0i = 0. This means that the linear rotational velocity of such a space is zero
vi =−c g0i√

g00
= 0 and also the angular velocity tensor Aik = 0. Hence, de Sit-

ter metric spaces do not rotate. In addition, the chr.inv.-metric tensor in a
de Sitter space has the form hik =−gik +

1
c2 vivk =−gik . It does not depend

on time because the non-zero gik components of de Sitter’s metric, which
are g11 =−

(
1− λr2

3
)−1, g22 =− r2, g33 =− r2 sin2θ, do not depend on time.

Hence, the space deformation tensor is zero Dik = 0. This means that de Sit-
ter metric spaces do not deform, i.e., they are a kind of static spaces.
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factor in the chr.inv.-energy equation is the non-Newtonian
gravitational force Fi. Because the force and the physically
observable time interval in a de Sitter space are

F1 =
λc2

3
r

1 − λ r2

3

, dτ =
√
g00 dt =

√
1 −
λr2

3
dt ,

we obtain the chr.inv.-energy equation of a photon travelling
along the radial direction x1 = r in a de Sitter space

dω
dτ
−
ω

c2 F1 c1 = 0

in the form
d lnω =

λr
3

dr

1 − λ r2

3

or, since d ln
(
1− λ r2

3

)
=− 2λr

3
dr

1− λ r2
3

,

d lnω = −
1
2

d ln
(
1 −
λr2

3

)
,

integrating which we obtain the photon’s frequency ω and its
cosmological shift z (without specifying the sign of λ)*

ω =
ω0√

1 − λr2

3

≃ ω0

(
1 +
λr2

6

)
,

z =
ω − ω0

ω0
=

1√
1 − λr2

3

− 1 ≃
λr2

6
.

As you can see from the above formula, we have obtained
that in any de Sitter universe there is a parabolic (non-linear)
cosmological shift in the frequency of photons. Two options
of the cosmological frequency shift are conceivable, depend-
ing on the sign of λ:

1. In a de Sitter universe with λ> 0, we have z> 0 that
means a parabolic cosmological redshift — the fre-
quency of a photon decreases as it travels, because with
λ> 0 the non-Newtonian gravitational forces acting in
a de Sitter world are forces of repulsion, which decel-
erate photons travelling towards the observer. In this
case, the physical vacuum has a negative density ρ̆ < 0,

*The above z is not a kind of the Doppler frequency shift and is therefore
calculated using a different formula. The Doppler redshift z is a decrease in
the frequency of the signal emitted by a source moving away from the ob-
server, and the Doppler blueshift is an increase in the signal’s frequency when
its source moves towards the observer. In contrast, in the case of a de Sitter
space under consideration, the source of photons neither moves away nor ap-
proaches the observer (the distance r between them remains unchanged). In
this case, the photon frequency shift is due only to the non-Newtonian grav-
itational field attributed to such a space (see the chr.inv.-energy equation that
above). In the formula for z, which we have obtained, ω0 is the frequency of
the photon in the case, where its source coincides with the observer (r= 0),
and ω is the photon’s frequency in the case, where the source of the photon
is located at a distance r from him.

the pressure inside it is positive p̆=− ρ̆c2 > 0 (which
means that the physical vacuum contracts), the three-
dimensional physically observable curvature C = 1

R2 is
negative C < 0 and, therefore, the observable curvature
radius of space R has an imaginary numerical value.
The latter means that the space geometry is hyperbolic
(what the geometry of a de Sitter space should not be).
In addition, ρ̆ < 0 contradicts the physical requirement
that any kind of observable matter must have a positive
mass and density;

2. In a de Sitter universe with λ< 0, we have z< 0 that
means a parabolic cosmological blueshift — the fre-
quency of a photon increases as it travels, since with
λ< 0 the non-Newtonian gravitational forces acting in
a de Sitter world are forces of attraction (they accelerate
photons travelling towards the observer). In this case,
the physical vacuum has a positive density ρ̆ > 0, its
pressure is negative p̆=− ρ̆c2 < 0 (which means that the
physical vacuum is an expanding medium), the three-
dimensional physically observable curvature is positive
C = 1

R2 > 0 and, therefore, the observable curvature ra-
dius of space R has a real numerical value (this means
that the space geometry is spherical as it should be in a
de Sitter space).

In other words, in a de Sitter world with λ> 0 there is a
non-linear (parabolic) cosmological redshift, and this our the-
oretical finding corresponds to the non-linearity of the cos-
mological redshift in the spectra of distant galaxies, which
was recently discovered by astronomers†. But the λ> 0 case
considered above does not satisfy such obvious physical re-
quirements as a positive density of distributed matter and the
real radius of the Universe. On the other hand, despite the fact
that in a de Sitter world with λ< 0 there are no violations of
the above physical requirements, in such a universe we have
a parabolic cosmological blueshift.

We were looking for a solution that would resolve this
dilemma. As a result, we have arrived at a conclusion that
the above contradiction is resolved if we take Einstein’s field
equations in the following form

Rαβ −
1
2
gαβR = −κTαβ − λgαβ ,

where the last term λgαβ is taken with the opposite (negative)
sign unlike Einstein’s original equations, in which this term
is positive. In this case,

Rαβ −
1
2
gαβR = −κ

(
Tαβ +

λ

κ
gαβ

)
,

where the right-hand side contains the sum Tαβ + λκ gαβ (as it
should be according to the logic of things) and the energy-

†See, for example, the surveys [20–22] and the original research results
referred therein.
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momentum tensor of the physical vacuum is*

T̆αβ =
λ

κ
gαβ .

In this case, in a de Sitter world with λ> 0 and, therefore,
with a parabolic cosmological redshift, we have

ρ̆ =
λ

κ
> 0 , p̆ = − ρ̆c2 < 0 ,

and, therefore (following the same deduction as on page 7),

ρ̆ =
C
2κ
=

1
2κR2 , λ =

C
2
=

1
2R2 ,

p̆ = −
c2C
2κ
= −

c2

2κR2 ,

from which we obtain positive numerical values of the three-
dimensional physically observable curvature C = 1

R2 and the
observable curvature radius of space R

C = 2λ > 0 , R =
1
√

C
> 0 .

In addition, there is one more property of de Sitter worlds
with λ> 0. As follows from de Sitter’s metric (see it in the
beginning of this article) that the state of gravitational col-
lapse (it is characterized by the condition g00 = 0) arises in a
de Sitter space with λ> 0 under the obvious condition λr2

3 = 1.
As Larissa obtained in 2010 [3], “. . . since Schwarzschild’s
metric of the space inside a sphere of incompressible liquid
transforms into de Sitter’s metric by the collapse condition
and the condition λ= 3

a2 , we arrive at the conclusion: space
inside a sphere of incompressible liquid, which is in the state
of gravitational collapse, is described by de Sitter’s metric,
where the λ-term is λ= 3

a2 . All these can be applied to the
Universe as a whole, because it has mass, density, and radius
such as those of a collapsar. Therefore, the Universe is a col-
lapsar, whose internal space, being assumed to be a sphere of
incompressible liquid, is a de Sitter space with λ= 3

a2 (here a
is the radius of the Universe).” Larissa called this model the
de Sitter bubble.

Let us calculate the physically observable curvature ra-
dius R of such a de Sitter space (it does not coincide with the
metric radius a of the de Sitter sphere). Since the collapse
condition in a de Sitter world arises under λr2

3 = 1, where the
radial coordinate r meets the metric radius a of the de Sitter
sphere (r= a), we have λ= 3

a2 . On the other hand, the λ-term
expressed with the three-dimensional physically observable
curvature radius C = 1

R2 has the form λ= C
2 =

1
2R2 (see the de-

duction above). As a result, we obtain that the observable

*And not T̆αβ =− λκ gαβ as in the original version of Einstein’s equations
Rαβ − 1

2 gαβR=−κTαβ + λgαβ that means Rαβ − 1
2 gαβR=−κ

(
Tαβ − λκ gαβ

)
,

where on the right-hand side is the energy-momentum tensor of distributed
matter Tαβ, from which λκ gαβ is subtracted.

curvature radius of a de Sitter space with λ> 0, expressed
with the metric radius a of the de Sitter sphere in the state
of gravitational collapse, is

R =
a
√

6
≃ 0.41 a ,

which means that from the point of view of an observer lo-
cated inside such a de Sitter bubble, the curvature radius of
the bubble R is less than its metric radius a (which is the
greatest metric distance in the space).† As is seen from the
above deduction, this is an observable effect of General Rel-
ativity due to the physically observable distortion of space
caused by the gravitational field (λ-field, in this case).

Let us provide astronomers with a formula of physically
observable cosmological distances inside a de Sitter universe
with λ> 0. The theory of chronometric invariants (physical
observables in the space-time of General Relativity) deter-
mines the square of the three-dimensional physically observ-
able interval as dσ2 = hik dxidxk, where hik =−gik +

1
c2 vivk is

the chr.inv.-metric tensor, and vi =−c g0i√
g00

is the linear rota-
tional velocity of space. Since g0i = 0 in de Sitter’s metric (see
the metric in the beginning of this article), de Sitter metric
spaces do not rotate (vi = 0). Therefore, hik =−gik in any de
Sitter space and, hence, dσ2 = hik dxidxk =−g11 dr2 along the
radial direction x1 = r in it. As a result, the three-dimensional
physically observable interval along the radial direction in a
de Sitter space has the form

dσ =
dr√

1 − λ r2

3

,

the integration of which together with the collapse condition
λa2

3 = 1 gives the formula of physically observable cosmolog-
ical distances inside the de Sitter bubble

σ = a arcsin
r
a
.

At small metric distances r≪ a between cosmic objects
and an observer (compared to the metric radius of the de Sit-
ter sphere a, which is the metric radius of the Universe), we
have arcsin r

a ≃
r
a . Therefore, at small metric distances r≪ a,

the physically observable distances σ to the cosmic objects
are σ≃ r. The farther a cosmic object is located from the ob-
server, the greater the physically observed distance σ to this
object is than the metric distance r to it. For the ultimately
distant cosmic objects that are located at the distance equal to
the metric radius of the Universe r= a (the radius of the de
Sitter bubble), the physically observable distance to them is

σ = a arcsin 1 =
π

2
a ≃ 1.57 a .

†Note that the observable curvature radius is constantR= const through-
out a de Sitter space, because de Sitter metric spaces are a kind of constant
curvature spaces by definition.
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Finally, assuming the corrected version of Einstein’s field
equations (see above), we arrive at the third option to repre-
sent the observable Universe as a de Sitter world:

3. Our Universe is a de Sitter world with λ> 0, but the
λgαβ term in Einstein’s field equations has the oppo-
site (negative) sign unlike Einstein’s original equations
(in which this term is positive). In this case, the phys-
ical vacuum has a positive density ρ̆ > 0, the pressure
inside it is negative p̆=− ρ̆c2 < 0 (the physical vacuum
expands), the three-dimensional physically observable
curvature is positive C = 1

R2 > 0 and, therefore, the ob-
servable curvature radius of space R has a real numeri-
cal value (this means that the space geometry is spheri-
cal as it should be in a de Sitter space). Since λ> 0 the
non-Newtonian gravitational forces acting in the space
are forces of repulsion. They decelerate photons trav-
elling towards the observer (the frequency of the pho-
tons decreases as they travel). As a result, the observer
should register a parabolic (non-linear) cosmological
redshift in the frequency of the photons arriving at him
from the far cosmos.

We vote for the above 3rd option as a model of the ob-
servable Universe, because in this case:

a) the physical vacuum has a positive density ρ̆ > 0, which
satisfies the obvious physical requirement that any kind
of observable matter in the Universe must have a posi-
tive mass and density,

b) the observable curvature radius of space R is real (and
not imaginary) and, hence, the space geometry is spher-
ical (and not hyperbolic),

c) the forces acting in such a space are the non-Newtonian
gravitational forces of repulsion: they decelerate pho-
tons travelling towards the observer, thereby causing a
non-linear (parabolic) redshift in the frequency of the
photons,

d) the entire observable Universe is located inside a huge
de Sitter gravitational collapsar (its gravitational radius
outlines the observable event horizon).

Let us apply this model to calculate the metric distance
r to the galaxy JADES-GS-z13-0 that is the highest redshift
galaxy known to date. It was discovered by astronomers in
2022, and its redshift is z= 13.2 [23]. Therefore, applying
our parabolic redshift formula for this galaxy, we have

z =
1√

1 − λr2

3

− 1 = 13.2 ,

which with λ= 3
a2 taken into account (where a is the metric

radius of the collapsed de Sitter sphere, i.e., the metric radius
of the Universe) gives

r = a

√
1 −

1
(z + 1)2 = 0.998 a ,

i.e., this galaxy is located on the very edge of the Universe.
This fact is consistent with the observed non-linearity of the
cosmological redshift discovered by astronomers [20–22] in
the spectra of distant galaxies.

Even if galaxies with redshifts higher than z= 13.2 are
discovered in the future, we will find that they are not much
farther away from us than the aforementioned galaxy. This is
thanks to our redshift formula, according to which the para-
bolic redshift curve z rises very strongly upward at large dis-
tances r even for very small increments of r. For example, a
galaxy, the redshift of which is z= 25, according to our red-
shift formula is located at the distance r= 0.999a from us,
and the distance to a galaxy with z> 100 is r= 0.99(9)a.

For more or less nearby galaxies, the redshift of which is
z≃ 0.1, our formula that above gives r≃ 0.4 a.

All this confirms Larissa’s suggestion, made in 2010 [3],
according to which the observable Universe is a huge de Sitter
gravitational collapsar (de Sitter bubble) with λ> 0, the gravi-
tational radius of which outlines the observable event horizon.

We thank Pierre A. Millette for discussion and comments.

Submitted on January 7, 2024
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Here we list three options that General Relativity has proposed over the past decade to
explain the non-linear cosmological redshift, observed by astronomers. 1) If the redshift
law is linear for nearby galaxies, then turns into exponential for distant galaxies, and
triangulation of galaxies reveals non-zero curvature of space, then our Universe is an
expanding Friedmann world. 2) If the linear redshift law turns into parabolic for distant
galaxies, then our Universe is a static de Sitter world with λ> 0, in which the physical
vacuum has a positive density, the observable curvature of space is positive, and the non-
Newtonian gravitational forces acting there are repulsive forces increasing with distance
(which cause photons to lose energy as they move). 3) If for distant galaxies the linear
redshift law turns into exponential, but triangulation of galaxies does not reveal even
the slightest curvature of space, then our Universe has a flat space, where the redshift in
the spectra of distant objects is due only to the fact that the light-like sub-space (home
of photons) of any metric space-time rotates with the speed of light, thereby creating a
repulsive centrifugal force (which causes photons to lose energy as they move). In this
case, any particular space metric creates only an addition to the exponential redshift
law, which must take place even in a flat unperturbed space.

Cosmological redshift was discovered by Vesto Slipher (Flag-
staff Observatory, Arizona), who first registered it on Septem-
ber 17, 1912 in the spectrum of Andromeda Nebula M31 [1],
then over subsequent years in the spectra of other galaxies
[2, 3]. Slipher’s discovery of the cosmological redshift and
the key contribution of his measurements into the discovery
of the redshift law are explained in detail in the comprehen-
sive 2013 surveys [4–6].

Slipher explained this result by the Doppler effect, saying
that most galaxies move away from the observer with high
velocities (therefore their spectra become redshifted). A few
years after the discovery in the early 1920s, a number of sci-
entists came up with the idea of explaining the cosmological
redshift in the framework of one of the cosmological mod-
els proposed by the General Theory of Relativity. They all
tried to deduce the dependence of the redshift and the corre-
sponding radial velocity of galaxies on their distance from the
observer as the Doppler effect in the framework of de Sitter’s
cosmological model. These were researchers such as Lud-
wik Silberstein, Knut Lundmark, Carl Wirtz, Edwin Hubble,
Willem de Sitter. Their work is discussed in detail in recent
historical studies by Michael Way, Harry Nussbaumer, Cor-
mac O’Raifeartaigh and their co-authors (if any), which are
referred here in context of the discovery of the redshift law
(see References).

Abbé Georges Lemaı̂tre was one of the researchers. After
his “Docteur en Sciences” graduation from Université catho-
lique de Louvain à Bruxelles and being ordained as a diocesan
(secular) priest, he spent 1923–1925 outside Belgium. During

1923 he was a research associate in astronomy with Arthur
Eddington at the Cambridge Observatory in England, then
during 1924 — with Harlow Shapley at the Harvard Observa-
tory (Massachusetts). Eddington introduced Lemaı̂tre to the
General Theory of Relativity and relativistic cosmology, and
with Shapley he studied the spectra of galaxies.

Returning to Belgium in 1925, Lemaı̂tre, like his afore-
mentioned predecessors, tried to explain the observed cosmo-
logical redshift in the framework of de Sitter’s cosmological
model. This is a spherical universe of constant curvature filled
with the physical vacuum called the λ-field, which is given by
the λ-term in de Sitter’s space metrics. Such a universe is usu-
ally static (λ= const), but can also be expanding if the λ-term
and the space curvature (it is proportional to λ), having the
same numerical value at any point in space, are proportional
to the expansion rate, i.e., they depend on time (the case con-
sidered by Lemaı̂tre and his predecessors). Galaxies in an
expanding universe are scattering away from the observer, so
their observed spectra must be redshifted due to the Doppler
effect. But, following his predecessors, Lemaı̂tre had come to
an unsatisfactory result. He had deduced the same linear red-
shift law as Silberstein before him. But the obtained solution
becomes invalid at the coordinate origin and even at a small
distance from it, and also there the light source and the ob-
server cannot be swapped (the solution depends on the coor-
dinates). This means that, if the λ-term and the space curva-
ture depend on time (the universe is expanding or compress-
ing), then they can have the same numerical values at any
point in space only if the space is either inhomogeneous or
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anisotropic (or both) thereby contradicting the conditions of
spherical symmetry and isotropy, which are assumed in de
Sitter’s metric. In other words, Lemaı̂tre had proved that the
studies of his predecessors, in which they tried to deduce the
Doppler redshift in an expanding de Sitter universe, lead to
nonsense. Lemaı̂tre explained all of the above in his 1925
paper [7], which was then reprinted in 1926 [8].

The mentioned defeat does not mean that de Sitter’s met-
ric itself is bad, but is due to the fact that this metric can only
be static. Whereas the Doppler redshift, which Lemaı̂tre and
his predecessors tried to deduce, is specific to such a space
metric that initially depends on time.

Therefore in 1926, Lemaı̂tre immediately turned to Fried-
mann’s cosmological model of an expanding (or compress-
ing) universe [9, 10], since the Doppler redshift naturally ac-
companies the expansion of space. This model describes an
approximately empty spherical universe (with no islands of
mass or distributed substance), which is expanding or con-
tracting on its own. Success awaited Lemaı̂tre on this path.
He assumed that the Friedmann universe is expanding with a
constant radial velocity, then easily expressed the expansion
velocity from Friedmann’s space metric and substituted it into
the Doppler law known from classical physics. As a result,
Lemaı̂tre had obtained a linear relationship between the cos-
mological redshift in the spectra of galaxies and the distance
from them to the observer, which means a linear redshift law
according to which the redshift for distant galaxies is greater
than for nearby ones and increases proportionally to the dis-
tance. Then, using Slipher’s measurements, he had estimated
the numerical value of the constant coefficient in this linear
relationship, which is now known as the Hubble constant.
Lemaı̂tre reported these results, including the discovery of
the redshift law and the estimation of the redshift law con-
stant, in his fundamental 1927 paper published in Annales de
la Societe Scientifique de Bruxelles [11]. But this publication
in the obscure French-language journal was not noticed in the
scientific community.

Two years later, Edwin Hubble published his 1929 paper
[12] that brought him worldwide fame. In this paper, with a
number of omissions because he was never fluent in General
Relativity, Hubble repeated the results obtained by Lemaı̂tre,
including the linear redshift law and the redshift law constant
estimated using Slipher’s measurement data. Hubble did not
refer to his use of Slipher’s measurements and Lemaı̂tre’s
1927 paper in which Lemaı̂tre reported his discovery of the
redshift law. Therefore, the redshift law later became known
as Hubble’s law or the Hubble redshift.

When in 1931 an English translation of Lemaı̂tre’s 1927
paper was submitted through Eddington to the Monthly No-
tices of the Royal Astronomical Society, the passages about
his discovery of the redshift law and his estimate of the red-
shift law constant were removed by the editor because these
results had already been attributed to Hubble. Finally, the En-
glish translation of Lemaı̂tre’s 1927 paper was published [13],

but with significant censorship. In the same issue of the jour-
nal, Lemaı̂tre also published another paper [14], in which he
outlined the details of his theory of the expanding Universe;
a short version of the second article was then reprinted in
French [15]. Lemaı̂tre did not discuss the above editorial de-
cision: as a truly good Catholic, he always believed that “God
hath commanded so” and never tried to defend his authorship
of the redshift law and the redshift constant.

This story was known to a narrow circle of scientists back
in the 1980s [16]. Then in the early 2000s, Hubble’s author-
ship of the redshift law was publicly questioned in favour of
Lemaı̂tre in the 2003 article [17] and the detailed 2009 book
[18] on this subject. This drama was revealed in full power
in 2011 by two historians of science [19, 20], which caused
widespread resonance in the scientific community in the same
2011 thanks to the science news reports on this subject, which
were first published in Forbes [21], then — in Nature News
[22, 23] and Nature [24]. All this in 2011–2013 led to a revi-
sion of Hubble’s rôle in this discovery and the recognition of
Lemaı̂tre’s authorship of the redshift law with the key contri-
bution of Slipher’s measurements; see [25–29] for example.

In the century passed since Slipher’s measurements, ob-
servational astronomy techniques and observational equip-
ment have made significant progress. Astronomers now have
a vast amount of data on the redshifts and radial velocities of
galaxies (instead of only a few dozens known in the 1920s).
As a result, in the last two decades, astronomers claim about
the possible existence of a deviation from the linear redshift
law, which needs a theoretical explanation: see, for example,
the surveys [30–32] on this subject and the original research
results referred therein.

However, if following the same way of theoretical expla-
nation as Lemaı̂tre and his predecessors did, we arrive at a
problem. The essence of the problem is that neither Lemaı̂tre
nor his predecessors deduced the cosmological redshift law
directly from the specific space metric that they chose. In
essence, they merely postulated that the redshift occurs in
the spectra of galaxies due to their scattering away from the
observer, i.e., due to the Doppler effect. They followed the
“two-step path” of mathematical deduction. At the first stage
of their deduction, they somehow extracted the expansion rate
of the Universe from the specific space metric that they chose
(as the change rate of the curvature radius of space). Then
they merely substituted this speed into the Doppler effect for-
mula known from classical physics, and thus obtained the
cosmological redshift law. This is what Lemaı̂tre did, and
this is what his predecessors did. It cannot be said that such a
method is very consistent with theoretical physics, since the
origin of the cosmological redshift is initially postulated as
a result of the Doppler effect in scattering galaxies in an ex-
panding universe, and also a “mixture” of classical physics
and General Relativity is used in the derivation.
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If, in solving a physics problem, we decide to solve, say,
the forced oscillation equation, we are essentially postulating
that the cause of this effect lies in forced oscillations, and then
we obtain a solution that automatically “confirms” the ini-
tially postulated forced oscillations. In other words, if we ini-
tially postulate the origin of the cosmological redshift effect,
say, as a result of the Doppler effect or something else, then
no matter what mathematical operations we perform next, we
get the same effect that we postulated at the beginning, but
only expressed in a mathematically more extended and ele-
gant form.

Therefore, if we like to find the truly origin of the cosmo-
logical redshift effect, we should newer postulate its origin.
In addition, in order to be honest, if we like to deduce the
cosmological redshift law as a space-time effect, i.e., as an
effect in the framework of a cosmological model provided by
General Relativity, we should follow only with the equations
of General Relativity, and never use the equations and laws
of classical physics (such as the Doppler effect formula). In
other words, the cosmological redshift law should be obtained
from the equations of General Relativity, and without any pre-
liminary assumptions about its origin. This is the solely right
way how to do things in theoretical physics.

In this letter, we list the newest solutions that are most fit
for explaining the observed cosmological redshift, including
its non-linearity. These solutions have been obtained since
2009 using the same original derivation method that has never
been used for this purpose before — solving the scalar geo-
desic equation (energy equation) for a photon travelling from
a source to an observer in the space-time of General Relativ-
ity. These solutions were obtained using only the equations of
General Relativity, and without any prior assumptions about
the nature of the cosmological redshift.

The solutions are different only because of the geometric
structure of space, which is different for different space met-
rics (cosmological models). In other words, the mathemati-
cal derivation merely follows the geometric structure of the
space in which it is performed. Thus, the resulting redshift
law merely shows how the frequency of a travelling photon
changes according to the geometric structure of the particular
space (cosmological model) in which the photon travels.

The mentioned new method used to derive the cosmo-
logical redshift law dates back to our research studies of the
1990s, which we summarized in 2001 in our two monographs
[33, 34]. The first monograph focuses on the geodesic (free)
motion of mass-bearing and massless (light-like) particles in
the space-time of General Relativity, and the second mono-
graph examines their non-geodesic (non-free) motion.

As always in our studies we used the mathematical appa-
ratus of chronometric invariants, which are physically observ-
able quantities in the space-time of General Relativity. Such
quantities are obtained as the projections of four-dimensional

(general covariant) quantities onto the three-dimensional spa-
tial section and the time line associated with a particular ob-
server and his laboratory. Such quantities depend on the ge-
ometric and physical properties of the real physical space of
the observer, as well as the laboratory standards to which he
compares his measurement results. Therefore, if we have all
quantities and equations of General Relativity expressed in
the chronometrically invariant form, then we do not need to
think about which of the obtained solutions are physically ob-
servable (that was a common problem in General Relativity
in the past), since all the obtained solutions are, by defini-
tion, measurable on practice. The mathematical apparatus
of chronometric invariants is also known as the Zelmanov
chronometric invariants in honor of Abraham Zelmanov, who
developed it in 1944; see our detailed survey of chronometric
invariants [35] and references therein.

As for the mentioned new method used to derive the cos-
mological redshift law, it is simple.

The four-dimensional equations of motion of a particle in
space-time have two physically observable projections. The
projection onto the time line of the observer is a scalar equa-
tion showing how the particle’s energy changes in time, de-
pending on the properties of the observer’s space. In other
words, this is the energy equation of the particle. The pro-
jection onto the spatial section associated with the observer
(his three-dimensional space) is the three-dimensional vector
equation of motion of the particle, which also depends on the
properties of the observer’s space.

Integrating the scalar equation of motion (energy equa-
tion) of mass-bearing particles, Dmitri in 2009–2011 derived
that the observable masses of cosmic bodies depend on their
distance from the observer. He had called this the cosmo-
logical mass-defect [36], which is a new effect predicted ac-
cording to General Relativity. The cosmological mass-defect
depends on the specific metric of space, i.e., on the geomet-
ric structure of the specific space (particular cosmological
model). Dmitri had calculated the cosmological mass-defect
in the space of the most commonly used space metrics (cos-
mological models), such as Schwarzschild’s mass-point met-
ric, Reissner-Nordström’s metric of the space of an electri-
cally charged mass-point, Gödel’s metric of the rotating space
with self-closed time-like geodesics, Schwarzschild’s metric
inside a sphere filled with an incompressible liquid, de Sit-
ter’s metric inside a sphere filled with the physical vacuum,
Einstein’s metric inside a sphere filled with an ideal liquid
and the physical vacuum, and also Friedmann’s metric of a
deforming (expanding or compressing) space.

Accordingly, by integrating the scalar equation of motion
(energy equation) of a massless light-like particle, such as a
photon, we obtain its physically observable frequency as a
function of the travelled distance. This is the way to derive the
cosmological redshift law in the space of any specific metric
(particular cosmological model), without any prior assump-
tions about the nature of the cosmological redshift. This is
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how Dmitri in 2011 derived the cosmological redshift law in
the space of each of the aforementioned cosmological mod-
els [37] (see also his 2012 short paper [38]), by analogy with
the cosmological mass-defect.

The above work [37] has its own background and contin-
uation. A year earlier, in 2010, Larissa considered a Sitter
sphere in the state of gravitational collapse (its radius coin-
cides with its gravitational radius). She showed that a de Sit-
ter collapsar (de Sitter bubble) is fit to the observed Universe
[39]. Integrating the scalar equation of motion (energy equa-
tion) of photons, based on her de Sitter bubble model, showed
a parabolic redshift law [37, §6], which remains valid outside
the state of gravitational collapse. Then in 2013, in our mono-
graph on astrophysics [40, §6.4–6.5] (§5.1 in the 1st edition),
we proved that the parabolic redshift law takes place a de Sit-
ter space, in which λ> 0, the physical vacuum has a positive
density, and the observable curvature radius of space is posi-
tive (otherwise it is a blueshift). Our redshift studies in a de
Sitter universe were summarized in a short paper in 2018 [41]
and then in an extended paper in 2023 [42].

The same method as above for deriving the cosmological
redshift law was used in the 2009 papers [43–45], in which
Dmitri had derived an exponential cosmological redshift due
to the global non-holonomity of space.

The term holonomity dates back to Schouten’s theory of
non-holonomic manifolds and was first used in General Rela-
tivity in 1944 by Zelmanov [35]. If the time lines that “pierce”
a three-dimensional spatial section are everywhere orthogo-
nal to it, then the space (space-time) is holonomic. Otherwise
it is non-holonomic. Zelmanov had proved that g0i , 0 in non-
holonomic spaces, which manifests itself in the form of a ro-
tation of the spatial section (three-dimensional space) with a
speed depending on g0i, and this rotation cannot be removed
by coordinate transformations. See [35] for detail.

Dmitri had showed in the third paper [45] that although
each particular space (space-time) has its own specific metric
and does not necessarily have a three-dimensional rotation,
its light-like sub-space (home of photons) always rotates with
the speed of light (varying depending on the gravitational po-
tential). The light-speed rotation of the light-like space can-
not be removed by coordinate transformations and is due to
the sign-alternating structure of any space-time metric (which
distinguishes the time axis from the spatial coordinate axes).
In other words, the light-like space (in which photons travel)
is always strictly non-holonomic. This rotation creates a cen-
trifugal force that affects only particles in the light-like space
(such as photons). By assuming the mentioned rotation when
integrating the scalar equation of motion (energy equation)
of photons, Dmitri had derived the exponential redshift law.
This law should take place even in a flat unperturbed space
(space-time), while each particular space metric creates only
an addition to the exponent.

As for the origin of the cosmological redshift and the cos-
mological mass-defect, it can be understood from the scalar

equation of motion (energy equation), which for photons and
mass-bearing particles has the form, respectively,

dω
dτ
−
ω

c2 Fi ci +
ω

c2 Dik cick = 0 ,

dm
dτ
−

m
c2 Fi vi +

m
c2 Dik vivk = 0 ,

in which m is the relativistic mass of a mass-bearing particle,
travelling with the velocity vi = dx i

dτ , and ω is the frequency of
a photon (photons travel with the velocity of light ci = dx i

dτ , for
which ci ci = c2 = const).

If the space is static (the tensor of the space deformation
rate is Dik = 0), then dτ is reduced in the equations, which
then are integrated with respect to the radial coordinate x1 = r.
As a result, we obtain the mass-bearing particle’s mass m and
the photon’s frequency ω as a function of the distance r from
the observer (for whom r = r0 = 0).

If the gravitational inertial force is Fi = 0 (there is no grav-
itational field and rotation of space), but the space is deform-
ing (expanding or compressing), then when multiplying the
equations by the metric tensor hik, the multiplier hik cick = c2

is reduced and the equations are integrated with respect to the
travel time τ. In this case, we obtain the mass-bearing parti-
cle’s mass m and the photon’s frequency ω as a function of
the time t travelled from the source (where t = t0 = 0) to the
observer (which is the reverse path of integration, changing
the sign of the integration result).

Therefore, the origin of the cosmological redshift and the
cosmological mass-defect is clearly seen from the equations.
If the gravitational inertial force, consisting of a term given by
the gravitational potential and a term given by the centrifugal
force, is a force of repulsion (F1 > 0) or the space is expanding
(D11 > 0), then the repulsive force decelerates photons travel-
ling to the observer, thereby producing a loss of the photon
energy E = ~ω (photon redshift). In the case of mass-bearing
particles such as cosmic bodies, their masses (and energies
E = mc2) registered by the observer are less than their actual
masses (and energies) at their distant locations.

Otherwise, if the gravitational inertial force is a force of
attraction (F1 < 0) or the space is compressing (D11 < 0), then
the force accelerates photons travelling to the observer, there-
by producing a gain of their energy (photon blueshift), and the
masses of distant cosmic bodies registered by the observer are
greater than their actual masses at their distant locations.

This means that both the cosmological mass-defect and
the cosmological redshift arise from the specific geometric
structure of each particular space.

Below we list three different solutions for the cosmologi-
cal redshift law, which can be considered to fit to the observed
Universe. The first two were derived in 2011 [37], while the
third solution — in 2009 [43–45], all using the above method
of integrating the scalar equation of motion (energy equation)
for photons.
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Cosmological redshift in an expanding Friedmann uni-
verse. In such a universe, the frequency ω of a photon regis-
tered by an observer away from the emitted photon is

ω = ω0 e
− Ṙ

R
t
,

where R is the curvature radius of space (the Universe’s radius
in this case), and Ṙ is the rate of its expansion. This exponent-
ial law transforms into the linear

ω ' ω0

(
1 −

Ṙ
R

t
)

at short duration of the photon’s travel (and, respectively, at
small distances from the photon’s emitter to the observer).

We see from the above formulae that the photon’s fre-
quencyω registered by the observer is lower that its frequency
ω0 at the initial moment of time t = t0 = 0, when it was emitted
by a source in the far cosmos. The farther the photon’s emitter
is located from the observer, the lower the photon’s frequen-
cy ω registered by him: the photon’s frequency is redshifted
upon arrival at the observer.

The above formulae for the photon’s frequency result in
the exponential redshift law

z =
ω0 − ω

ω
= e

Ṙ
R

t
− 1 , z > 0 ,

which transforms into the linear redshift law at short duration
(and small distances) of the photon’s travel

z '
Ṙ
R

t .

As was shown in [37], the above formulae for the photon’s
frequency and redshift are the same in both a constant-speed
expanding Friedmann universe (Ṙ = const) and a constant-
deformation Friedmann universe (where Ṙ

R = const).
So, the cosmological redshift in an expanding Friedmann

universe increases with distance to cosmic bodies according
to the exponential redshift law, which transforms into the lin-
ear redshift law at short duration (and small distances) of pho-
tons’ travel.

Here we should make a short remark about Lemaı̂tre’s lin-
ear redshift law. With all our respect to Georges Lemaı̂tre, he
did not solve any equations. His 1927 paper focused on how
to find the expansion rate of the Universe from Friedmann’s
metric. Then he substituted this rate into the Doppler redshift
formula taken from classical physics. In fact, he merely re-
named the emitter’s velocity in Doppler’s formula as the ex-
pansion rate of the Universe (and justified this renaming by
showing how the expansion rate is found from Friedmann’s
metric). But by doing this, Lemaı̂tre could not obtain any-
thing other than the linear redshift law, because it initially
follows from Doppler’s formula at the velocity of the emitter,
much lower than the velocity of light.

In contrast to what Lemaı̂tre did, the exponential redshift
law formula that above is a mathematical solution obtain-
ed directly by solving the scalar equation of motion (energy
equation) for photons travelling in an expanding Friedmann
universe. It was derived without any prior assumptions about
the form of the redshift law. This is the solely right way how
to do things in theoretical physics.

The said does not affect the memory about Abbé Lemaı̂tre
as an outstanding scientist and good Catholic, an exemplar of
human decency and honesty, and does not diminish his fun-
damental contribution to relativistic cosmology.

Cosmological redshift in a static de Sitter universe. In a de
Sitter universe, the frequency ω0 of a photon registered by an
observer (for whom r = r0 = 0) upon its arrival is also lower
than its frequency ω at the location of its distant source, from
which it was emitted. This dependence is expressed with the
parabolic (square) law

ω =
ω0√

1 − λr2

3

,

which at small distances r between the photon’s source and
the observer transforms into the simplified law

ω ' ω0

(
1 +

λr2

6

)
.

The farther the emitter is located from the observer, the
lower the photon’s frequency ω0 registered by him. Thus, the
photon’s frequency is redshifted upon arrival at the observer
in a de Sitter universe.

These formulae for the photon’s frequency result in the
parabolic (square) redshift law

z =
ω − ω0

ω0
=

1√
1 − λr2

3

− 1 , z > 0 ,

which at small distances r takes the simplified form

z '
λr2

6
.

At the ultimately large distance in space (event horizon,
where r = a), which is determined in a de Sitter universe by
the condition λr2

3 = λa2

3 =1, the photon’s frequency and red-
shift are maximum: ωmax =∞ and zmax =∞.

So, the cosmological redshift in a static de Sitter uni-
verse increases with distance to cosmic bodies according to
the parabolic (square) redshift law.

This redshift law depends on the sign of the λ-term and,
accordingly, the sign of the density of the physical vacuum
(which is the filler of de Sitter space) and the sign of the phys-
ically observable curvature of space (since these quantities
are connected with λ). It was proved in [40, §6.4–6.5] (§5.1 in
the 2013 edition) and then summarized in [41, 42] that the
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cosmological redshift (z> 0) takes place in a de Sitter uni-
verse, where λ> 0, the physical vacuum has a positive den-
sity (like substance, and not a negative density like field), the
curvature radius of space is positive (the geometry of space is
spherical, and not hyperbolic), and the non-Newtonian gravi-
tational forces that act in any de Sitter space and increase with
distance from the observer are repulsive forces. These repul-
sive forces cause photons to lose energy as they travel to the
observer, thereby producing a redshift in the frequency of the
photons. Otherwise (if λ< 0), there is not a cosmological red-
shift, but a blueshift (z< 0) and the curvature radius of space
takes an imaginary numerical value (the geometry of space is
hyperbolic).

Cosmological redshift due to the global non-holonomity of
the light-like space. The term non-holonomity dates back to
Schouten’s theory of non-holonomic manifolds and was first
used in General Relativity in 1944 by Zelmanov. If the time
lines that “pierce” a three-dimensional spatial section are ev-
erywhere orthogonal to it, then the space (space-time) is holo-
nomic. Otherwise it is non-holonomic. Zelmanov had proved
that g0i = 0 in holonomic spaces and g0i , 0 in non-holonomic
spaces. The latter manifests itself as a rotation of the spatial
section (three-dimensional space) with a speed depending on
g0i, which cannot be removed by coordinate transformations.
For detail, see our survey [35] and references therein.

It was proved [45] that the light-like sub-space of any
space-time metric rotates with the speed of light, thereby cre-
ating a repulsive centrifugal force. This repulsive force only
acts on particles in the light-like space (i.e., photons) in the
direction away from the observer (coordinate origin), thereby
causing photons to lose energy and frequency as they travel
to him

ω = ω0 e−Ω t
, Ω ≡ H0 ,

resulting in the exponential redshift law

z =
ω0 − ω

ω
= eΩ t

− 1 , z > 0 ,

where ω0 is the photon’s frequency at the initial moment of
time t = t0 = 0, when it was emitted by a distant source in the
cosmos, ω is its frequency upon arrival at the observer, and Ω

is the angular rotational velocity of the light-like space due
to its global non-holonomity (light-speed rotation), which is
equal to the Lemaı̂tre-Hubble constant H0 = 2.3±0.3× 10−18

sec−1 (as measured in the framework of the Hubble Space Te-
lescope Key Project for 2001 [46]).

We see that the repulsive centrifugal force, which is al-
ways present in the light-like space (home of photons) due to
its light-speed rotation, causes a redshift (loss of energy) in
the frequency of a photon arrived from a distant source at the
observer. The farther the photon’s emitter (and longer is its
travel time t), the lower the photon’s frequency ω registered
by the observer upon its arrival.

At short duration (and small distances) of the photon’s
travel we have the linear approximation for the photon’s fre-
quency

ω ' ω0 (1 − H0 t)

and the linear redshift law

z ' H0 t .

So, the cosmological redshift due to the light-speed rota-
tion of the light-like space (its global non-holonomity) increa-
ses with distance to cosmic bodies according to the exponen-
tial redshift law, which at short duration (and small distances)
of photons’ travel transforms into the linear redshift law.

Since the light-like space rotates with the speed of light
due to only the sign-alternating structure of any space-time
metric (which distinguishes the time axis from the spatial co-
ordinate axes), and this rotation cannot be removed by coordi-
nate transformations, the above exponential redshift law and
its linear approximation at small distances should take place
even in a flat unperturbed space. Any particular space met-
ric should create only an addition to the above exponential
redshift law, straightening this exponential curve or making it
more curved.

Thus, the following three versions have been proposed
according to General Relativity to explain the observed non-
linear cosmological redshift law.

1. If the redshift in the spectra of nearby galaxies in-
creases linearly with distance to them, then it turns into expo-
nential for distant galaxies, and triangulation of galaxies re-
veals non-zero curvature of space, then our Universe is an
expanding Friedmann world. In this case, photons lose en-
ergy as they travel to the observer due to the fact that they are
decelerated by the expansion of space.

2. If the linear redshift law turns into parabolic for distant
galaxies, then our Universe is a static de Sitter world with
λ> 0, in which the physical vacuum has a positive density,
the observable curvature is positive, and the non-Newtonian
gravitational forces acting there are repulsive forces increas-
ing with distance from the observer (which cause photons to
lose energy as they travel to the observer).

3. If for distant galaxies the linear redshift law turns into
exponential, but triangulation of galaxies does not reveal even
the slightest curvature of space, then our Universe has a flat
space, where the redshift in the spectra of distant objects is
due only to the light-speed rotation of the light-like sub-space
(home of photons) in any metric space-time, which creates a
repulsive centrifugal force causing photons to lose energy as
they travel to the observer. But in this case we should assume
that the device with which the observer measures the redshift
is connected with a light-like reference frame, which creates a
problem for an ordinary observer, since he and his laboratory
reference frame are related to ordinary substance.
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Which of the above three options best explains the cosmo-
logical redshift in our Universe will be decided in accordance
with astronomical observations.

Submitted on February 5, 2024
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Interpretation of Quantum Mechanics in Terms of Discrete Time II
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From the perspective of discrete time, the macroscopic world and the microscopic world
are divided using the Planck mass as a reference point. The microscopic world is a world
where the nature of time is discrete and non-locality dominates, and the macroscopic
world is a world where the nature of time is continuous and locality dominates. The
macroscopic world is not reduced to the result of the order of the microscopic world,
and the physical laws of both worlds are real. The differences between the two worlds
lead to limitations in applying physical intuition formed in the macroscopic world to
the microscopic world. As an alternative to this, a new model of the physical reality of
matter in the microscopic world was proposed.

1 Boundary between the macroscopic world and the
microscopic world

From a discrete time perspective, quantum waves are formed
by the contributions of ∆t future and past spinors, and can be
expressed as follows [1]

(xµ + ∆xµ)Ψ (xµ) − xµΨ (xµ + ∆xµ)

= ∆xµ exp
(
−

i
ℏ
∆xαPα

)
Ψ (xµ) .

(1)

In (1), the time component of ∆xµ is c∆t.
In order for (1) to be established, the following two as-

sumptions are necessary:

1. Ψ (xµ) is an analytic function;
2. [xµ, Pν] = − iℏδµν , where Pν = iℏ ∂

∂xν .

Mathematically, there is no limit to the lower limit of ∆xµ,
or ∆t, in the Taylor expansion of Ψ (xµ + ∆xµ). However,
there is a physical constraint on the lower limit of ∆t. ∆t is
defined as the time taken for light to pass through the reduced
Compton wavelength oc [2]

∆t =
oc

c
=
ℏ

mc2 . (2)

As mass increases, oc decreases. However, physically,
this process cannot proceed without limitations, because a
black hole is formed when oc becomes the Schwarzschild ra-
dius rs. Therefore, oc must satisfy the following conditions(

oc =
ℏ

mc

)
>

(
rs =

2Gm
c2

)
. (3)

Since the mass at oc,p, the lower limit of oc, is the Planck
mass mp, the lower limit of ∆t is the Planck time tp

oc,p =
ℏ

mp c
=

2Gmp

c2

∆tlower limit =
ℏ

mpc2 =

√
2ℏG

c5 = tp

 . (4)

If∆t ⩽ tp, the analytic expansion ofΨ (xµ + ∆xµ) is math-
ematically possible, but physically not possible. This means
that (1) is not possible, so it can be said that plane waves as
harmonic oscillations are not formed. In other words, ∆t = tp

becomes the boundary point of whether a quantum wave is
formed or not. Since ∆t is inversely proportional to mass, this
boundary is determined only by mass. That is, the Planck
mass. Using this as a reference point, the quantum world and
the non-quantum world are divided.

The Planck mass is the boundary, but there is one more
thing to consider. Eq. (1) is for a plane wave of a single wave-
length. If the mass is close to the Planck mass (1.5×10−8 kg),
it is of course not an elementary particle but a composite. In
this case as well, for (1) to hold, the waves of all components
must be in a coherent state. Therefore, the Planck mass is
theoretically the maximum value of a quantum system where
quantum waves can be formed. However, for actual com-
posites in thermal equilibrium, even if the mass is less than
the Planck mass, quantum waves may be canceled out and
quantum phenomena may not appear. This tendency will be
greater as the mass of the system or the number of compo-
nents increases.

In fact, it can be inferred from existing quantum mechan-
ics that the Planck mass is the boundary between the quantum
world and the non-quantum world. The Compton wavelength
of matter is defined as the wavelength of a photon with energy
equal to its rest energy. However, when the wavelength of the
photon becomes the Schwarzschild radius, the photon is con-
fined by its own gravitational field. Therefore, the Compton
wavelength is limited by the Planck length, and the mass at
this point is the Planck mass. This means that the Planck
mass represents the limit to which the Compton wavelength,
which refers to the quantum characteristics of matters, can be
achieved.

Now, I will discuss the properties of time when m ⩾ mp.
In (1) and the physical constraints of ∆t, it was discussed
that if m < mp

(
∆t > tp

)
, a quantum wave is formed, and if

m ⩾ mp
(
∆t ⩽ tp

)
, a quantum wave is not formed. In the latter

case, ∆t is not defined by physical constraints. In other words,
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the concept of discrete time does not apply to the physical
system. If the concept of discrete time is not applied, there
is only one possibility. That is continuous time. This means
that if the mass of a physical system is greater than the Planck
mass, the time applied to the system must be continuous. As
a result of this discussion, the following conclusions can be
drawn. With the Planck mass as the reference point, elemen-
tary particles in the microscopic world have their own dis-
crete time, while the macroscopic world has continuous time.
Since the characteristics of continuous time are independent
of the mass of the object, all macroscopic objects have the
same continuous time in their stationary inertial frames. This
is why the time we experience feels as if it is universal.

The above contents are summarized and shown in the fig-
ure below. In Fig. 1, ∆t = 0 in the m ⩾ mp range does
not mean that (1) is applied, but simply represents continu-
ous time.

Fig. 1: ∆t − m graph.

As you can see from Fig. 1, the macroscopic world is not
on a continuous line with the microscopic world. In other
words, the limit of any variable in the microscopic world can-
not become the macroscopic world. Since the properties of
time are completely different in the two worlds, the dynam-
ical principles based on them are also bound to be different.
Both the macroscopic world and the microscopic world are
real worlds with their own unique characteristics. This per-
spective is very different from existing quantum mechanical
interpretations. Most existing quantum mechanical interpre-
tations (Copenhagen, many worlds, decoherence, etc.) view
the macroscopic world as the limit of the continuum of the
microscopic world.

In the microscopic world, the nature of time is discrete,
and as discussed in the previous paper [4], matter in this dis-
crete time repeats the process of wave collapse and propa-
gation as a non-local wave. Thus, the characteristic of the
microscopic world is non-locality. Meanwhile, in the macro-
scopic world, the nature of time is continuous. Since local
principles naturally apply to fields defined in continuous time,
the characteristic of the macroscopic world is locality. Nat-
urally, the physical intuition of the world where locality ap-
plies and the world where non-locality applies is bound to
be different. The physical intuition of the macroscopic world

dominated by classical mechanics is clear. Things like par-
ticles, waves, and determined trajectories are concepts based
on local principles. However, according to the discussion so
far, the microscopic world is non-local, so intuition with con-
cepts based on local principles is bound to have limitations.
In the next section, I will present a model for a new physical
intuition based on the non-locality of the microscopic world.

2 The new quantum mechanical reality of matter

As mentioned in the previous section, concepts such as par-
ticles, waves, and trajectories are concepts established in the
macroscopic world where local principles are applied. They
are concepts of physical reality that humans, as beings in the
macroscopic world, infer from their experiences. However,
there are bound to be limitations in describing the micro-
scopic world with these concepts. One solution to this dif-
ficulty is Heisenberg’s method as follows [5]:

We can no longer speak of the behaviour of the parti-
cle independently of the process of observation. As a
final consequence, the natural laws formulated math-
ematically in quantum theory no longer deal with the
elementary particles themselves but with our knowl-
edge of them.

But I think more can be said about reality. We may think
of the microscopic world as something that cannot be directly
experienced. However, in reality, all parts of our body act
according to the order of the microscopic world, and the basic
parts of living things experience quantum phenomena. I think
that what can be experienced can be drawn.

As can be seen in Fig. 2, the quantum mechanical real-
ity presented here is composed of Compton sphere, spinor,
and matter wave (i.e. de Broglie wave). The Compton sphere
is a sphere with the reduced Compton wavelength as its ra-
dius, and as presented in the previous paper [4], it is a sphere
formed by points contributing to the past and future of ∆t at
the center point. All points on the hemisphere are simulta-
neous events in discrete time ∆t. Spinors contributing from
the future hemisphere and spinors contributing from the past
hemisphere combine at the center to form spinors at the cen-
tral point. The spinors at this central point have phases ac-
cording to (1), and a collection of identical phases forms a
matter wave.

Fig. 2: The new quantum mechanical reality of matter.

The wavefront of the same phase as a matter wave has
the characteristics of a non-local wave. Due to their inher-
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ent characteristics, these non-local waves cause simultane-
ous wave collapse when they interact. (Please refer to the
previous paper [4] for the process of non-local wave forma-
tion and propagation from the Compton sphere.) The start of
wave propagation is the Compton sphere. While the wave is
propagating, the Compton sphere no longer exists, but only
a matter wave as a non-local wave. The interaction (inelas-
tic scattering) causes an instantaneous collapse of the matter
wave, and the resulting collapsed state is assumed to become
a Compton sphere again. This is because the Compton sphere
is the beginning of a non-local wave and can be viewed as
an indecomposable elementary particle. Absorption of en-
ergy through interaction increases the frequency of the spinor
phase within the Compton sphere. As a result, a matter wave
as a new non-local wave with a shorter wavelength is formed
and propagated. Meanwhile, electromagnetic waves are also
non-local waves, but since they have no rest mass, the Comp-
ton sphere does not exist. It is assumed that the contraction
of the wave due to interaction will result in only a localized
electromagnetic field, the size of which will be determined
by the size of the interacting matter. If there is a change in
energy after interaction, it propagates as a wave with a new
wavelength.

3 Conclusions

The distinction between the macroscopic world and the mi-
croscopic world has been interpreted from various perspec-
tives since the beginning of quantum mechanics, and most
perspectives have attempted to understand the macroscopic
world as a continuation of the microscopic world. However,
from the perspective of discrete time, the two worlds are not
on a continuous line and take on completely different appear-
ances with the Planck mass as the reference point. In the
macroscopic world, the nature of time is continuous, and the
principle of locality governs. In the microscopic world, the
nature of time is discrete, and non-locality becomes the ba-
sic principle of existence. The macroscopic world cannot be
reduced to the result of the order of the microscopic world,
and the two worlds form a kind of hierarchical relationship of
existence.

From the above perspective, it can be said that it is nat-
ural that concepts such as particles, waves, and trajectories,
which are concepts of physical reality in the macroscopic
world, that is, classical mechanics, will be difficult to apply
to the microscopic world. The concept of physical reality in
the microscopic world, inferred from a discrete time perspec-
tive, is quite different from that in the macroscopic world. As
presented in the previous paper [4], the wave concept of the
microscopic world is not a wave concept based on local prin-
ciples of the macroscopic world, but a non-local wave. There
are also many differences in the concept of particles. The
concept of a particle in the macroscopic world is a particle
without an internal structure of finite size or a point particle

with no size. These particle concepts are abstracted on the
basis of continuous space and time. The concept of a parti-
cle of a finite size without an internal structure still has the
meaning of an internal area, and a point particle without size
is premised on the meaning of an infinite division of contin-
uous space. From a discrete time perspective, an elementary
particle in the microscopic world, in the case of matter, is
a Compton sphere. The size of the Compton sphere is de-
termined by the rest mass, and although it is an elementary
particle that cannot be resolved, it has an internal structure.
The internal structure mentioned here does not mean a com-
posite such as an atom. The Compton sphere consists of two
hemispheres with time differences, and has an internal struc-
ture in the sense that a spinor field is formed at the center.
Since the spinor formed at the center has a phase, the Comp-
ton sphere as a particle is not maintained and propagates as a
matter wave over time. Due to interaction (this corresponds
to the case of inelastic scattering; during elastic scattering,
it maintains its wave properties without wave collapse), the
matter wave collapses into a Compton sphere again. And this
process repeats. This is a new physical intuition from a dis-
crete time perspective on the microscopic world.

Received on January 26, 2024
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We answer several questions of the referees and readers that arose after publication of
the commented article [1]. Moreover, we see that it is impossible to consider correct
relativistic quantum mechanics without negative energies, tachyons, and without appro-
priate forms of discrete symmetries.

Why did we consider four field functions in the propaga-
tor for spin-1 in [1, 2]?* Let us make some observations for
spin-1/2 and spin 1.

We have 4 solutions in the original Dirac equation for u−
and 4 solutions for v = γ5u (remember we have p0 = ±Ep =

±
√

p2 + m2). See, for example, [3]. In the S = 1 Wein-
berg equation [4], we have 12 solutions†. Apart from p0 =

±Ep, we have tachyonic solutions p0 = ±E′p = ±
√

p2 − m2,
i.e. m → im. This is easily checked on using the algebraic
equations and solving them with respect to p0:

Det
[
γµpµ ± m

]
= 0 , (1)

and
Det
[
γµνpµpν ± m2

]
= 0 . (2)

In the construction of the field operator [3], we generally
need u(−p) = u(−p0,−p,m) which should be transformed to
v(p) = γ5u(p) = γ5u(+p0,+p,m). On the other hand, when
we calculate the parity properties we need p → −p. The
u(p0,−p,m) satisfies[

γ̃µνpµpν + m2
]

u(p0,−p,m) = 0 . (3)

The u(−p0,p,m) “spinor” satisfies:[
γ̃µνpµpν + m2

]
u(−p0,+p,m) = 0 , (4)

that is the same as above. The tilde signifies γ̃µν = γ00γ
µνγ00

that is analogous to the S = 1/2 case γ̃µ = γ0γ
µγ0. The

u(−p0,−p,m) satisfies:[
γµνpµpν + m2

]
u(−p0,−p,m) = 0 . (5)

This case is opposite to the spin-1/2 case where the spinor
u(−p0,p,m) satisfies[

γ̃µpµ + m
]

u(−p0,+p,m) = 0 , (6)

and u(p0,−p,m),[
γ̃µpµ − m

]
u(p0,−p,m) = 0 , (7)

*See also references therein.
†In [5], we have causal solutions only for the S=1 Tucker-Hammer equa-

tion.

and [
γµpµ + m

]
u(−p0,−p,m) = 0 . (8)

In general, we can use u(−p0,+p,m) or u(p0,−p,m) to
construct the causal propagator in the spin-1/2 case. How-
ever, we need not use both because a) u(−p0,+p,m) satisfies
a similar equation as u(+p0,−p,m) and b) we have the in-
tegration over p. This integration is invariant with respect
p→ −p:

S F(x2, x1) =
∑
σ

∫
d3p

(2π)3

m
Ep
×[

θ(t2 − t1) a uσ(p)uσ(p)e−ip·(x2−x1) +

+ θ(t1 − t2) b vσ(p)vσ(p)e+ip·(x2−x1)
]
.

(9)

So the result for the causal propagator

S F(x) =
∫

d4 p
(2π)4 e−ip·x p̂ + m

p2 − m2 + iϵ
(10)

seems to not change.
The situation is different for spin 1. The tachyonic solu-

tions of the original Weinberg equation[
γµνpµpν + m2

]
u(p0,+p,m) = 0 (11)

are just the solutions of the equation with the opposite square
of mass (m→ im):[

γµνpµpν − m2
]

u(p0,p, im) = 0 . (12)

We cannot transform the propagator of the original equation
(11) to that of (12) just by the change of the variables p as in
the spin-1/2 case. The mass square changed the sign, just as in
the case of v− “spinors”. When we construct the propagator
we have to take into account this solution and, possibly, the
superposition u(p,m) and u(p, im), and corresponding equa-
tions.

The conclusion is paradoxical: in order to construct the
causal propagator for the spin 1 we have to take acausal (tach-
yonic) solutions of homogeneous equations into account. It is
not surprising that the propagator is not causal for the Tucker-
Hammer equation because the latter does not contain the tach-
yonic solutions. Probably, this statement is valid for all higher
spins.
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Santilli’s Recovering of Einstein’s Determinism
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We study the recent series of papers by the Italian-American physicist, Ruggero Maria
Santilli based on the Lie-isotopic branch of hadronic mechanics, which imply that a
system of extended protons and neutrons in conditions of partial mutual penetration
in a nuclear structure verifies the following properties: 1) Admits, for the first time,
explicit and concrete realizations of Bohm’s hidden variables. 2) Violates Bell’s in-
equalities by therefore admitting classical counterparts. 3) Verifies the broadening of
Heisenberg’s indeterminacy principle for electromagnetic interactions of point-like par-
ticles in vacuum into the isouncertainty principle of hadronic mechanics, also called
Einstein’s isodeterminism, for extended hadrons in conditions of partial mutual pene-
tration, which new principle allows a progressive recovering of Einstein’s determinism
in the transition from hadrons to nuclei and stars and its full recovering at the limit
of Schwartzschild’s horizon. We then indicate some of the far reaching advances that
are possible for hadronic mechanics and Einstein’s isodeterminism but impossible for
quantum mechanics and Heisenberg’s indeterminacy principle.

1 Hadronic mechanism

Experimental foundations. This paper is based on the ex-
perimental evidence that protons [1] and neutrons [2] (collec-
tively called nucleons) have an extended charge distribution
with the radius RN = 0.87 fm in conditions of partial mu-
tual penetration when they are members of a nuclear structure
[3–5] (e.g., the charge radius of the Helium [4] RHe = 1.67 fm
is 0.07 fm smaller then the nucleon diameter DN = 1.74 fm),
resulting in the expectation that strong nuclear interactions
have a conventional potential, thus Hamiltonian component
and a new, contact, thus zero-range and non-Hamiltonian
component.
Origination of hadronic mechanics. The Italian-American
physicist, R. M. Santilli initiated his studies on extended par-
ticles under potential/Hamiltonian and contact/non-Hamilto-
nian interactions during his graduate studies at the University
of Torino, Italy. By recalling that quantum mechanics is re-
versible over time while nuclear fusions are known to be ir-
reversible and inspired by the 1935 Einstein-Podolsky-Rosen
(EPR) argument that Quantum mechanics is not a complete
theory, [6] (see the recent studies [7–9]), Santilli dedicated
his 1965 Ph.D. thesis to the EPR irreversible “completion” of
quantum mechanics via the Lie-admissible generalization of
Lie’s theory and Heisenberg’s equation [10–12]).

After joining Harvard University under DOE support in
September 1977 for the study of irreversible processes, San-
tilli resumed his research on the Lie-admissible formulation
of irreversibility as one can see from his 1978 papers [13,14],
his Springer-Verlag monographs [15, 16] and his axiomatic
formulation of irreversibility in the 1981 paper [17] released
under his affiliation at Harvard’s Department of Mathematics
and proposed the continuation of the studies under the name
of hadronic mechanics which is intended to denote a mechan-
ics for strong interactions (see p. 112 of [16] for the first ap-

pearance of the name “hadronic mechanics”).
Hamiltonian interactions, which are collectively referred to
interactions that are linear, local and derivable from a poten-
tial, thus being fully representable by the conventional Hamil-
tonian of quantum mechanics.
Non-Hamiltonian interactions, which are collectively re-
ferred to interactions that are: Nonlinear (in the wave func-
tion) as pioneering by Werner Heisenberg [18]; Nonlocal (di-
stributed in a volume not reducible to points) as pioneered
by Louis de Broglie and David Bohm [19]; Nonpotential (of
contact zero-range type) as pioneered by R. M. Santilli in the
1978 monograph [15] via the conditions of variational self-
adjointness according to which Hamiltonian interactions are
variationally selfadjoint (SA), while non-Hamiltonian inter-
actions are variationally nonselfadjoint (NSA).
Lie-isotopic branch of hadronic mechanics. In this pa-
per, we use the axiom-preserving, time reversible Lie-isotopic
branch of hadronic mechanics introduced in Charts 5.2, 53
and 5.4, p. 165 on of [16] for the representation of stable
(thus, time-reversal invariant) systems of extended collections
of particles at short mutual distances under Hamiltonian/SA
and non-Hamiltonian/NSA interactions.

Santilli’s Lie-isotopic methods are based on the general-
ization of the conventional universal enveloping associative
algebra ξ with generic product AB = A × B and related unit
1, 1 × A = A × 1 ≡ A into the associativity-preserving isoen-
veloping algebra ξ̂ with isoproduct and related isounit (first
presented in Eq. (5), p. 71 of [16] and Chart. 5.2 p. 154 for
treatment)

A×̂B = AŜ B, Ŝ > 0 ,

1̂ = 1/Ŝ , 1̂ × A = A × 1̂ ≡ A ,
(1)

where S , called the isotopic element (or the Santillian) is
positive-definite but possesses otherwise an unrestricted func-
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tional dependence on all needed local variables.
The lifting ξ → ξ̂ was proposed for the consequential

generalization of all branches of Lie’s theory into the axiom-
preserving Lie-Santilli isotheory (presented in Charts 5.3, 5.4
from p.114 on of [16]) (see also [20, 21]) with particular ref-
erence to the lifting of n-dimensional Lie algebras with (Her-
mitean) generators Xk, k = 1, 2, . . . , n and conventional brack-
ets into the form

[Xi ,̂X j] = Xi×̂X j − X j×̂Xi =

= XiŜ X j − X jŜ Xi = Ck
i jXk .

(2)

The fundamental dynamical equation of the isotopic me-
thods are given by the Lie-isotopic generalization of Heisen-
berg equation (Eq. (18a), p. 153 of [16])

idA/dt = A×̂H − H×̂A = AŜH − HŜA , (3)

where the Hamiltonian H represents all SA interactions while
the Santillian Ŝ represents the extended character of particles
and their new class of NSA interactions.
Subsequent studies. For advances on hadronic mechanics
that occurred in the decades following the 1978 proposal [13–
16], the interested reader can inspect: the overview [8] with
applications in various fields; the classification of hadronic
mechanics [22] (including, in addition to the Lie-isotopic
branch, the Lie-admissible branch for the representation of
irreversible processes; hyperstructural branch for biological
structures and the isodual branch for antiparticles); the in-
troductory reviews [23–25]; the AO collection of recent pa-
pers [26]; the list of early workshops and conferences [27];
independent monographs [28–36]; and the general presenta-
tion [37–39].
Realization of the isotopic element. To render this paper
minimally self-sufficient, let us recall the generally used real-
ization of the Santillian [8]

Ŝ = Ŝ 4×4 = Πα=1,2,3,4 Diag,

 1
n2

1,α

,
1

n2
2,α

,
1

n2
3,α

,
1

n2
4,α

 ×
× e−Γ(r,p,a,E,d,τ,π,ψ,... ) > 0 , (4)

nµ,α > 0, Γ > 0,

where:

1) The representation of the dimension and shape of the
individual nucleons is done via semi-axes n2

k,α, k =
1, 2, 3 (with n3 parallel to the spin) and normalization
for the vacuum n2

k,α = 1.
2) The representation of the density is done via the charac-

teristic quantity n2
4,α per individual nucleons with nor-

malization for the vacuum n2
4,α = 1.

3) The representation of the nonlinear, nonlocal and non-
potential interactions between extended nucleons is
done via the positive-definite exponential term Γ with

an arbitrary dependence on relative coordinates r, mo-
menta p, accelerations a, energy E, density d, temper-
ature τ, pressure, π, wave functions ψ or any needed
local variable.

When representing nucleons and their NSA interactions,
the space dimension of the issotopic element is restricted not
to surpass the range of strong interactions R = 1 fm = 10−13

cm. However, the space dimension of the isotopic element
can be, in general, infinite.
Elementary construction of hadronic mechanics. Despite
their apparent mathematical complexity, all isotopic formu-
lations can be constructed via the following simple quan-
tum mechanical nonunitary transformation unit 1 = ℏ, and
therefore, of all related formulations according to the simple
rules [40]

1 → U1U† = 1̂ , 1,

AB → U(AB)U† =

= (UAU†)(UU†)−1(UBU†) = ÂŜ B̂,

[Xi, X j]→ U[Xi, X j]U† = [X̂i ,̂X̂ j] ,

(5)

which transformations essentially complete a quantum me-
chanical model for point-like particles into a hadronic model
for extended particles under new interactions.
Invariance of isotopic formulations. All quantum mechan-
ical nonunitary models, thus including models (5), are af-
fected by serious inconsistency problems, such as the gen-
eral lack of conservation of Hermiticity/observability, causal-
ity, etc. These problems were resolved by Santilli in the 1998
Ref. [40] via the completion of unitary law (4) into the isouni-
tary law

Ŵ×̂Ŵ† = Ŵ†×̂Ŵ = 1̂, (6)

completed by the identical reformulation of transformations
(5) into the isounitary form

U = ŴŜ 1/2,

UU† = 1̂→ Ŵ×̂Ŵ† = Ŵ†×̂Ŵ = 1̂,

1̂→ Ŵ×̂1̂×̂Ŵ† = 1̂′ ≡ 1̂,

Â×̂B̂→ Ŵ×̂(Â×̂B̂)×̂Ŵ† = Â′×̂′B̂′ = Â′Ŝ ′B̂′,

Ŝ ′ ≡ Ŝ = (W†×̂Ŵ)−1,

(7)

with consequential resolution of the problematic aspects of
quantum nonunitary models (5), as well as the prediction by
isotopic formulations, in view of properties (7), of the same
numerical values under the same conditions at different times.
Experimental verifications. Santilli hadronic mechanics has
been verified in virtually all physics fields by the exact and
invariant representation of experimental data generally not
representable via quantum mechanics, such as: direct exper-
imental verifications of the EPR argument [41–43]; electro-
dynamics [44–47]; large ion physics [48]; particle physics
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[49, 50]; Bose-Einstein correlation [51, 52]; propagation of
light within physical media [53]; cosmology [54, 55]; neu-
tron synthesis from the Hydrogen [56]; Deuteron magnetic
moment [57]; Deuteron spin and rest energy [58]; and other
fields.

2 Einstein’s isodeterminism

EPR entanglement. Experimental evidence well known sin-
ce Einstein’s times establishes that particles, which are ini-
tially bounded together and then separated, can influence each
other continuously and instantaneously at arbitrary distances
[59]. Albert Einstein strongly objected against the very terms
“quantum entanglement” on grounds that the sole possible
representation of particle entanglements via the Copenhagen
interpretation of quantum mechanics would require superlu-
minal communications that violate special relativity.

For the intent of honoring the generally forgotten Ein-
steins view, Santilli [62] proved that the sole possible repre-
sentation of particle entanglement by the Copenhagen inter-
pretation of quantum mechanics is that for which the parti-
cles are free, evidently because the sole possible interactions
admitted by said interpretation are those derivable from a po-
tential which is identically null for particles at large mutual
distances.

By recalling that the wave packet of particles is identi-
cally null solely at infinite distance, Ref. [62] then pointed out
that the sole interactions that are continuous, instantaneous
and at arbitrary distances are given by the mutual penetration
of wave packets of particles which, being nonlinear, nonlo-
cal and nonpotential, thus NSA [15], are beyond any hope of
treatment via quantum mechanics.

Thanks to the prior development of isomathematics for
the representation of NSA interactions [33, 36, 37], Santilli
[62] proposed the axiom-preserving completion of quantum
into hadronic entanglement under the suggested name of EPR
entanglements which does indeed represent particle entangle-
ments with non-zero, yet non-Hamiltonian-NSA interactions.

Note that the EPR entanglement of particles requires a
conceptual and and technical revision of the notion of interac-
tions, e.g., because nuclear constituents admit nontrivial NSA
interactions even when they are at a mutual distance bigger
than that of strong interactions.

More recently, the EPR entanglement has been experi-
mentally proved to hold at arbitrary classical distances [60].
This important feature appears to support Santilli’s sugges-
tion [15] that contact forces dating back to Newton, when
turned into an operator form, are plausible candidates for the
fifth interactions intended as nonlinear, nonlocal, continuous
and instantaneous interactions at arbitrary distances due to
the overlapping of the weave packets of particles (see Sect.
1.5.C of [80]). Their lack of identification to date is easily
explained by their lack of existence in quantum mechanics.
Therefore, in the event such a view is accepted, Santilli’s

1978 monograph [15] can be considered the birth of the fifth
interactions.

Note also that paper [62] confirms Einstein’s additional
view that “The wave function of quantum mechanics does
not provide a complete description of the entire physical re-
ality” [6].
Bohm’s hidden variables. As it is well known, in an attempt
of reconciling Einstein’s determinism with quantum mechan-
ics, D. Bohm [63, 64] submitted in 1952 the hypothesis that
quantum mechanics admits hidden variables λ, that is, vari-
ables which are hidden in its formalism. Following half a cen-
tury of failure to achieve explicit realizations, a rather general
consensus (confirmed by Bell’s inequalities outlined next) is
that Bohm’s hidden variables do not exist within the formal-
ism of quantum mechanics.

In 1995, R. M. Santilli [38] proved that hidden variables
do exist within the context of hadronic mechanics, they are
hidden in the axiom of associativity of quantum mechanics
and are quantitatively represented by the isotopic element
(Sect. 4.C.3, p. 170 on and Sect. 6.8, p. 254 on of [38], e.g.,

λ = Ŝ ,

A×̂B = AλB, A×̂(B×̂C) = (A×̂B)×̂C.
(8)

It should be noted that, despite its apparent elementary
character of the isotopic product (1), the quantitative study of
the indicated realization of Bohm’s hidden variables required
collegial efforts in the nonlocal lifting of the entire 20th cen-
tury applied mathematics, including the Newton-Leibnitz dif-
ferential calculus [65] (see also studies [36]). Nowadays,
there exists a number of explicit and concrete realization of
hidden variables, among which we mention the realization
used for the first numerically exact and time invariant repre-
sentation of the Deuteron magnetic moment [66, 67] which
achievement resulted to be impossible for quantum mechan-
ics in one century.
Bell’s inequalities. In the 1964, J. S. Bell [68] proved a num-
ber of quantum mechanical inequalities, the first one of which
essentially states that systems of point like particles with spin
1/2 represented via quantum mechanics do not admit clas-
sical counterparts. This view was assumed by mainstream
physicists for over half a century to be the final disproof of
the EPR argument and of Bohm’s hidden variables.

Again thanks to the prior development of isomathemat-
ics as well as of explicit and concrete realizations of hidden
variables, Santilli [71] proved in 1998 a number of hadronic
inequalities essentially stating that systems of extended parti-
cles with spin 1/2 represented via the Lie-isotopic branch of
hadronic mechanics do indeed admit classical counterparts,
while providing explicit examples.

Santilli’s hadronic inequalities are confirmed by the direct
experimental verifications of the EPR-argument [41–43] es-
tablishing the existence in nature of particle conditions which
violate Bell’s inequalities.
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Note that the above theoretical and experimental works
imply the expectation that Heisenberg’s uncertainties prin-
ciple is correspondingly violated by strong interactions
between extended nucleons in conditions of mutual penetra-
tion.
Einstein’s isodeterminism. Soon after joining Harvard Uni-
versity in late 1977, R. M. Santilli expressed doubts on the ex-
act validity for strong interactions of Heisenberg’s uncertainty
principle (also called indeterminacy principle) and other qu-
antum mechanical laws, as one can see from the titles of
the 1978 memoir [14] (see also the subsequent papers [69,
70]). Santilli’s argument underlying such a conviction is that
Heisenberg’s standard deviations for coordinates ∆r, momen-
ta ∆p and their product are certainly valid for the conditions
of their original conception, i.e., for point-like charged parti-
cles under electromagnetic interactions, because a point-like
particle can move within a star by solely sensing action-at-a-
distance interactions due to its dimensionless character.

The situation is conceptually, mathematically, theoreti-
cally and experimentally different when considering extended
nucleons in conditions of mutual penetration because, in view
of their “strength”, strong interactions imply the creation of
a pressure on a given nucleon by its surrounding nucleons,
according to a view pioneered by L. de Broglie and D. Bohm
with their nonlocal theory [19]. It is then evident that the stan-
dard deviations for the indicated nucleon ∆r and ∆p cannot
be the same as the corresponding deviations for an electron in
vacuum, thus implying the need for a suitable completion of
Heisenberg’s uncertainty principle for strong interactions.

Thanks to the original works [14, 69, 70] and the recent
works [62, 71], Santilli [72] finally achieved in 2019 the
axiom-preserving EPR completion of Heisenberg’s uncer-
tainty principle into the isouncertainty principle of hadronic
mechanics, also called Einstein’s isouncertainies, for extend-
ed nucleons under electromagnetic, weak and strong interac-
tions whose derivation can be outlined as follows.

LetH be the Hilbert-Myung-Santilli isospace [73] of iso-
mechanics with isostates |ψ̂⟩ and isoinner product ⟨ψ|×̂|ψ̂⟩ (for
a review, see Sect. 4 of [23]). Assume the isonormalization
which is necessary for a constant Santillian

⟨ψ̂|×̂|ψ̂⟩ = ⟨ψ̂|Ŝ |ψ̂⟩ = Ŝ , (9)

the Schrödinger-Santilli isoequation [16, 38]

Ĥ×̂|ψ̂⟩ =

= [Σk=1,2,...n
1

2mk
p̂k×̂ p̂k + V̂(r)] Ŝ (r, p, ψ, . . . ) |ψ̂⟩ =

E × |ψ̂⟩,

(10)

the isolinear momentum [65]

p̂×̂|ψ̂⟩ = −i 1̂∂r̂ψ̂, (11)

and the isocommutation rules

[r̂i ,̂ p̂ j]×̂|ψ̂⟩ = −i 1̂δi. j|ψ̂⟩,

[r̂i ,̂r̂ j]|ψ̂⟩ = [ p̂i ,̂ p̂ j]|ψ̂⟩ = 0.
(12)

Then the isounitary transformation (7) of Heisenberg’s
uncertainty principle

∆r∆p =
1
2
|⟨ψ|
[
r,̂p
]
|ψ⟩| ⩾

1
2
ℏ, (13)

uniquely and unambiguously yields the isouncertainty princi-
ple of hadronic mechanics, also called Einstein’s isodetermin-
ism, whose projection on our spacetime (as needed for exper-
iments) is given by [72] (see [23] for an extended derivation)

∆̂r∆̂p =
1
2
|⟨ψ̂|×̂

[
r̂,̂ p̂
]
×̂|ψ̂⟩| =

=
1
2
|⟨ψ̂|Ŝ

[
r̂,̂ p̂
]
Ŝ |ψ̂⟩| ≈

1
2
ℏŜ =

1
2
ℏe−Γ(r,p,a,E,d,τ,π,ψ,... ) ≈

≈
1
2
ℏ
[
1 − Γ(r, p, a, E, d, τ, π, ψ, . . . ) + . . .

]
≪

1
2
ℏ , (14)

where the Santillian Ŝ is given by Eq. (4) and we assumed, in
first approximation, that all nucleons are perfectly spherical.

It should ne mentioned that completion (14) of Heisen-
berg’s uncertainty principle includes as particular cases most
of the existing generalized uncertainty relations known to this
author (see, e.g., [74–76] and papers quoted therein).

In particular, the standard isodeviations ∆̂r and ∆̂p pro-
gressively and individually tend to zero with the increase of
the density of the hadronic medium, thus in the transition
from hadrons to nuclei and stars.

Note that the completion of the value ⩾ 1
2 ℏ into the form

≈ 1
2 ℏŜ is due to the nonlocality of hadronic mechanics which

requires a redefinition of the very notion of standard devia-
tions due to the very big pressure exercised on a nucleon by
the surrounding nucleons under “strong” interactions [24,72].

To achieve the full validity of Einstein’s determinism, Sa-
ntilli [77,78] decomposes the Riemannian metric g(x) in four
dimensions into then product of the Minkowskian metric η =
−Diag, (1, 1, 1,−1) and the gravitational isotopic element Ŝ

g(x) = Ŝ 4×4 η4×4, (15)

with particular values for the Schwartzschild metric

Ŝ kk =
1

1 − 2M/r
, Ŝ 44 = 1 − 2M/r . (16)

It is then easy to see that Einstein’s determinism [6] is fully
recovered at the limit of the Schwartzschild horizon.

3 Concluding remarks

Despite one century of studies under large public funds, nu-
clear physics has been unable to achieve the controlled nu-
clear fusion; the recycling of radioactive nuclear waste; the
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exact representations of nuclear data; the synthesis of the neu-
tron from the Hydrogen atom in the core of stars; the nuclear
stability despite the natural instability of the neutron and ex-
tremely repulsive protonic Coulomb forces; and other open
problems.

A main point which is attempted to convey in this paper
is that the indicated open nuclear problems appear to be due
to the theoretical assumption that Heisenberg’s uncertainty
principle for point-like particles under electromagnetic inter-
actions is also valid for extended nucleons under strong inter-
actions.

As an illustration, Heisenberg’s uncertainty principle pro-
hibits a structural representation of the synthesis of the neu-
tron from the electron and the proton in the core of stars,
because the standard deviation ∆re for the coordinate of the
electron is much bigger than the size of the neutron and the
standard deviation ∆pe of the momentum implies a kinetic
energy of the electron bigger than the rest energy of the neu-
tron,

∆re > Rn = 0.87 × 10−13 cm,

∆ve >
ℏ

∆re × me
> 1010 m/s,

∆Ke =
1

2me
× (∆pe)2 > mn = 939.56 MeV/c2.

(17)

By comparison, the study of the neutron synthesis via hadron-
ic mechanics under isouncertainty principle (14), implies sta-
ndard isodeviations for which Eqs. (17) become

∆̂re = Ŝ∆re ⩽ Rn = 0.87 × 10−13 cm,

∆̂v = Ŝ∆ve ≪ 1010 m/s,

∆̂Ke = Ŝ∆Ke ≪ mn = 939.56 MeV/c2,

(18)

thus allowing a quantitative representation of the neutron syn-
thesis from the Hydrogen [79] with far reaching advances
that cannot be formulated in quantum mechanics, let alone
treated, such as [80–82]: 1) The prediction of means for re-
cycling radioactive nuclear waste by nuclear power plants via
new stimulated decays; 2) The possible return to the contin-
uous creation of matter in the universe to explain the 0.782
MeV missing in the neutron synthesis; 3) The apparent re-
duction of all matter in the universe to protons and electrons.
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In this paper we present the possibility of partial collisions between unmatter with mat-
ter, and unmatter with antimatter, and two or more different types of unmatters colliding
between themselves to create high energy. In general, the collisions between unmatter
with matter, or with antimatter, or with other type of unmatter, because being partial,
they release less energy than the matter-unmatter collision which is a total collision. But
the unmatter may be easier to produce in laboratory than antimatter.

1 Introduction

According to the CERN website [1], the universe is composed
from 5% matter, 26.8% dark matter, and 68.2% dark energy.

The antimatter (also called dark matter) is composed from
antiparticles.

The matter-antimatter asymmetry is enormous, contrary
to the Big Bang Theory, which sustains that it should have
been created equal amounts of matter and antimatter.

The unmatter-matter and unmatter-antimatter asymmet-
ries should also be studied. At the Big Bang, if any, not only
matter and antimatter would have been generated, but unmat-
ter as well. Similarly, Unmatter Plasma [8, 9, 10] is a novel
form of plasma, exclusively made of matter and its antimatter
counterpart. It was first generated in the 2015 experiment.

The Big Bang Theory would have occurred 13.7 billion
years ago, and the accelerated expansion of the universe
would be due to dark matter — which contradicts the hypoth-
esis of the initial explosion, according to which the universe
should slow down. . .

The antimatter is considered a doppelganger of the matter.
According to [2], “a gram of antimatter colliding with a gram
of matter would produce as much energy as a nuclear bomb”.

2 Elementary Particles

The smallest units of matter (i.e., not made up by other small-
er units of matter) are called elementary particles. A particle
has: charge, mass, and angular momentum (spin).

The building blocks of matter, or most elementary parti-
cles known today are:

6 quarks and 6 leptons
with their corresponding antiparticles

6 antiquarks and 6 antileptons
(see Table 1 and Table 2 on top of the next Page).

The quarks are bonded together by gluons, and the study
of strong interactions between quarks is called Quantum
Chromodynamics (QCD).

In an atom, the electrons are leptons, while the protons,
neutrons, and pions are made up of quarks.

A baryon is made up of an odd number of quarks (usually
three); while a meson is made up of an even number of quarks
(usually a quark and an antiquark, therefore such a meson is
the most elementary form of unmatter, let us call it unmatter-
meson.

A pion (or pi-meson) is an unstable subatomic particle of
one of the following three forms: and each one is composed
from a quark and an antiquark (as such, they are mesons,
and therefore elementary forms of unmatter, let us call them
unmatter-pions.

The hadron is a particle made up of two or more quarks
that, through a strong interaction, are hold together.

Antimatter is matter composed of antiparticles.
While the antiparticle, as partner of a particle, is matter

with reversed charge, parity, and time of its corresponding
particle.

The photon particle is its own photon antiparticle, but this
is an exception. All other particles have different correspond-
ing antiparticles.

In collision, particle and antiparticle annihilate each other
and produce gamma photons, neutrinos, and other particles.

3 Standard Model

According to the Standard Model, there are 17 distinct sub-
atomic particles:

12 fermions and 5 bosons.
The fermion is a particle that only in combination with its

antiparticle can be created or destroyed. Like the electron.
While the boson is a particle that can be created and de-

stroyed in arbitrary numbers. Like photon.
Boson is in general a force carrier particle.
The fundamental forces that act in the nature are: gravity,

electromagnetism, strong force, and weak force.

4 Defining Unmatter

In short, unmatter is formed by matter and antimatter that
bind together and it was introduced by Smarandache in 2004
on the CERN website [4], and developed later [5–17].
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Quarks up (u) down (d) charm (c) strange (s) top (t) bottom (b)
Antiquarks up down charm strange top bottom

Table 1: Quarks and antiquarks.

Leptons charged antielectron antimuon antitaun
Antileptons neutrals anti-electron-neutrino anti-muon-neutrino anti-tau-neutrino

Table 2: Leptons and antileptons.

The building blocks of matter and antimatter (most ele-
mentary particles known today) are 6 quarks and 6 leptons;
their 12 antiparticles also exist.

Then unmatter will be formed by at least a building block
and at least an antibuilding block which can bind together.

Let us start from neutrosophy [3], which is a generaliza-
tion of dialectics, i.e., not only the opposites are combined
but also the neutralities. Why? Because when an idea is
launched, a category of people will accept it, others will reject
it, and a third one will ignore it (don’t care). But the dynamics
between these three categories changes, so somebody accept-
ing it might later reject or ignore it, or an ignorant will accept
it or reject it, and so on. Similarly the dynamicity of <A>,
<antiA>, <neutA>, where <neutA> means neither <A> nor
<antiA>, but in between (neutral). Neutrosophy considers a
kind not of di-alectics but tri-alectics (based on three compo-
nents: <A>, <antiA>, <neutA>).

Hence unmatter is a kind of intermediary (not referring to
the charge) between matter and antimatter, i.e. neither one,
nor the other.

Neutrosophic Logic (NL) is a generalization of fuzzy
logic (especially of intuitionistic fuzzy logic) in which a pro-
position has a degree of truth, a degree of falsity, and a degree
of neutrality (neither true nor false); in the normalized NL the
sum of these degrees is 1.

5 Unmatter Atom

It is possible to define the unmatter in a more general way,
using the exotic atom. The exotic atom is an atom obtained
after substituting one or more particles by other particles of
the same charge (constituents).

The classical unmatter atoms were formed by particles
like (a) electrons, protons, and antineutrons, or (b) antielec-
trons, antiprotons, and neutrons.

In a more general definition, an unmatter atom is a system
of particles as above, or such that one or more particles are
replaces by other particles of the same charge.

Other categories would be (c) a matter atom with where
one or more (but not all) of the electrons and/or protons are
replaced by antimatter particles of the same corresponding
charges, and (d) an antimatter atom such that one or more (but
not all) of the antielectrons and/or antiprotons are replaced by
matter particles of the same corresponding charges.

In a more composed system we can substitute a particle
by an unmatter particle and form an unmatter atom.

Of course, not all of these combinations are stable, semi-
stable, or quasi-stable, especially when their time to bind to-
gether might be longer than their lifespan.

6 Unmatter Charge

The charge of unmatter may be positive as in the pentaquark
Theta-plus, 0 (as in the atom of positronium), or negative as
in anti-Rho meson, i.e. uˆd, (M. Jordan).

7 Containment

The unmatter could be store as the antimatter atom “by atomic
traps (based on electric or magnetic dipoles) and by lasers
(magneto-optical traps and optical tweezers)” [18].

8 Matter and Antimatter

Fig. 1: Matter vs Antimatter. Courtesy of Anne Helmenstine, “What
Is Antimatter? Definition and Examples” [18].

Lithium Atom:
electron1 (−), electron2 (−), electron3 (−);
proton1 (+), proton2 (+), proton3 (+);
neutron1 (0), neutron2 (0), neutron3 (0), neutron4 (0).

Lithium Antiatom:
positon1 (+), positon2 (+), positon3 (+);
antiproton1 (−), antiproton2 (−), antiproton3 (−);
antineutron1 (0), antineutron2 (0), antineutron3 (0), anti-
neutron4 (0).
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9 Proton and AntiProton

The Proton is made up of: up-quark, up-quark, down-quark;
and AntiProton is made up of: anti-up-quark, anti-up-quark,
anti-down-quark.

10 Real Examples of Unmatter

(i) Meson, which in general is made up of: quark and anti-
quark, and as particular cases of mesons one has:
Pion1 = anti-up-quark, down-quark;
Pion2 = up-quark, anti-down-quark. Pion2 is the Anti-
Pion1.

(ii) Pentaquark, which is made up of:
up-quark, up-quark, down-quark, down-quark, anti-
strange-quark.

11 Partial Collisions of Unmatter-Unmatter

(i) Pion1 vs. Pentaquark: anti-up-quark vs. up-quark
(only), since between down-quark and down-quark
there is no collision.

(ii) Pion2 vs. Pentaquark: anti-down-quark vs. down-
quark (only), since between up-quark and up-quark
there is no collision.

12 Total Collision of Unmatter-Unmatter

Pion1 vs. Pion2: anti-up-quark vs. up-quark;
and down-quark vs. anti-down-quark.

13 Partial Collisions of Unmatter-Matter

(i) Pion1 vs. Proton: anti-up-quark vs. up-quark (only),
since between down-quark and down-quark there is no
collision.

(ii) Pion2 vs. Proton: anti-down-quark vs. down-quark
(only), since between up-quark and up-quark there is
no collision.

14 Partial Collisions of Unmatter-Antimatter

(i) Pion1 vs. Antiproton: down-quark vs. anti-down-quark
(only), since between anti-up-quark and anti-up-quark
there is no collision.

(ii) Pion2 vs. Antiproton: up-quark vs. anti-up-quark
(only), since between anti-down-quark and anti-down-
quark there is no collision.

Submitted on May 5, 2024
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The Vacuum Stress-Energy Tensor in General Relativity

Patrick Marquet
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In General Relativity, the Einstein field equations with a massive term source are
plagued with the non conservation of this energy-momentum tensor. To remedy this
problem, a pseudo-tensor of the gravitational field is classically added so that the global
right hand side is conserved. Using Cartan’s calculus,we derive here the differential
form of the Einstein field equations which provides the Landau-Lifshitz symmetric
(pseudo) 3-form of the gravitational field. Assuming a slightly variable cosmological
term, we then infer a vacuum energy-momentum (real) 3-form so that the global r.h.s.
of the field equations eventually exhibits a full real 3-form that satisfies the conserved
property. In the early phase of the universe’s expansion it is suggested that the cosmo-
logical term was huge and constant, before becoming variable to yield the estimated
value predicted to-day.

Notations
Space-time Greek indices α, β. . . are 0, 1, 2, 3 for local coordinates.
Space-time Latin indices a, b. . . are 0, 1, 2, 3 for a general basis.
The space-time signature is −2.
Einstein’s constant is denoted by κ.
The velocity of light is c = 1.

1 Differential calculus

1.1 The classical field equations in GR (short overview)

In General Relativity (GR), any line element on the 4-pseudo-
Riemannian manifold (M, g) is given by ds2 = gab dxadxb.
By varying the action S = LE d4x with respect to the gab

where the lagrangian density is given by

LE = gab √
−g

h
{e

ab}{d
de} − {d

ae}{
e

bd}
i

(1)

one infers the symmetric Einstein tensor

Gab = Rab −
1
2

gab R , (2)

where

Rbc = ∂a{a
bc} − ∂c{

a
ba} + {d

bc}{
a

da} − {d
ba}{a

dc} (3)

is the (symmetric) Ricci tensor whose contraction gives the
curvature scalar R. (Here {e

ab} denote the Christoffel symbols
of the second kind.)

The source free field equations are

Gab = Rab −
1
2

gab R + Λgab = 0 , (4)

where Λ is the Einstein cosmological constant.
The second rank tensor Gab is symmetric and is only func-

tion of the metric tensor components gab and their first and
second order derivatives. Due to Bianchi’s identities the Ein-
stein tensor is conceptually conserved

∇a Ga
b = 0 , (5)

where ∇a is the Riemann covariant derivative.
When a massive source is present, the field equations be-

come

Gab = Rab −
1
2

gab (R − 2Λ) = κ Tab . (6)

If ρ is the matter density, then Tab is here the tensor de-
scribing a pressure free fluid

Tab = ρ uaub . (7)

1.2 The Cartan structure equations

Let us now consider a 4-manifold M referred to a vector basis
eα. The dual basis θ β of one-forms (pfaffian forms) are related
to the local coordinates xα by

θ β = aβ
a dxa . (8)

These are called vierbein or tetrad fields [1].
In a dual basis θ a, to any parallel transported vector along

a closed path, can be then associated the following 2-forms:

— A rotation curvature form

Ωα
β =

1
2

Rα
βγδ θ γ ∧ θ δ ; (9)

— A torsion form

Ωα =
1
2

T a
γδ θ γ ∧ θ δ. (10)

Introducing the Cartan procedure one first defines the con-
nection forms

Γα
β = {α

γβ} θ γ. (11)

The first Cartan structure equation is related to the torsion
by [2, p.40]

Ωα =
1
2

T α
γδ θ γ ∧ θ δ = dθα + Γα

γ ∧ θ γ . (12)
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The second Cartan structure equation is defined as follows
[2, p.42]

Ωα
β =

1
2

Rα
βγδ θ γ ∧ θ δ = dΓα

β + Γα
γ ∧ Γ

γ
β , (13)

where Rα
βγδ are the components of the curvature tensor in the

most general sense.
Within the Riemannian framework alone (torsion free),

Rα
βγδ reduce to the Riemann curvature tensor components and

the first structure equation (12) becomes:

dθα = −Γα
γ ∧ θγ. (14)

2 Differential equations of General Relativity

2.1 The Einstein field equations

We first recall the Hodge star operator defnition for an ori-
ented 4-dimensional pseudo-Riemannian manifold (M, g)
with volume element determined by g

η =
√

−g θ 0 ∧ θ1 ∧ θ2 ∧ θ3. (15)

Let Λk(E) be the subspace of completely antisymmetric
multilinear forms on the real vector space E.

The Hodge star operator * is a linear isomorphism, i.e.,
Lk(M) → Ln−k(M) (where k ⩽ n).

If θ 0, θ1, θ2, θ3 is an oriented basis of 1-forms, then this
operator is defined by

∗
�
θ i1 ∧ θ i2 ∧ θ ik

�
=

=

√
−g

(n − k)!
ε j1... jn g j1i1 . . . g jkik θ jk+1 ∧ · · · ∧ θ jn. (16)

With this preparation, the Einstein action simply reads

∗R = R η . (17)

Varying this action with respect to δθ β of the orthonormal
tetrad fields, eventually leads to the field equations under the
differential form

−
1
2

ηβγδ ∧ Ωγδ = κ ∗Tβ , (18)

where Tα is related to the energy-momentum tensor Tαβ by
Tα = Tαβ θ β and include all other contributions.

In the same manner, one has for the Einstein tensor Gα =

Gαβ θ β. For all detailed derivations refer to [3].

2.2 The energy-momentum tensor

In the field equations (18), we insert ηαβγ = ηαβγδ θδ. Then, we
use the second structure equation under the following form

Ωβγ = dΓβγ − Γµβ ∧ Γ
µ
γ , (19)

so that

−
1
2

ηαβγδθδ ∧
�
dΓβγ − Γµβ ∧ Γ

µ
γ

�
= κ ∗Tα , (20)

leading to

−
1
2

ηαβγδ d
�
Γβγ ∧ θδ

�
= κ (∗Tα + ∗tα) , (21)

where [4]

∗t α = −
1

2κ
ηαβγδ

�
Γµβ ∧ Γ

µ
γ ∧ θδ − Γβγ ∧ Γµδ ∧ ηµ

�
. (22)

We see that ∗t α is unaffected by the exterior product terms
in the bracket, therefore tαβ is symmetric.

In that case, we idendify ∗t α with the Landau-Lifshitz 3-
form ∗t α

L−L which yields the corresponding pseudo-tensor tαβ
L−L

[5, eq.101.7]

(−g) tαν
L−L =

1
2κ

(
#gαν

, λ
#g

λµ
, µ − #gαλ

, λ
#g

νµ
, µ +

+
1
2

gανgλµ
#gλθ

, ρ
#g

ρµ
, θ −

�
gαλgµθ

#gνθ
, ρ

#g
µρ
, λ +

+ gνλgµθ
#gαθ

, ρ
#g

µρ
, λ

�
+ gµλ gθρ #gαλ

, θ
#g

νµ
, ρ +

+
1
8

�
2gαλgνµ − gανgλµ��

2gθρ gδτ − gρδ gθτ
� #gθτ

, λ
#g

ρδ
, µ

)
, (23)

where
#gαν =

√
−g gαν. (24)

3 The vacuum energy

3.1 The gravitational field tensor

In General Relativity, it is well known, that the Einstein tensor
Gαβ is intrinsically conserved, while the massive tensor Tαβ is
not. This is because the gravitational field is not included in
Tαβ. If so, then one obtains the conservation law

∂β

√
−g

�
T αβ + tαβ

�
= 0 . (25)

The tensor tαβ describes the gravitational field, derived
from the Einstein-Dirac pseudo-tensor density [6, p.61]

√
−g t β

a =
1

2κ


�
∂α

#gστ
�
∂LE

∂
�
∂β

#gστ
� − δ

β
α LE

 . (26)

However, the Einstein field equations are yet unbalanced
since they do not exhibit a full real tensor as a source.

To remedy this problem, we showed that a sligthly vari-
able cosmolgical term Λ-term induces a stress energy tensor
of vacuum which restores a true gravitational tensor on the
r.h.s. of the equation (6) as it should be [7, 8].
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This real vacuum tensor was given by

(tαβ)vac = −
1

2κ
Λgαβ , (27)

where the term Λ was found to be [9]

Λ = ∇α Kα = θ2, (28)

where Kα is a 4-vector, and

θ = Xα
; α (29)

is the space-time volume scalar expansion characterizing the
vacuum stress-energy tensor (tαβ)vac. Xα is a congruence of
non-intersecting unit time lines: XαXα = 1

Xα
; α = hαβθαβ , (30)

where θαβ stands for the expansion tensor, and hαβ = gαβ −

XαXβ is the projection tensor. Due to the form of (28), the
lagrangian (1) differs only from a divergence and varying its
action generates the same Einstein equations.

The real tensor tαβ
vac corresponding to the vacuum stress

energy tensor can be added to tαβ without affecting the Ein-
stein tensor inferred from the variational principle. So the
final (real) gravitational tensor density is given by

√
−g (t β

α )G =
1

2κ


�
∂α

#gστ
�
∂LE

∂
�
∂β

#gστ
� − δ

β
α

�
LE −

√
−g Λ

� . (31)

The real tensor (t β
α )G is afterwards conveniently symmetr-

ized through the Belinfante procedure [10].
With this definition the field equations can be finally writ-

ten
Rαβ −

1
2

gαβR = κ
�
T αβ + tαβ

G

�
. (32)

Sufficiently far from this matter we always have

Rαβ −
1
2

gαβR = κ tαβ
vac . (33)

Inspection shows that each energy-momentum tensor is
conserved.

3.2 The vacuum stress-energy 3-form

Here we adopt the Landau-Lifshitz symmetric pseudo-3-form
∗t α

L−L instead of the Einstein-Dirac pseudo-density. We then
determine a vacuum energy 3-form designed to render the
r.h.s. of (21) fully real according to the previous derivation.

To this end, we first regard the variable cosmological term
Λ as inducing a given space-time curvature. This is legit-
imized by the fact that the real tensor (tαβ)vac is à priori per-
sistent throughout the vacuum.

Since Λ is a scalar, let us then set the resulting curvature
2-form as

Ω =
1
2

R δ
σδτ θσ ∧ θ τ. (34)

By analogy with the classical formalism (4) we then apply
the quantity gγδΩ to the field equations (18) as follows

−
1
2

ηαµν ∧ (Ωµν + gµνΩ) = κ ∗Tα

−
1
2

η
µ
αν ∧

�
Ων

µ + δν
µΩ

�
= κ ∗Tα

 . (35)

Using Ων
µ = 1

2 Rν
βγδ θ γ ∧θ δ, these equations can be written

in the form

−
1
4

η
µ
αν ∧ θσ ∧ θ τ

�
R ν

µ στ + δν
µR δ

σδτ

�
= κ Tαβ ηβ. (36)

To R ν
µ στ is now added a new 4th rank curvature tensor

which is noted
2Λ ν

µ στ = − δν
µR δ

σδτ . (37)

To make it apparent, we first use the following relations

ηα ≡ ∗θα (38)

ηα =
1
3!

�
ηαβγδ θ β ∧ θ γ ∧ θ δ

�
=

1
3!

θ β ∧ ηαβ . (39)

Then, we apply the following identities

θ β ∧ ηα = δ
β
α η ,

θ γ ∧ ηαβ = δ
γ
β ηα − δ

γ
α ηβ ,

θ δ ∧ ηαβγ = δ δ
γ ηαβ + δ δ

β ηγα + δ δ
α ηβγ ,

θ ε ∧ ηαβγδ = δε
δ ηαβγ − δε

γ ηδαβ + δε
β ηγδα − δε

α ηβγδ .

With this preparation, (36) reads

−
1
4

�
Rµν

στ − 2Λ
µν
στ

� h
δτ

ν

�
δσ

µ ηα − δσ
ν ηµ

�
+

+ δ τ
µ

�
δσ

α ην − δσ
ν ηα

�
+ δ τ

α

�
δσ

ν ηµ − δσ
µ ην

�i
=

= −
1
2

�
Rµν

µν − 2Λ
µν
µν

�
ηα +

�
Rµν

αν − 2Λ
µν
αν

�
ην =

=
�
Rβν

αν − 2Λ
βν
αν

�
ηβ −

1
2

δ
β
α

�
Rµν

µν − 2Λ
µν
µν

�
ηβ . (40)

As a contributing curvature tensor, 2Λ
βν
αν must be includ-

ed in Rβν
αν so that we eventually retrieve the classical field

equations with a cosmological term 
Rβ

α −
1
2

δ
β
α R + δ

β
α Λ

!
ηβ = κ T β

α ηβ . (41)

Taking account of Ωβγ = dΓβγ − Γµβ ∧ Γ
µ
γ , we revert to the

field equations (22) which are also expressed as

−
1
2

ηαβγδ θδ ∧
�
dΓβγ − Γµβ ∧ Γ

µ
γ

�
= κ ∗T α. (42)

Adding the extra-curvature yields

−
1
2

ηαβγδ θδ ∧
h�

dΓβγ − Γµβ ∧ Γ
µ
γ

�
+ gβγΩ

i
= κ ∗T α. (43)
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that is according to (21)

−
1
2

ηαβγδ
h
d

�
Γβγ ∧ θδ

�
+ θδ ∧ gβγΩ

i
= κ

�
∗T α + ∗t α

L−L

�
. (44)

Therefore

−
1
2

ηαβγδ d
�
Γβγ ∧ θδ

�
=

= κ

"
∗T α + ∗t α

L−L +
1

2κ
ηαβγδ

�
θδ ∧ gβγ Ω

�#
,

−
1
2

ηαβγδ δ
�
Γβγ ∧ θδ

�
=

= κ

"
∗T α + ∗t α

L−L −
1

4κ
ηαβγδ

�
θδ ∧ gβγ Rλ

λστ θσ ∧ θ τ
�#

.

In the expression − 1
4κ

ηαβγδ θδ ∧gβγ Rλ
λστ θσ ∧θ τ, we make

the substitution

−gβγ Rλ
λστ = 2Λβγστ . (45)

We eventually find the vacuum stress-energy momentum
3-form

∗t α
vac =

1
2κ

ηαβγδ θδ ∧ Λβγστ θσ ∧ θ τ. (46)

Therefore the global gravitational field is described by the
(real) 3-form

∗t α
G = −

1
2κ

ηαβγδ
h�

Γµβ ∧ Γ
µ
γ ∧ θδ − Γβγ ∧ Γµδ ∧ θ µ

�
−

− θδ ∧ Λβγστ θσ ∧ θ τ
i
. (47)

3.3 The complete Einstein equations

The field equations are

−
1
2

ηαβγδ d
�
Γβγ ∧ θδ

�
= κ

�
∗T α + ∗t α

G

�
. (48)

As per (33) far from matter, we always have

−
1
2

ηαβγδ d
�
Γβγ ∧ θδ

�
= κ ∗t α

vac . (49)

Now, let us multiply equation (48) with
√

−g, then taking
into account ηαβγδ = − 1

2
√

−g
εαβγδ, we find a new form for the

field equations

−d
�√

−g ηαβγδ Γβγ ∧ θδ

�
= 2κ

√
−g

�
∗T α + ∗t α

G

�
(50)

or
−d

�√
−g Γβγ ∧ ηα

βγ

�
= 2κ

√
−g

�
∗T α + ∗t α

G

�
. (51)

From these equations follows immediately the differential
conservation law

d
h√

−g
�
∗T α + ∗t α

G

�i
= 0. (52)

If we integrate equation (51) over a 3-dimensional space-
like region D3, then we obtain

Pα = −
1

2κ

Z
√

−g Γβγ ∧ ηα
βγ , (53)

which is the total 4-momentum of the isolated system. In-
spection shows that Pα is gauge invariant in the following
sense

θ (x) → A (x) θ (x) , (54)

Γ (x) → A (x) Γ (x) A−1(x) − dA (x) A−1(x), (55)

where A(x) is a local transformation matrix (Aα
β ).

General Relativity is invariant with respect to such trans-
formations and is thus a non-abelian gauge theory.

3.4 The early cosmological expansion evolution

The singularity of our universe is generally set at 10−43 sec-
onds corresponding to the Planck era.

At this epoch, the size of our universe is predicted to be
10−35 meters with an energy of 1019 GeV and a temperature
amounting to 1032 K. We postulate that the cosmological term
was present and constant in the early stage of the singularity
possessing a huge value. As time was the very first parameter
to appear, the cosmological constant Λ would be associated
to a large “pre” 3-form time component ∗t 0

vac with no further
explicit structure. At 10−35 seconds, strong force and electro-
weak force decoupled and at 10−12 seconds, the electro-weak
force splits into weak and electromagnetic forces. Over this
period of time, the cosmological term drastically decreases
and becomes slightly variable. These processes cause the
Universe’s expansion to accelerate and ∗t 0

vac would deploy ac-
cording to equation (46)

∗t α
vac =

1
2κ

ηαβγδ θδ ∧ Λβγστ θσ ∧ θ τ. (56)

Such a hypothesis would lend support to the inflation sce-
nario recently suggested by the astronomer Claude Poher. His
theory is based on the detection of massless particles moving
at the speed of light which are assumed to propagate through-
out the entire vacuum [11, 12]. According to Poher, these
particles act as a gravitational isotropic flux and each one
bears an individual energy measured at Eu = 8.5 × 10−21

Joules [13–15]. Without invoking a quantum aspect, the cor-
puscular nature of this flux might well appear as a piecewise
structure of the vacuum field we have inferred in the above.

Conclusion

If one relaxes our demand on the cosmological term con-
stancy, it is possible to define a real homogeneous vacuum
stress-energy tensor which is by essence a pervasive field. In
our picture, the gravitational field of a matter appears as an
excited state of this field. Far from its matter source, the grav-
itational field pseudo-tensor asymptotically decreases down
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to the level of the vacuum energy-momentum tensor leav-
ing the field equations with a non-zero right hand side. In
here, we have shown that starting with the Landau-Lifshitz 3-
form, it is also possible to infer a real 3-form representing the
vacuum energy-momentum to restore a real r.h.s. of the field
equations. The vacuum energy field hypothesis is rewarding
in terms of several physical advantages:

— The ill-defined gravitational pseudo-tensor remains
here a true tensor restoring the consistency in the field
equations with a massive source;

— The inferred global energy-momentum tensor always
satisfies the conservation law as well as the vacuum
tensor alone;

— Because of the nature of this vacuum tensor there is no
need to introducing any other arbitrary ingredients or
modification of the general theory of relativity. Despite
its smallness, a cosmological term seems to be badly
needed to ascertain some major astrophysical obser-
vations which are all related to the FLRW expanding
model of universe.

The Lambda-CDM model, which uses the FLRW metric,
currently measures the cosmological constant to be on the or-
der of 10−52 m−2. However, there is no reason “à priori” to
consider this term as a constant everywhere which would con-
stitute a strong physical evidence for the vacuum field to exist
in General Relativity.

Submitted on May 31, 2024
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Gödel Time Travel: New Highlights

Patrick Marquet
Calais, France. E-mail: patrick.marquet6@wanadoo.fr

The history of fascinating idea of time travel can be traced back to Kurt Gödel who
found a solution of Einstein’s field equations that contains closed time-like curves
(CTCs). Those make it theoretically feasible to go on journey into one’s own past. In
what follows, we establish a realistic way to provide the required conditions to achieve
this time displacement. After having given Gödel’s model a physical meaning, we as-
sign an object to move along a closed time-like curve using the warp drive technique.
Provided the object bears circulating charges interacting with a surrounding electro-
magnetic field, it is possible to extract a negative energy necessary to sustain the warp
drive without resorting to the hypothetical “exotic matter”. In addition, this field/charge
interaction has the virtue to drastically reduce the amount of required negative energy.
Lastly, the entropy of the system is shown to be negative during the time journey into
the past.

Notations
Space-time indices are: µ, ν = 0, 1, 2, 3.
Spatial indices are: a, b = 1, 2, 3.
The space signature is −2 (unless otherwise specified).
Newton’s constant is G.

1 The generalized Gödel metric

The classical Gödel line element is generically given by the
interval [1]

ds2 = a2
 
dx2

0 − dx2
1 + dx2

2
1
2

e2x1 − dx2
3 + 2 ex1 dx0dx2

!
, (1)

or equivalently

ds2 = a2
"
−dx2

1 − dx2
3 − dx2

2
1
2

e2x1 + (ex1 dx2 + dx0)2
#

(2)

expliciting x0

ds2 = a2
"
c2dt2 +

1
2

e2xdy2 − 2excdtdy − dx2 − dz2
#
, (2bis)

where a > 0.
In the cylindrical coordinates (t, r, ϕ) with the transforma-

tions
ex = cosh 2r + cosh ϕ sinh 2r ,

yex =
√

2 sinh ϕ sinh 2r ,

tan
1
2

"
ϕ +

 
ct −

2 t ′

2
√

2

!#
= e−2r tan

ϕ

2
,

the metric reads

ds2 = 4a2
h
(dt ′)2 − dr2 +

�
sinh4r − sinh2r

�
dϕ2 +

+ 2
√

2 sinh2r dϕ dt ′
i

(3)

(the inessential coordinate z is here suppressed).

In its original formulation, the Gödel universe describes
a set of masses (such as galaxies, stars and planets) rotating
about arbitrary axes.

The metric (3) exhibits a rotational symmetry about the
axis r = 0 since we clearly see that the components of the
metric tensor do not depend on ϕ.

For r ⩾ 0, we have 0 ⩽ ϕ ⩽ 2π If a curve rG is defined
by sinh r = 1 that is rG = log

�
1 +

√
2
�
, then for any curve

r > rG we have sinh4r − sinh2r > 0. Such a curve which
materializes in the “plane” t = const is a closed time-like
curve (CTC). The radius rG referred to as the Gödel radius,
induces a light-like curve or closed null curve where the light
cones are tangential to the plane of constant t. With increas-
ing r > rG, the light cones continue to keel over and their
opening angles widen until their future parts reach the nega-
tive numerical values of t.

As a consequence a spacecraft can move in such way that
its chronological order with the positive cosmic time is re-
versed.

In order to make his metric compatible solution to Ein-
stein’s field equations, Gödel is led to introduce the cosmo-

Patrick Marquet. Gödel Time Travel: New Highlights 41



Volume 20 (2024) PROGRESS IN PHYSICS Issue 1 (June)

logical constant Λ as

Gµβ =
8πG

c4 ρc2uµuβ + Λgµβ . (4)

To achieve this compatibility he then further sets

a−2 =
8πG

c2 ρ ,

Λ = −
1
2

R = −
1

2a2 = −
4πG

c2 ρ .

Finetuning the hypothetical cosmological constant with
the (mean) density of the universe and the Ricci scalar R, ap-
pears as a rather dubious physical argument.

In our publication [2], we assumed that a is slightly space-
time variable and we set

a2 = e2. (5)

As a result, the Gödel metric tensor components are con-
formal to the real Gödel metric tensor gµν

(gµν)′ = e2Ugµν , (gµν)′ = e−2Ugµν.

The exact Gödel metric reads now

ds2 = e2U
"
c2dt2 +

1
2

e2xdy2 − 2excdtdy − dx2 − dz2
#

(6)

or

ds2 = 4e2U
h
(dt ′)2 − dr2 +

�
sinh4r − sinh2r

�
dϕ2 +

+ 2
√

2 sinh2rdϕdt ′
i
. (7)

This implies that this metric is a straightforward solution
of the field equations describing a peculiar perfect fluid [3–5]

Gµβ =
8πG

c4

h�
ρc2 + P

�
uµuβ − Pgµβ

i
. (8)

The model is now likened to a fluid in rotation with mass
density ρ and pressure P with an equation of state ρ = f (P).

The positive scalar U is shown to be

U (xµ) =

Z
dP

ρc2 + P
. (9)

From (7) one formally infers that the flow lines of matter
of the fluid follow conformal geodesics given by

s ′ =

Z
eUds . (10)

The 4-vector Kν = ∂νU is regarded as the 4-acceleration
of the flow lines [6]. The hallmark of the theory is the sub-
stitution (5). With this new definition,the Gödel space-time is
no longer the representation of a cosmological model but it is

relegated to the rank of an ordinary metric where its physical
properties could allow for a possible replication.

Rotation of the model and closed curves now depend on
the fluid characteristics.

To this effect consider the metric

ds2 = c2 (dt ′′)2 −
(dr ′′)2

1 + (r ′′/2eU)2 −

− r ′′
h
1 − (r ′′ 2eU)2

i
dϕ2 + 2(r ′′)2 c

√
2 eU

dϕdt ′′. (11)

As easily verified it is equivalent to the metric (7) if we
set [7]

r ′′ = 2eU sinh r , t ′′ =
2eU t ′

c
. (12)

In this new representation, we see that when r ′′ = 2eU ,
the coefficient in front of dϕ2 vanishes. If we choose the cos-
mic time t ′′ describing the evolution of our universe as the
rotation-axis, then r ′′

G = 2eU constitutes the Gödel radius for
which the time lines close up and are tangential to the light
cones (null curves). These curves are contained in the plane
t ′′ = const. in the same way as detailed above. Inspection
shows that the fluid rotates with the angular velocity

ω =
c

√
2 eU

. (13)

Through the equation of state ρ = f (P), the Gödel radius
will be set by tuning the pressure parameter P of the consid-
ered fluid.

Referring to the work initiated in [8], we complete here-
inafter our last publication [9] in which a spacecraft moves
along a Gödel trajectory by using a warp drive propulsion.
The required negative energy will be now given a physical
meaning.

2 A short review on Alcubierre’s theory

2.1 The ADM formalism

Arnowitt, Deser and Misner (ADM) suggested to a construct
a space-time foliation of hypersurfaces parametrized by an
arbitrarily chosen time coordinate value x0 [10]. This folia-
tion is caracterised by a proper time dτ between two nearby
hypersurfaces

x0 = const , and x0 + dx0 = const , (14)

where cdτ is proportionnal to dx0

cdτ = N
�
xa, x0�

dx0, (15)

and in the ADM terminology, N is called the lapse function.
Let us evaluate the 3-vector whose spatial coordinates xa

are lying in the hypersurface x0 = const, and the vector is nor-
mal to the hypersurface on the second hypersurface x0+dx0 =

const, where those coordinates become

N a dx0,
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and the vector Na is called the shift vector.
From these definitions follows the derivation of the 3-

tensor
Kab = (2N)−1 �

−Na;b − Nb;a + ∂0 gab
�
, (16)

It represents the “extrinsic curvature”, and as such de-
scribes the manner in which the hypersurface x0 = const is
embedded in the surrounding space-time.

With this brief preparation we are now able to tackle our
topic.

2.2 Alcubierre’s function

In 1994, M. Alcubierre showed that a superluminal velocity
can be achieved without violating the laws of Relativity. He
considered a perturbed space-time region likened to bubble
(“warp drive”) which could transport a spacecraft in a surfing
mode inside the bubble, the proper time dτ is the coordinate
time element dt measured by an external observer called “Eu-
lerian”.

The motion is only achieved by the space wave, so that the
occupants of the spacecraft are at rest and would not suffer
any acceleration nor time dilation in the displacement [11].
This process requires a front contraction of the space while
subject to a rear expansion. The spacecraft center distance
located in the bubble

rs (t) =

q�
x − xs (t)

�2
+ y2 + z2 (17)

varies until Re, which is the external radius of the bubble.
With respect to the distant observer the apparent velocity

of the spacecraft is

vs (t) =
dxs (t)

dt
, (18)

where xs (t) is the coordinate of the bubble’s trajectory along
the x-direction.

Alcubierre then defined the step function f (rs, t)

f (rs, t) =
tanh

�
σ (rs + Re)

�
− tanh

�
σ (rs − Re)

�
2 tanh (σRe)

, (19)

where Re > 0 is the external radius of the bubble, and σ is a
“bump” parameter used to tune the wall thickness of the bub-
ble. The larger the parameter σ, the greater the contained en-
ergy density; for its shell thickness decreases. Moreover, the
absolute increase of σ means a faster approach of the condi-
tion

lim
σ→∞

f (rs, t) = 1 for rs ∈ [−Re, Re]

and is 0 everywhere else

 . (20)

The Alcubierre metric is

(ds2)AL = −c2dt2 +
�
dx − vs f (rs, t) cdt

�2
+ dy2 + dz2. (21)

Inspection shows that

Kab = −ua;b , (22)

which is sometimes called the second fundamental form of
the 3-space.

Within this formalism, the expansion scalar becomes

θ = ∂1 N1 = − tr Kab (23)

that with (20) is

θ = vs
d f
drs

xs

rs
. (24)

Let us now write the Alcubierre metric in the following
equivalent form

(ds2)AL = −
h
(1 − v2

s f 2(rs, t)
i

c2dt2 −

− 2vs f cdtdx + dx2 + dy2 + dz2. (25)

Taking account of (20) one finally find the energy density

(T 00)AL = −
c4

32πG
v2

s

 
d f
drs

!2
y2 + z2

r2
s

. (26)

This expression is unfortunately negative as measured by
the Eulerian observer and therefore it violates the weak en-
ergy conditions (WEC) [12]. Notwithstanding this violation,
one is nevertheless forced to introduce a way to obtain a neg-
ative energy density. This possibility is examined below.

2.3 Nature of the negative energy

We consider a spacecraft having a shell whose thickness is
Re − Ri, where Re is the external radius, while Ri is the inner
radius. Re coincides with the Alcubierre bubble which thus
constitutes the whole spacecraft contour.

Consider now a charge µ circulating within the shell thus
giving rise of a 4-current density

jα = µuα. (27)

This current is coupled to a co-moving electromagnetic
field characterized with the 4-potential Aa which yields the
interacting energy-momentum tensor

(T αβ)elec =
1

4π

 
1
4

gαβFγδ F γδ + F ασF β
ν

!
+

+ gαβ jν Aν − jαAβ. (28)

The extracted energy density is

(T 00)elec =
1

4π

 
1
4

Fγδ F γδ + F 0νF 0
ν

!
+ jν Aν − j0A0. (29)

Since we chose an orthonormal basis, we have

(T 00)elec =
1

8π

�
E2 + B2

� 1
4π

∆ (Φ E) , (30)

where E and B are respectively the electric and magnetic field
strengths derived from the Maxwell tensor

Fγδ = ∂γ Aδ − ∂δ Aγ . (31)
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We assume that the field potential Aα (Φ, A) is given in
the Lorentz gauge.

The charge density is derived from

∆ E = 4πµ , (32)

which is just the time component of the 4-current density in-
ferred from Maxwell’s equations

∇α F αβ =
4π

c
jβ. (33)

Therefore negative energy density may be shown explic-
itly by the interaction tensor

(T 00)electitn =
1

4π
E ∆Φ + µΦ, (34)

(T 00)elecint =
1

4π

 
−∆Φ −

1
c

∂t A
!
∆Φ + µΦ (35)

since E = −∆Φ − 1
c ∂t A.

In (35) the first term in the brackets is always negative.
As to the last term, it is made negative when the time varying
charge density µ and the scalar potential Φ are 180◦ out of
phase (method reached by the use of phasors).

We now suppose that the positive free radiative energy
density

(T 00)elecrad =
1

8π

�
E2 + B2

�
is confined within the spacecraft, i.e., right to the inner side
of the shell wall. The interacting tensor (T 00)elecint is set so
as to exhibit its energy density part on the external side of the
shell. This is made consistent since the charges are circulating
inside the surrounding shell of the spacecraft.

So we see that negative energy production can be achiev-
ed with such a configuration. The higher the charge density
and the higher the scalar potential, then the most effective
negative energy density.

The local field equations read

Gµβ =
8πG

c4

h�
ρc2 + P

�
uµuβ − Pgµβ + (Tµβ)elec

i
. (36)

Remains now the energy density level (T 00)elecint which
is anticipated to be very huge. There is however a possible
drastic reduction which adequately exploits the contribution
of the electromagnetic field interacting with the charges.

2.4 Reducing the required negative energy

The spacecraft bubble is externally charged surrrounded by
a comoving electromagentic field. As such it follows a fins-
lerian geodesic [13] provided the ratio µ

ρ
remains constant

along the trajectory

(ds)shell = ds +
µ

ρ
Aα dxα, ds =

q
ηαβ dxαdxβ . (37)

Neglecting the non-quadratic terms the metric reads

(ds2)shell = ds2 +

 
µ

ρ
Aαdxα

!2

. (38)

The interacting charge of the spacecraft must now be in-
cluded in the metric (25).

Because we are considering only the energy density of
the spacecraft-bubble as a whole, the spatial components of
µ
ρ

Aαdxα in (38) can be neglected and the interaction term re-
duces to its time component

µ

ρ
A0 dx0 =

Φµ

ρ
cdt . (39)

The metric (37) becomes now

ds2 = −

 
1 +

Φµ

ρ

!2

c2dt2 + dz2 + dx2 + dy2. (40)

Notice that the time component of the metric tensor

g00 = −

 
1 +

Φµ

ρ

!2

(41)

can be expressed by the following formula

M = − (1 + N) , (42)

where the lapse function is defined as

N = Φ
µ

ρ
. (43)

The Alcubierre metric (25) reads now

ds2 = −
h
M2 − v2

s f 2 (rs)
i

c2dt2 −

2vs f (rs) cdtdx + dz2 + dx2 + dy2. (44)

The interaction term should be only function of rs, Re,
σ, and of the thickness (Re − Ri), but not depending on the
velocity vs.

Here, our analysis is not too dissimilar to the approach
detailed in [14, 15].

Finally, the negative energy density requirement is

c4

8G
v2

s

 
d f
drs

!2
y2 + z2

r2
s

=

 
∆Φ +

1
c

∂t A
!
∆Φ + µΦ . (45)

The splitting shell/inner part of the spacecraft frame, is
really the hallmark of the theory here it implies that the proper
time τ of the inner part of the spacecraft is not affected by the
term N.

The spacecraft-bubble follows the trajectory xs (t). There-
fore For R ⩽ Re, the bubble is assumed to be ruled by the new
Alcubierre metric (44) expressed with the signature −2

ds2 =
�
M2 − v2

s f 2�
c2dt2 − 2vs f (rs) cdtdx −

− dz2 − dx2 − dy2. (46)
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A 2D representation of the warped region according to (44). Prop-
agation is from left (expansion) to right (contraction). The groove
corresponds to the shell thickness determined by the function N.

This space-time is thus regarded as globally hyperbolic
and the bubble will never know whether it moves along a
CTC. As a result,the bubble is seen by a specific observer (see
below) as being transported forward along the x-direction
tangential to a CTC beyond the Gödel radius rG.

We may now write down the Gödel-Alcubierre metric

ds2 = e2U(1− f )


  

1 +
Φµ

ρ

!2

− v2
s f 2

 c2dt2 −

−

"
f −

1
2

(1 − f ) e2x
#

dy2 −

−2
�
vs f + (1 − f ) ex �

cdtdy − dx2 − dz2
)

. (47)

In the absence of charge, beyond the distance Re, we have
R > Re → ∞ and f = 0 outside of the spacecraft-bubble and
we retrieve Gödel’s original modified metric (6).

3 Entropy along a Gödel trajectory

3.1 Relativistic thermodynamics

Consider a fluid that consists of n particles in motion within
a given region. The primary variables are:

— The particle current

I µ = nuµ; (48)

— The energy-momentum T µν;
— The entropy flux S µ,

where, obviously, T µν and I µ are conserved

T µν
; ν = 0 I µ

; µ = 0 .

In a relativistic situation, the second law of thermodynam-
ics requires

S µ
; µ ⩾ 0 . (49)

For equilibrium states we have

S µ = n suµ, (50)

where s is the entropy per particle.

Denoting Q as the chemical potential and T the heat quan-
tity (temperature) of the medium, the Euler relation reads

n s =
ρ + P

T
−

Qn
T

, (51)

where ρ and P are respectively the density and pressure of
the medium. We also have the Gibbs fundamental thermody-
namic equation

Tds = ds
�
ρ

n

�
+ P d

 
1
n

!
(52)

or
Tnds = dρ −

ρ + P
n

+ dn . (53)

From (51), we get

S µ = −
Q I µ

T
+

(ρ + P) uµ

T
. (54)

Since in the rest system, the matter energy flux must van-
ish, we have

uλ T λµ = ρuµ (55)

and thus, we find the following expression for the entropy
vector in equilibrium

S µ = −
Q I µ

T
+

uλ T λµ

T
+

Puµ

T
. (56)

3.2 Applying to the time travel trajectory

Let us consider a spacecraft moving along a Gödel trajectory.
We obviously neglect the chemical potential of the space-
craft’s bodyframe as well as the pressure and the entropy vec-
tor reduces to

S µ =
uλ T λµ

T
. (57)

This vector must be measured by the Eulerian observer
which travels along the trajectory tangential to uµ, where he
“sees”

dt
dτ

= M−1. (58)

With this definition, it is easy to show that its velocity
components are

(uµ)E =
h
cM−1, vs f cM−1, 0, 0

i
(59)

(uµ)E = [cM, 0, 0, 0] . (59bis)

We are interested in the entropy scalar part

(S 0)E =
(u0)E (T 00)AL

T
(60)

with

(T 00)AL = −
c4

32πG

v2
s

�
y2 + z2

�
M4 r2

s

 
d f
drs

!2

, (61)

(u0)E = cM. (62)
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We clearly see that the entropy (S 0)E of the system is
negative. Hence, the entropy S 0 attached to the spacecraft
is seen negative with respect to the Eulerian observer which
thus measures a “negentropy”. While travelling to the past,
the occupants of the spacecraft experience a positive entropy,
i.e., they are ageing in their own proper time.

Conclusions

In the novel “The time machine” (1895) by H. G. Wells, an
english scientist constructs a machine which allows him to
travel back and forth in time.

Closed time-like curves were discovered in the 1920’s,
but it is really in 1988 that time travel possibility was seri-
ously considered by physicists in the stunning article [16].
The Gödel solution was mainly regarded as a mathematical
curiosity and thus it was almost forgotten. We have succeeded
in reviving his work by using some transformations which
give Gödel’s mathematical derivation a full physical signif-
icance. In this view, the major contribution of J. Natàrio’s
work [17, 18] introduces now a complementary perspective.

So far, Gödel’s model only depicts a travel into the past.
What about the journey home? If advanced civilizations har-
ness the time travel technology, they must be able to return to
their own present, meaning a reversed time orientation. In the
light of the aforementioned derivations we conclude that they
should take another path. A possibility arises by considering
our recent publication [19]. In this article, we recalled that
the current Einstein’s field equations are inferred from the
second Bianchi’s identity which is verified by the Riemann
tensor. The latter tensor can be particularized to the Landau-
Lifchitz superpotential [20], which is shown to yield two op-
posite field equations (not necessarily symmetrical) coupled
with a common index.

Identifying the time coordinate chosen as the cosmic
time-axis, to this common index, the solution of the second
field equation would ten display a reversed time orientation.
In this case an advanced civilization could adequately exploit
this circumstance to return to its epoch.

Much remains to be worked out on the subject, but we
trust that Gödel’s legacy will continue to stimulate my funda-
mental researches in this field.

Submitted on May 31, 2024
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We have used regression analysis to establish a time correction mechanism for four
GRBs (030329, 980425, 000418, and 021004) employed from literature on the basis
of a frequency-dependent speed of light (FDSL) model which we developed entirely
from Maxwell’s electromagnetic equations in conjunction with plasma and dispersion
effects. In our first instalment (Paper 1), on the assumption that these GRBs all leave
the source at the same time we obtained good positive correlations and hence justified
the reliability of our fitting model. In this paper, however, on the assumption that each
photon leaves the GRB source at different times, we modify the previous model to ob-
tain a more fitting model. Furthermore, the modification led to the unification of the
four GRBs into a homogenous albeit perfect correlation leading to the determination of
the frequency equivalent of the ISM (v∗ = 1.507 ± 0.0009 Hz) and hence, the spatial
sizes (∆D) of the internal and external shocks wherein we obtain for the four GRBs
∆D = 838.90, 39.00, 7804.00 and 19188.00 for GRBs 030329, 980425, 000418,
and 021004 respectively. If the results provided herein are deemed acceptable or reason-
able — one can on this basis — say that the relationship we have established from our
analysis for the four GRBs supports two GRB models, “the framework of the fireball
model” and “the multiple shock wave model” of GRBs production and their afterglow.
Additionally, the implications are evident in the variations of relativistic outflows within
the jets offering valuable insights into the acceleration mechanisms and interactions be-
tween the jet and its surrounding medium.

1 Introduction

One of the most puzzling phenomena in modern astrophysics
is perhaps γ-ray bursts (GRBs). These brief flashes of non-
thermal γ-ray energy which occur about once a day have con-
sistently defied the laws of physics in their explanation. GRBs
are highly concentrated high-energy explosions from distant
objects deep within space. These explosions create a rela-
tivistic blastwave which inevitably collides with the circum-
burst medium resulting in internal and external shocks [1].
The photons emanating from these shocks possess enormous
energies typically on the order of 1042–1047 J [2, 3], and ar-
rive at Earth as cosmic snipers that are uniformly distributed
on the sky [4]. Due to these extreme energies, the prompt
emission observed in these GRBs before now was believed
to have been generated by a relativistic jet from their central
engine [5–7]. Similarly, an afterglow is likely produced by
external shocks from the interaction between the jet material
and the circumburst medium [3].

Despite decades of research, the precise mechanisms driv-
ing GRBs and the characteristics of their progenitors remain
a subject of intense investigation. One crucial aspect of un-
derstanding GRBs lies in estimating the spatial size of the
shock waves they generate, as it provides invaluable insights

into their physics and progenitor environments. Recent ad-
vancements in time-delay models, e.g. [8–11], have offered
a promising avenue to infer the spatial scales of GRBs phe-
nomena. These delays, resulting from the differential arrival
times of photons emitted from different parts of the shock re-
gion encode valuable information about the size and structure
of the emitting source. By exploiting the temporal behaviour
of GRB emissions across different frequencies and utilizing
theoretical models of light propagation and interaction with
the surrounding medium, we can be able to constrain the spa-
tial dimensions of GRB shockwaves.

However, such methods face limitations in resolving the
intrinsic size of the shock region, often convoluted by the
surrounding environment and instrumental effects. An alter-
native approach gaining traction involves exploiting the time
delay phenomena observed in photons of different frequen-
cies from GRB shocks as they propagate via the Interstellar
Medium (ISM). This paper aims to provide an independent
method formulated from relativistic mechanics in estimating
the spatial size of GRB shocks using one of such time-delay
models [8]. We will explore the theoretical foundations un-
derpinning this model, the observational data utilized [12],
and the constraints derived from such analyses. Additionally,
we will discuss the implications of these spatial estimates on
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our understanding of GRB physics, progenitor systems, and
their broader astrophysical implications. In the end, we aim to
provide insights into the spatial characteristics of GRB shocks
and their implications for understanding the physics of these
extraordinary cosmic events.

Penultimately, we shall give a synopsis of the remainder
of the present article. To begin, in §2 we take a critical look
at the GRB time delay shock models to understand the role
these shocks play in the generation of photons of different
frequencies as they travel through the ISM. §3 gives a brief
overview of the fireball model with special emphasis on how
the internal and external shock mechanism gives strong sup-
port for our ideas on the non-simultaneous release of the pho-
ton pairs. §4 discusses our proposed FSDL time delay model
and how it all fits into our current instalment. In §5, we give a
step-by-step process of the current time rectification method-
ology we adopted, the fitting procedure used to obtain ν∗ and
the constraints imposed on our parameters. §6, §7 and §8,
present our results, the justification of our rectification mech-
anism and the general discussion accompanying our results.
Thereafter, we conclude with §9.

Lastly, we perhaps must hasten and say that, through-
out this paper, we assume a flat Standard ΛCDM-Cosmology
Model where we take [13]: H0 = 67.40 ± 0.50 km × s−1 ×

Mpc−1, ΩΛ = 0.685 ± 0.007, and Ωm = 0.315 and that, for all
our calculations of the luminosity distances (DL) to the differ-
ent GRBs and their host galaxies, we shall use Wright’s [14]
online cosmology calculator.*

2 GRB Time Delay Models

Several studies provide valuable insights into the time de-
lay mechanism of GRB shocks. e.g. [15] introduced an im-
proved model-independent method based on time-delay mea-
surements of GRBs at different energy bands. This method
allows for probing the energy-dependent velocity due to mod-
ified dispersion relations for photons. Additionally, [16] dis-
cussed estimating the number of emitting electrons in GRBs
based on fitted parameters and assuming specific emission
radii predicted by shock models within the outflow. More-
over, [17] demonstrated how delayed and long-lasting after-
glow emissions in certain GRBs could be interpreted through
a synchrotron forward-shock model. This interpretation was
supported by the analysis of radio, optical, and X-ray light
curves. Many other authors have also studied time delay mod-
els in probing GRB to mention but a few [18]

This paper aims to provide an independent method for-
mulated from relativistic mechanics in estimating the spa-
tial size of GRB shocks using one of such time-delay mod-
els [8]. We will explore the theoretical foundations under-
pinning this model, the observational data utilized [12], and
the constraints derived from such analyses. Additionally, we
will discuss the implications of these spatial estimates on our

*https://www.astro.ucla.edu//∼wright/CosmoCalc.html

understanding of GRB physics, progenitor systems, and their
broader astrophysical implications. In the end, we aim to pro-
vide insights into the spatial characteristics of GRB shocks
and their implications for understanding the physics of these
extraordinary cosmic events. To begin, we will first take a
critical look at the GRB fireball model with specific refer-
ence to the internal and external shock models to understand
the role these shocks play in the generation of photons of dif-
ferent frequencies as they travel through the ISM.

3 Fireball Model

As is well known, a highly effective framework for interpret-
ing observations of GRBs has been made available in the
form of the fireball model [19–22]. The fireball model is
commonly employed to explain the mechanism that produces
the radiation we detect from most GRBs. The most widely
accepted, and almost certain explanation for GRB produc-
tion according to the fireball model is that when there is an
ejection of extremely high energetic jets due to the merger of
two neutron stars (NS-NS) [23], or a neutron star and a black
hole (NS-BH) [4, 23] and a supernova [24] explosion as de-
picted in Fig. 1, the enormous release of energy gives rise to
a Poynting-flux-dominated Magneto-hydrodynamics (MHD)
wind with a luminosity of approximately 1050 erg × s−1 [25]
within the ISM confined to the jet cone. These MHD winds
generate the GRBs when the kinetic energy of these ultra-
relativistic particles, or potentially the electromagnetic en-
ergy of the Poynting flux, is converted to radiation [21, 26].

The GRB fireball model is essential for understanding the
nature and implications of GRB shocks. In a bid to demys-
tify the radiation mechanism, [27, 28] compared the fireball-
shock and millisecond-magnetar models by fitting them to
X-ray data of specific GRBs, emphasizing the importance of
different shock models in explaining GRB phenomena. Simi-
larly, [29] used a “boosted fireball” model to replicate the hy-
drodynamics of GRB outflows, highlighting the necessity for
comprehensive models to decode the complexities of GRBs.
In the same light, [30] provides a comprehensive review of γ-
ray bursts and related transients, discussing theoretical mod-
els for prompt and afterglow emissions, including the stan-
dard fireball model with internal and external shocks. Their
study highlights the role of synchrotron radiation from rela-
tivistic electrons accelerated in the shocks, emphasizing the
importance of magnetic fields in these processes, and the in-
ternal and external shock mechanisms for γ-ray burst emis-
sion.

Additionally, [31] discussed utilizing GRB emissions as
a test-bed for modified gravity theories, demonstrating how
GRBs can offer insights into fundamental physics beyond
standard models [32–35] and many more have also explored
how gravitational wave observations can enhance our under-
standing of the intrinsic properties of the shock waves from
GRBs, showcasing the interdisciplinary nature of studying
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these phenomena. To describe both the initial burst of γ-
rays and the lengthy afterglow, the fireball model employs
two separate shock wave models — namely, the internal and
external shock wave models [36, 37].

3.1 Internal Shock

As depicted in Fig. 1, internal shocks are responsible for the
high energy of γ-ray particles. Moments after the incident,
shock waves (fronts) with a Lorentz factor (Γ) close to 100
are emitted from the inner engine at relativistic speeds lead-
ing to multiple shock waves, each travelling at a different rel-
ativistic speeds. These shock fronts result in energetic γ-ray
emissions which are principally caused by thermal magnetic
reconnection activities and relativistic processes. In this pro-
cess, baryonic mass will be added to the emission, thus help-
ing to convert some radiation energy into relativistic kinetic
energy, which in turn increases the γ-ray burst flux. As il-
lustrated in Fig. 1, a significant portion of the initial energy
released by the freshly generated BH is transformed straight
into photons in a pure radiation fireball [37, 38].

3.2 External Shock

On the other hand, external shocks are predominantly ther-
mal emissions produced as the energy transferred from the
shock waves is deposited into the interstellar medium (ISM).
The spilt substance can then be trapped in the shock front and
release radiation as the shock travels in the outward direc-
tion. The resulting broadband synchrotron radiation evolves
as the external shock propagates outward into the surround-
ing medium, depending on various fundamental character-
istics of the explosion, the specifics of the shock evolution,
and the density profile of the medium into which it expands
[26, 40]. When shocks from this external surrounding cir-
cumburst matter delay this flow of electrons, the afterglow
appears with varying frequencies ranging from X-ray to op-
tical wavelengths. It is generally assumed that most of the
GRBs we detect are triggered by internal shocks, while the
slow afterglow emanates from the external shocks [41].

It is on this theoretical explanation of this fireball model
that we anchor our modified time delay emission model,
wherein we now have the radio photon pairs not simultane-
ously leaving the GRB event as has been assumed in our pre-
vious papers [8]. We aim to show that under the above-stated
new assumption of non-simultaneous emission of the radio
photon pair, the time delay experienced by these photons may
very well be a result of the series of shock waves generated by
the internal and external production mechanism as is assumed
in the fireball model. This may also lead us to understand the
shock dynamics and/or the spatial sizes of the shocks.

4 Our Proposed FSDL Model

Here, we adopt a standard fireball scenario for the GRBs af-
terglow, where a relativistic shock with (Γ) expands into the

circumburst medium (CBM). The afterglow flux arises from
the radiation (synchrotron and possibly also inverse Comp-
ton) emitted by relativistic electrons accelerated from the in-
ternal to the external shocks. To describe the spatial size of
these jets, we account for the effects of the conductance of
the medium through which these radiations pass en route to
the detector and model the shock dynamics using our FDSL-
model.

The formulation we came up with was simple and elabo-
rate which is: In [8], without any exogenous or exotic ideas
being brought in, the following dispersion relation was de-
rived directly from Maxwell’s four fundamental equations of
Electrodynamics

ω2 − c0
2κ2 = −4ω∗ω, (1)

where ω∗ = 2πν∗ = µc2σ/4, ω = 2πν, with ν being the fre-
quency of the Photon and k its wave-number. Given that the
group velocity νg of a wave is given by vg = ∂ω/∂k, thus
differentiating Eq. (1) throughout with respect to k and rear-
ranging, it follows that

vg =
c2

0

ω/κ

1
2ω∗/ω

=
c2

0

vp

1
1 + 2ω∗/ω

=
c2

0

vp

1
1 + 2v∗/v

, (2)

where vp = ω/k, is the phase velocity. In a vacuum, we have
that vg = vp = c0. This assumption (of vg = vp ) was ex-
tended to the scenario of a non-vacuum medium and so doing
(i.e., maintaining this condition vg , vp, in the non-vacuum
medium), one obtains

vg

c0
=

1q
1 + 2v∗

v

. (3)

From Eq. (3), it follows that if D is the distance between
the Earth and the GRB, and vl and vh are the group velocities
for the lower and higher frequency Photons, then - to first
order approximation we have that c0/vg ≃ 1 + v∗/v, which in
turns implies that for two photons with varying velocities, the
time delay ∆t is such that

∆t =
D
vl

−
D
vh

=
Dv∗

c

 
1
vl

−
1
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!
. (4)

It is clear that if the laid down theory has any correspon-
dence with physical and natural reality, then, a plot of ∆t ∝�
v−1

l − vh
−1

�
for the same source (i.e., same D ) should accord-

ingly yield a straight-line graph with a slope equal to Dv∗/c0.
Eq. (4) implies that the time delay will be given by

∆t =
Dv∗

C

 
1
vl

−
1
vh

!
. (5)

The relation in Eq. (5) was applied to the following GRBs
GRB 030329, GRB 980425, GRB 000418 and GRB 021004

G. F. Abbey et al. Inference of Plausible Spatial Sizes of GRB Systems 49



Volume 20 (2024) PROGRESS IN PHYSICS Issue 1 (June)

Fig. 1: A Modified cartoon depiction showing schematics description of and the basic mechanism of the GRB fireball model [39],
https://www.swift.ac.uk/about/grb.php.

obtained from [12] and the result was a strong linear correla-
tion between ∆t and ∆v−1.

The obtained linear correlation confirms the theory on
which Eq. (5) has been derived. Furthermore, in [8], as a ma-
jor step, Eq. (5) assumes that the pair of GRB photons leave
the event simultaneously. The above-stated assumption leads
to a biased fit wherein the intercept of the graph of ∆t vs ∆ν−1

was made to pass through the point of origin (0, 0) for there to
be a zero y-intercept (see Fig. 2. Despite them giving a good
correlation, the four graphs also yield slopes which were used
to estimate the conductance of the ISM through which these
GRB travel (see [8]).

In this current instalment, we develop a model that does
not assume a simultaneous release of these pairs of photons.
Rather preemptively, we must say that — this new assump-
tion of a non-simultaneous — albeit systematic — emission
of these photon pairs allows us to obtain a much more con-
vincing and stronger correlation in the time delay. That is to
say, this new correlation allows us to build a unified model of
the four GRBs in our present sample wherein, we obtain two
major results, mainly

1. A constant ν∗ called the frequency equivalence of the
interstellar medium (ISM)’s conductance which allows
us to estimate every other parameter involved with the
four GRBs in question;

2. The spatial sizes of the internal and external shocks of
our four GRB samples.

One significant step involved in our modified FSDL
model is the estimation of the time correction parameter tc.
In this modified model, we believe that a pair of events com-
ing from the same shock front will lie on the same slope on a
∆t vs ∆ν−1 graph. In the case of our four GRB samples, the
GRBs will be delayed by a fraction of the difference between
the spatial sizes obtained from our calculation. Furthermore,
in line with this assumption, the earlier photon leaves now
while the latter leaves a time, t later. We can show that under
the above-stated assumption, Eq. (5) will be modified to be

∆t =
Dν∗

c0

 
1
νl

−
1
νh

!
+ tc, (6)

where tc is a two-fold correction factor we introduced to rec-
tify the time delay in the photon arrival times. Additionally,
tc is the y-intercept of this unbiased* linear regression model.
This tc will turn out to be the time difference between the
emission of the photon pair from the internal and external
shocks. This time difference is depicted in Figures 5 to 8 as
the internal and external shock. We will briefly present our
justification for our Non-simultaneous emission model.

4.1 Data Sampling and Description

As pointed out in Paper 1 [8], our data sample is wholly drawn
from [12], wherein [12] draw their data from 304 GRB sam-

*By “unbiased plot”, we mean a plot that does not force the linear graph
to pass through the (0, 0)-point of origin as has been done on Paper 1.
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ples compelled from 1997 to 2011 by [42]. From [12], eight
of these GRB samples were used by [8] to investigate corre-
lations in γ-ray burst time delays between pairs of radio pho-
tons as Paper 1 of a series of research geared towards inves-
tigating the cause of time delay in the arrival time of photons
of different frequencies emanating from γ-ray burst.

In the said Paper 1 [8], in ascending order, the eight
distinct GRBs we selected were 980425, 991208 000418,
000926, 021004, 030329, 031203 and 060218 making a total
sample size of 52. Amongst these eight GRB samples, four
of them GRB 980425, 000418, 021004 and 030329 when ap-
plied to our FDSL model gave good positive linear correla-
tions as expected, which in turn provides a sound basis for
our work and reliability of our model. The remaining four
samples GRB 991208, 000926, 031203 and 060218 showed
a weak correlation, so we didn’t include them in our first in-
stalment. In this present instalment, our aim was to put up a
working model first with the 4 GRBs that gave a good positive
correlation. To avoid constraints, we will differ the remaining
weak correlated GRB samples to a later instalment where we
can systematically test our model on all the data set in [12].
Additionally, we can now apply this model to recent data.

Fig. 2: Graph for Events GRB 030329, 980425, 000418, and
021004. The BLF were made to all passes through the origin.

5 Non-Simultaneous Photon Emission Model

Here we present a brief overview of our modified model as
stated in the introductory section — the assumption that the
low (νl) and high (νh) frequency photons are released simul-
taneously is to be done away with because it is very much
possible that the low (or perhaps the high) frequency photon
is released first, with the high (low) frequency photon is re-
leased a time tc later (or vice-versa). In this event, the photon
travel times tl and th of the low and high frequency photons,

respectively — will be related as follows

tl =
D
vl

+ tc, (7a)

th =
D
vh

, (7b)

where, likewise vl and vh are the speed of the low and high-
frequency photons, respectively. From the foregoing, it fol-
lows from Eq. (7), that

∆t = tl − th =
D
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−
D
vh

+ tc. (8)

As given in [8], if we are to substitute into Eq. (8), the
following
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then, one will be led to Eq. (5). In this way — as promised,
we have justified Eq. (6).

It is important to note that if tc is a random variable —
the meaning of which is that this time is not the same for each
photon pair — it would give rise to a clearly visible scatter in
the data points along some imagined average straight line. If
tc is uniform for all the data points — imply some welcome
define and systematic origin, then, the resulting data points
— if plotted in an unbiased manner — they would lie on
a straight line that does not pass through the (0, 0)-point of
origin as is the case with the data point of the GRBs in our
sample. In the next subsection, we will briefly describe how
we obtained the ν∗ from our tc.

5.1 Fitting Procedures

As promised above, we here describe, in §5.1.1 & 5.1.1, the
fitting procedures employed to arrive at a value for the time
delay correction tc and the value of the frequency equivalent
of the ISM’s conductance (ν∗).

5.1.1 Time Delay Correction (tc)

To obtain tc, the following procedures were carried out

1. First, we isolated the different subgroups of the individ-
ual GRBs as shown in Fig. 2. That is to say, we noted
that for each GRB source, there exist two distinct sub-
groups — were for:

(a) GRB 030329, as can be seen in Fig. 5, we have
(a, b, c, d, e, f , l, m, n, o) and (g, h, i, j) data points
forming the two subgroups with GRB 0302329k
being an outlier data point;
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(b) GRB 980425, as can be seen in Fig. 6, we have
(a, c, d) and (b, e, f ) forming the two distinct sub-
groups;

(c) GRB 000418 of Fig. 7, have (a, d) and (b, c, e)
forming the two distinct subgroups;

(d) Finally, GRB 021004, in Fig. 8 have (a, b, d) and
(c, e) forming the two distinct subgroups;

2. Upon a meticulous observation of Fig. 5 to 8, one can
see that the data points for the four GRBs were grouped
in two; events group 1 representing the internal shocks
and event group 2 representing the external shocks.
The idea behind this grouping is to enable us to see
the data points that are aligned so we can correct for
the time delay (Fig. 7);

3. When the time delay (tc) is corrected, one can see that
each group’s data points have been aligned into an al-
most straight line. Fig. 3 shows the same four GRBs
in Figures 5 to 8 after tc correction. The scattered and
group events have been aligned almost perfectly to a
straight line indicating a nearly perfect linear correla-
tion amongst the four samples respectively.

5.1.2 Calculation of the Conductance (ν∗) of the ISM

At this point, we must say that, if our model is correct or
has any meaningful correspondence with physical and natural
reality, then ν∗ can be obtained thus

1. First — we note that the slope of the time delay cor-
rected graphs of Fig. 3 is proportional to the distances
to the respective GRBs, i.e.

S =
Dν∗

c0
. (10)

From this Eq. (10), it is clear that if the distance to
the GRB is known, the value of ν∗ can be computed.
Further, if cosmological space is homogeneous, then ν∗

must have a constant value in any given cosmological
direction that one chooses. Assuming a homogeneous
space as is the case in the ΛCDM-model [43], it fol-
lows that S ∝ D, the meaning of which is that if the
distance (D†) to just one GRB is known, then, the dis-
tance (Dk) to the rest of the GRBs can be inferred from
this Eq. (10).
That is to say: let S † be the slope on the graph of
the GRB whose distance D† is known and if S k is the
slope on the graph of the GRB whose distance Dk is
unknown, then, we can deduce this distance Dk from
the GRB whose slope S † and distance D† are known,
i.e.,

Dk =

 
S †

S k

!
D†. (11)

From Eq. (10), it is abundantly clear that — in-order
to deduce ν∗ — one needs not know the actual distance
to the GRB whose distance D† is known, but a relative
distance — e.g., D† ≡ 1, can be assigned, so that the
relative distance Drel(k), to the kth GRB on our list can
be computed, i.e.,

Drel(k) =
S †

S k
. (12)

From (11) and (12), it follows that

Dk = Drel(k)D†. (13)

It must be noted that Drel(k) is a dimensionless quantity
while D† has the dimensions of length;

2. Inserting Dk as given in Eq. (13) into Eq. (10), where
∆t has been corrected for the non-simultaneous time
delay, we will have

∆t
Drel

=
D†ν∗

c0

 
1
vl

−
1
vh

!
. (14)

What Eq. (14) implies is that if all our assumptions
are correct or have a meaningful correspondence with
physical and natural reality, then, a plot of ∆t/Drel vs
∆ν−1 should yield a straight line graph. the result of the
assumption is evident in (3);

3. In the present, for our standard GRB with distance D†

and slope S †, we took the GRB with the smallest red-
shift, namely GRB 980425, which has a redshift z =

0.009. The justification for doing this is spelt out in §7;
4. On careful observation of Fig. 4b one can see that the

scatter in the plots has all been fully corrected into an
almost perfectly straight line graph. A t-test was car-
ried out on the combined plot to test for statistical sig-
nificance. The result was not only consistent but also
significant at a 95% confidence level. The complete
regression fittings and other regression parameters are
shown in Table 1 and 3;

5. Therefore, From the foregoing, we have that D† =

40.00 Mpc, and S † = 70.00 ± 2.00 GHz × Days. Sub-
stituting these numerical values into 10 and converting
to standard units we calculated v∗ to be 1.507 ± 0.0009
as the frequency equivalence of the conductance of the
ISM. Following we now estimate the spatial sizes of
the internal and external shocks as presented in §6.

6 Result and Analysis

According to the Fireball model depicted in Fig. 1, a GRB
will have two shock fronts, the internal and external. The
events emanating from these shock fronts will have a large
gradient on the ∆t vs ∆ν−1 graph. Given that in the present
GRB time delay model, the distance (D) of the group events
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Fig. 3: Graph of GRB 030329, 980425, 000418, and 021004 events after tC correction.
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Fig. 4: Relative distance Plot. The combined scatter plots for
GRB 030329, GRB 980425, GRB 000418 and GRB 021004 after
relative distance correction respectively. Regression fitting for this
plot passes through the (0, 0)-point of origin unbiased showing that
the tc has been eliminated naturally via our correction procedure

emanating from the same shock front is such that D = c0S/ν∗.
It follows from the foregoing that event group (1) must there-
fore be emanating from the internal shock while event group
(2) are coming from the external shock. If both events have
slopes S1 and S2, from the bare facts at hand, the spatial size,
∆D, between these two shocks is such that

∆D =

 
c0∆S

v∗

!
(15)

where ∆S = S2 − S1, ∆D = D2 − D1 and ν∗ = 1.507 ± 0.009
Hz (see [8]). Under the above premise, we now present the
results of the spatial sizes of the four GRBs in question.

6.1 Estimating the Spatial Size

Following the procedures laid down so far, the spatial size
(∆D) can be estimated from the plot of ∆t vs ∆ν−1 as shown
in Fig. 5 to 8 while keeping v∗ as a constant. Fig. 5 to 8 shows
a scattered plot of GRB 030329, GRB 980425, GRB 000418
and GRB 021004, with two fittings representing both the in-
ternal shocks (red line with yellow data points) and external
shock (blue line with red data points). Regression analysis
and fittings in accordance with the FDSL model yield the fol-
lowing result.

6.1.1 GRB 030329

GRB 030329 have a set of two events, namely — events
(a, b, c, d, e, f , l, m, n, o) and (g, h, i, j) as shown in Fig. 5, each
with slopes S1 = 105.90±0.60, and S2 = 120.80±2.00 respec-
tively. Substituting these values into Eq. 15 after converting
to SI units with ν∗ = 1.507 ± 0.009 Hz, we obtain the spatial

size ∆D = 8.00 ± 1.00 Mpc. What this implies is that the spa-
tial size between the jets is occurring at megaparsec scales.
However, from the fireball model, this value seems to be very
large compared to what has been obtained [49–51]. The sig-
nificance is that the time delay is a result of the distance the
Photons travel from the internal to the external shocks due
to the reduction in their velocity as they travel via the ISM,
thus making our fitting model more significant. It is also im-
portant to note that such distinct results greatly improve our
understanding of GRBs if these results are to be corroborated
with more data points.

6.1.2 GRB 980425

GRB 980425 have two events, namely — (a, c, d) and (b, e, f )
forming the two distinct subgroups. as shown in Fig. 6, each
with slopes S1 = 71.00 ± 4.00, and S2 = 75.00 ± 8.00 respec-
tively. we obtain ∆D = 2.00 ± 5.00 Mpc. This GRB is also of
the mega Parsec scale as expected.

6.1.3 GRB 000418

In the case of GRB 000418, we have two events, namely —
events (a, d) and (b, c, e) as shown in Fig. 7, each with slopes
S1 = 101.70 ± 0.00, and S2 = 102.40 ± 7.00 respectively.
Substituting these parameters into 15, we obtain ∆D = 1.00±

4.00 Mpc. Similarly, the spatial size of this GRB is also of
the mega Parsec scale as expected.

6.1.4 GRB 021004

Regression fittings for both the internal and external shocks
for GRB 021004 are shown in Fig. 8. with S1 = 150.00 ±

20.00 and S2 = 154.00 ± 0.00 respectively, we obtain the
spatial size to be ∆D = 13.00 ± 4.00 Mpc.

7 Interim Discussion

For the distances to the GRBs, we can use the ΛCDM-redshift
distance estimates. Our reservation with this is that distances
deduced using high redshift (i.e., z > 0.009) may not be accu-
rate. For example, over the years, there has been a raging de-
bate on this [52,53]. This debate has somehow subsided with
most astrophysicists and cosmologists accepting the ΛCDM-
redshift distance estimates [54]. If any, there has not been
any controversy with low redshifts and using these for dis-
tance determinations via Hubble’s law [55, 56].

Rather fortuitously, we have in our four sample GRB the
source GRB 980425 with a low redshift of z = 0.0090. This
redshift is small enough so much that, one can easily ap-
ply the usual Hubble law* to determine the distance to this

*On 26 October 2018, through an electronic vote conducted among all
members of the International Astronomical Union (IAU), the resolution to
recommend renaming the Hubble law as the Hubble-Lemaı̂tre law was ac-
cepted. This resolution was proposed in order to pay tribute to both —

54 G. F. Abbey et al. Inference of Plausible Spatial Sizes of GRB Systems



Issue 1 (June) PROGRESS IN PHYSICS Volume 20 (2024)

Table 1: Result Table. In column 2 the number (1) is the internal shock and (2) is the external shock

Events Shocks Slopes for Slope y-Intercept R2

Shocks ∆S (tc)
(S 1, S 2) (S 2 − S 1) (tc1, tc2)

(GHz × Days) (GHz × Days) (Days)

GRB 030329 (1) 105.90 ± 0.60 15.00 ± 2.00 +0.70 ± 0.20 0.9997
(2) 120.80 ± 2.00 +5.00 ± 0.20 0.9997

GRB 980425 (1) 71.00 ± 4.00 4.00 ± 9.00 −9.00 ± 2.00 0.9975
(2) 75.00 ± 8.00 −1.00 ± 2.00 0.9884

GRB 000418 (1) 102.00 ± 7.00 1.00 ± 7.00 −4.00 ± 0.00 1.0000
(2) 102.00 ± 0.00 +0.30 ± 0.70 0.9949

GRB 021004 (1) 150.00 ± 20.00 10.00 ± 20.00 −0.30 ± 2.00 0.9889
(2) 154.00 ± 0.00 +7.00 ± 0.00 1.0000

Table 2: Summary Table. Columns (1)-(4) lists (1) Source name, (2) Cosmological redshift of the host galaxies [44–48], (3) Distance to
the GRB as obtained from Wright’s cosmological calculator (4) the Spatial Size of the GRB shocks. The last row of the table presents the
error-weighted average of the frequency equivalence of the conductance of the ISM, which we find to be ν∗ = 1.507 ± 0.009 Hz.

Source Host Galaxy
Redshift

Distance (DL)
(Mpc)

Spatial size (∆D)
(Mpc)

GRB 030329 0.1683 ± 0.0001 838.9000 8.0000 ± 1.0000
GRB 980425 0.0087 ± 0.0000 39.0000 2.0000 ± 5.0000
GRB 000418 1.1181 ± 0.0001 7804.0000 1.0000 ± 4.0000
GRB 021004 2.3304 ± 0.0005 19188.0000 13.0000 ± 3.0000

source without the need e.g. for Wright’s [14] online cos-
mology calculator. If we can have confidence in the dis-
tance to this GRB as determined by Hubble’s law, it means
we can safely estimate the the ISM conductance σ. Tak-
ing H0 = 67.4 km × s−1 × Mpc−1 [57], we obtain that the
source GRB 980425 is at a distance of approximately, D =

40 Mpc. Given that for this GRB, we have Dν∗/c0 = (6.00±

2.00) × 1015, it follows from all this — that, we will have that
σ = (1.0800 ± 0.0400) × 10−11 Ω−1 × m−1. If what we have
obtained is to be taken seriously, not only are these results
consistent, but they also show a great possibility of query-
ing the standard distance method adopted over the years for
GRBs using redshift and cosmological methods.

8 General Discussion

The results we have obtained so far not only justify the au-
thenticity of our model but also support the fireball model

Georges Henri Joseph Édouard Lemaı̂tre (1894–1966), and, Edwin Powell
Hubble (1889–1953), for their fundamental contributions to the development
of the modern expanding cosmology model.

for the internal and external shock mechanism. Similar work
has been done to understudy the mechanism of the internal
and external shocks e.g. [33, 58–63]. One such major work
by [64] delves into the width of γ-ray burst spectra as a mea-
sure to understand the emission processes in highly relativis-
tic jets. Although the study highlights the differences in spec-
tra widths, one can infer from this that such width may be
a result of the large distances travelled by the photons indi-
cating a large fraction across the jets. Similarly, [58] in a
recent study investigated the long-term evolution of relativis-
tic collisionless shocks in electron-positron plasma using 2D
particle-in-cell simulations. Their results reveal the gener-
ation of intermittent magnetic structures by the shock, with
magnetic coherence scales increasing over time as the pho-
tons travel along the jet cone. Their findings further sug-
gest implications for γ-ray burst afterglow models, particu-
larly in understanding the interplay between internal prompt
emission and external shock mechanisms that power the af-
terglows in these astrophysical phenomena. Our findings and
results also underscores the ongoing debate surrounding the
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Fig. 5: Graph for Events GRB 030329 (a, b, c, d, e, f , l, m, n, o) and
(g, h, i, j). The BLF yields slopes of S1 = (105.90 ± 0.60) x +

(0.70 ± 0.20) @ R2 = 9.9997 and S2 = (120.80 ± 2.00) x + (5.00 ±

0.20) @ R2 = 0.9997.

internal and external shock mechanisms responsible for GRB
emission which we believe is a step forward in the right di-
rection.

For the internal shocks, one approach is to consider the
variability timescale of the burst, which is related to the spa-
tial size of the emitting region. On the other hand, the exter-
nal shocks, are formed when the GRB outflow interacts with
the surrounding medium, leading to a slower, and more pro-
longed emission phase.

This slowing down of the photons we believe is due to
the vast difference between the internal and external shock
which our model is accounting for. [65] has already shown
that the radius of the external shocks can be estimated based
on the deceleration timescale, which depends on the density
of the surrounding medium. His findings agree with our rar-
efied plasma model as the interactions of the photons and the
plasma medium through which these photons travel can sig-
nificantly affect their propagation.

Additionally, as far back as the mid and late 1990’s (see
e.g. [21, 66]), it has been shown that the “fireball model” of-
ten used in GRB studies suggests that the internal shocks oc-
cur within the relativistic outflow produced during the GRB
event. [67] further highlighted the transition from a strati-
fied stellar wind to a homogeneous interstellar medium (ISM)
and concluded that favourable parameters could lead to the
detection of GRBs at hundreds of GeVs, emphasizing the
importance of considering both internal and external shock
mechanisms in understanding GRB emission dynamics. In
both cases (internal and external shock mechanisms), detailed
modelling and analysis of observational data, such as light
curves and spectra, are necessary to constrain the parameters
and obtain accurate estimates of the shock radii and possibly

Fig. 6: Graph for Events GRB 980425 (a, c, d) and (b, e, f ). The
BLF yields slopes of S1 = (71.00 ± 4.00) x + (9.00 ± 2.00) @ R2 =

0.9975 and S2 = (75.00 ± 8.00) x + (1.00 ± 2.00) @ R2 = 0.9884.

the spatial sizes.
This is the next phase of this work as we work to gather

more data to carry out further analysis. What our model
presents so far is in support of the fireball model but on a
much larger scale. It is our hope that as we fine-tune this
model and incorporate more data in subsequent work, we can
be able to come close to what has been established and pos-
sibly improve on the existing knowledge of these extreme as-
trophysical phenomena.

It is paramount we bring this to the reader for better clar-
ity that the spatial size of the internal and external shocks
plays a significant role in determining how the photons and
plasma interact and propagate through the ISM. Now, with
regard to the interaction mechanism between the Photon and
the plasma in the present model, one will rightly ask: Since
the Photon and the plasma are here interacting, what is dif-
ferent between this proposed interaction mechanism and the
Plasma Effect? To that, we have the following to say. The
Compton wavelength of Photon — or more so, its radius —
is much smaller than the wavelength of radio waves. From
an intuitive physical standpoint, it is possible to imagine an
Electron being engulfed by the Photon in such a manner that
the Electron can be pictured to be moving inside the E⃗ and
B⃗-fields of the Photon. Succinctly stated, the Electron is ab-
sorbed by the Photon in much the same manner as the Photon
is absorbed by the Electron in such phenomenon as the Photo-
electric effect [68], i.e., this simple but elaborate explana-
tion will lead to our next instalment “can a photon absorb an
electron”.

It is our hope that our FSDL time delay model if properly
fine-tuned with the right dataset will demystify the interaction
mechanism between the photons and the plasma as they travel
via the ISM.
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Table 3: Combined Data Table [12]. Columns (1)-(8) list the (1) Initial/low frequency of the burst, (2) Final/high frequency of the burst
(3) Initial time of the burst (4) Final time of the burst (5) Difference in the frequency (6) Values obtain from the two-fold correction (7)
Relative distance obtained from the slopes of the four GRBs (8) Final values obtained from the relative distance correction

.

GRB Event Label
ν1

(GHz)
ν2

(GHz)
t1

(Days)
t2

(Days)
∆ν−1

(GHz−1)
∆tc

(Days)
Drel

∆tc/Drel

(Days)

GRB030329a 15.00 22.50 8.40 10.90 0.022 2.56 1.7360 ± 0.0030 2.00 ± 0.10
GRB030329b 22.50 43.00 5.80 8.40 0.021 2.64 1.7360 ± 0.0030 2.00 ± 0.20
GRB030329c 15.00 43.00 5.80 10.90 0.043 5.14 1.7360 ± 0.0030 3.00 ± 0.30
GRB030329d 8.46 15.00 10.90 17.30 0.052 6.44 1.7360 ± 0.0030 4.00 ± 0.40
GRB030329e 8.46 22.50 8.40 17.30 0.074 8.94 1.7360 ± 0.0030 5.00 ± 0.50
GRB030329f 8.46 43.00 5.80 17.30 0.095 11.54 1.7360 ± 0.0030 7.00 ± 0.70
GRB030329g 4.86 8.46 17.30 32.90 0.088 10.49 1.7360 ± 0.0030 6.00 ± 0.60
GRB030329h 4.86 15.00 10.90 32.90 0.139 16.89 1.7360 ± 0.0030 10.00 ± 1.00
GRB030329i 4.86 22.50 8.40 32.90 0.161 19.39 1.7360 ± 0.0030 11.00 ± 1.00
GRB030329j 4.86 43.00 5.80 32.90 0.183 21.99 1.7360 ± 0.0030 13.00 ± 1.00
GRB030329k 1.43 4.86 32.90 78.60 0.494 59.65 1.7360 ± 0.0030 34.00 ± 3.00
GRB030329l 1.43 8.46 17.30 78.60 0.581 70.15 1.7360 ± 0.0030 40.00 ± 4.00
GRB030329m 1.43 15.00 10.90 78.60 0.633 76.55 1.7360 ± 0.0030 44.00 ± 4.00
GRB030329n 1.43 22.50 8.40 78.60 0.655 79.05 1.7360 ± 0.0030 46.00 ± 5.00
GRB030329o 1.43 43.00 5.80 78.60 0.676 81.65 1.7360 ± 0.0030 47.00 ± 5.00
GRB980425a 4.80 8.64 12.70 18.30 0.093 5.65 1.0000 ± 0.0000 6.00 ± 0.60
GRB980425c 2.50 4.80 18.30 32.70 0.192 14.45 1.0000 ± 0.0000 14.00 ± 1.00
GRB980425d 2.50 8.64 12.70 32.70 0.284 20.05 1.0000 ± 0.0000 20.00 ± 2.00
GRB980425b 1.38 2.50 32.70 47.10 0.325 21.60 1.0000 ± 0.0000 22.00 ± 2.00
GRB980425e 1.38 4.80 18.30 47.10 0.516 36.40 1.0000 ± 0.0000 36.00 ± 4.00
GRB980425f 1.38 8.64 12.70 47.10 0.609 42.00 1.0000 ± 0.0000 42.00 ± 4.00
GRB000418e 4.86 15.00 12.30 27.00 0.140 14.36 1.4600 ± 0.0100 10.00 ± 1.00
GRB000418b 8.46 15.00 12.30 18.10 0.050 5.46 1.4600 ± 0.0100 4.00 ± 0.40
GRB000418c 4.86 8.46 18.10 27.00 0.090 8.56 1.4600 ± 0.0100 6.00 ± 0.60
GRB000418d 4.86 22.50 14.60 27.00 0.160 16.37 1.4600 ± 0.0100 11.00 ± 1.00
GRB000418a 8.46 22.50 14.60 18.10 0.070 7.47 1.4600 ± 0.0100 5.00 ± 0.50
GRB021004a 8.46 22.50 8.70 18.70 0.074 10.2 2.1500 ± 0.0300 5.00 ± 0.50
GRB021004b 4.86 8.46 18.70 32.20 0.088 13.7 2.1500 ± 0.0300 6.00 ± 0.60
GRB021004d 4.86 22.50 8.70 32.20 0.161 23.7 2.1500 ± 0.0300 11.00 ± 1.00
GRB021004c 8.46 15.00 4.10 18.70 0.052 7.89 2.1500 ± 0.0300 4.00 ± 0.40
GRB021004e 4.86 15.00 4.10 32.20 0.139 21.39 2.1500 ± 0.0300 10.00 ± 1.00

9 Conclusion

We have used regression analysis to establish a time correc-
tion mechanism for four GRBs (030329. 980425, 000418,
and 021004) employed from [12] on the basis of a frequency-
dependent speed of light model (FDSL model) which we de-
veloped entirely from Maxwell’s electromagnetic equations
in conjunction with plasma and dispersion effects. In line
with this model, on the assumption that these GRBs all leave
the source at the same time, we have shown in our previous
paper [8] that these four GRBs gave good positive correla-
tions and hence reliable for testing our model. In this pa-
per, however, on the assumption that each individual photon
leaves the GRB source at different times, we modify the pre-
vious model to obtain a more fitting model. Additionally, the

correction led to the unification of the four GRB into a ho-
mogenous albeit perfect correlation which led to the determi-
nation of the frequency equivalent of the ISM (v∗) and hence,
the spatial sizes of the internal and external shocks.

If the results provided herein are deemed acceptable or
reasonable — one can on this basis — make the following
tentative conclusion regarding the implication of the spatial
sizes of GRB internal and external shocks using our FSDL
time delay model:

1. The relationship we have established from our analysis for
the four GRBs, clearly supports two GRB models “the frame-
work of the fireball model” and “the multiple shock wave
model” of GRBs production and their afterglow.

2. From our regression analysis that here, we can infer that not
only is our model reliable and consistent but was used to
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Fig. 7: Graph for Events GRB 000418 (b, c, e) and (a, d). The BLF
yields slopes of S1 = (102.00±7.00) x+(4.00±0.00) @ R2 = 1.0000
and S2 = (102.00 ± 0.00) x − (0.30 ± 0.70) @ R2 = 0.9949.

estimate the spatial sizes between the internal and external
shocks.

3. From our FSDL time delay models and the fitting procedures
we employ, we are able to say unequivocally that the internal
shocks arise from variations in the relativistic outflows within
the jet itself, which offer valuable insights into the accelera-
tion mechanisms and particle interactions occurring within
the jet. On the other hand, the external shocks, result from
the interaction between the jet and its surrounding medium,
which shed light on the environmental conditions and the im-
pact of the jet on its surroundings. This we are able to deduce
due to the nature of the differential time in the arrival time
of the photons and the vast distances obtained in the spatial
sizes between the internal and external shocks.

Furthermore, the determination of the spatial size of γ-ray
jets for both internal and external shocks is a crucial endeav-
our in understanding the dynamics and emission processes
of astrophysical jets. We believe that through meticulous
observations, corroboration of more data sets and sophisti-
cated modelling techniques for e.g. intense spectral analy-
sis of the radiations from these shocks, 3D modelling of the
particle dynamics emanating from the shocks, and magneto-
hydrodynamic (MHD) effects, we can be able to unravel the
complexities of these high-energetic phenomena.
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We assume that each lepton family and each quark family represents its own unique dis-
crete symmetry modular group, one which is also a binary subgroup of SU(2). Equiv-
alently, we have a different regular 3-D polyhedral group for each lepton family and a
different regular 4-D polytope group for each quark family. Being discrete symmetry
subgroups representing 3-D and 4-D geometric objects that are known also as complete
graphs, they each possess a different graph theory entropy based upon the number of
connected paired vertices. We examine the various decay channels of the leptons and
the quarks that obey all the conservation laws as well as the special theory of relativity
to look for a violation of a fundamental graph theory entropy inequality constraint. Such
a violation and its experimental verification would confirm the importance of graph the-
ory entropy in particle physics.

1 Introduction

The identification of the symmetry group or groups for the
lepton families and for the quark families of the Standard
Model (SM) has been an interesting challenge for decades. In
recent years there has been an emphasis on the discrete sym-
metry modular groups [1] such as Γ3 = A4, Γ4 = S4, Γ5 = A5,
as well as their double groups Γ′

3, Γ′
4, and Γ′

5, where the A4,
S4, and A5 refer to equivalent permutation groups. These dis-
crete symmetry modular groups not only connect directly to a
top-down approach using superstring concepts (see e.g. [2,3]
for recent reviews) but also represent the discrete symmetries
of the regular polyhedrons in R3. However, no discrete sym-
metry group or set of discrete symmetry groups has been ac-
cepted yet, even though neutrino mass values are predicted,
because the true mass values for the neutrinos are not known
for direct comparison [4].

In a series of articles and conference presentations since
1987 we have proposed [5–7] that each lepton family repre-
sents a unique discrete symmetry binary subgroup of the con-
tinuous group SU(2), or equivalently, of the quaternion group
Q and the modular group. That is, they represent the only fi-
nite quaternion subgroups that enclose a 3-D volume. Specifi-
cally, the electron family (νe, e−) represents 2T =

(3,3,2) = Γ′
3, the muon family (νµ, µ− ) represents 2O = (3,4,2)

= Γ′
4, and the tau family (ντ, τ−) represents 2I = (3,5,2) = Γ′

5,
where the first and second group notations are also the famil-
iar geometrical names for the 3-D regular polyhedron groups,
i.e. the Platonic solids in R3. As subgroups of SU(2), there is
an upper and lower quantum state in each family.

We proposed also [5, 6] that quark families represent the
related discrete symmetry groups for the 4-D regular poly-
topes that enclose a volume, (3,3,3) for the (u, d) family,
(3,3,4) for the (c, s) family, (3,4,3) for the (t, b) family, and
(3,3,5) for the predicted 4th quark family, i.e. a top/bottom
family (t’, b’) or (T, B). Of course, the predicted 4th quark

family (T, B) has not been discovered yet, but its existence
might resolve several problems within the SM and would in-
crease the value of the Jarlskog constant for the baryon asym-
metry of the Universe (BAU) by a factor of about 1013 [8].

How do we know that the lepton families and the quark
families represent these particular discrete symmetry groups?
By imposing the conservation of total lepton family number
as the rationale for lepton family mixing and the conserva-
tion of total bayon number as the rationale for quark family
mixing, we derived the lepton mixing matrix and the quark
mixing matrix from first principles without any free param-
eters [6]. That is, with these discrete symmetry groups, by
having a linear superposition of their quaternion group gener-
ators for the lepton families and separately for the quark fam-
ilies, we could mimic the continuous symmetry group SU(2)
for each and therefore meet the continuous symmetry require-
ment of Noether’s theorem [9] for a conservation law.

All 9 predicted elements of the lepton 3x3 Pontecorvo-
Maki-Nakagawa-Sakata (PMNS) mixing matrix match the
experimentally determined value ranges, while 8 of 9 ele-
ments in the quark 3x3 Cabibbo-Kobayashi-Maskawa (CKM)
agree with experimentally determined value ranges, with only
the Vub element disagreeing. Of course, with 4 quark families
predicted, one has a 4x4 quark mixing matrix CKM4, and we
predict reasonable values for the 4th column and the 4th row.
Our values also agree with recent concerns that the first row
of the normal 3x3 CKM matrix does not sum to unity (for a
review see [10, 11]).

However, this mismatch of family numbers, 4 to 3, might
raise concerns for triangle anomaly cancellations, which nor-
mally cancel with 3 lepton families matching 3 quark families
1-to-1. But we have the cancellation because the lepton fam-
ilies and quark families separately form linear superpositions
to each collectively mimic SU(2), so the anomaly cancella-
tion still occurs via quark SU(2) negative contribution against
lepton SU(2) positive contribution.
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Table 1: Fermion Group and Graph Entropy Assignments

Family νe, e− νµ, µ− ντ, τ− u, d c, s t, b T, B
Group (332) (342) (352) (333) (334) (343) (335

Graph
n 4 6 12 5 8 24 120
H 2.0 2.585 3.585 2.322 3.0 4.585 6.907

In addition to providing the rationale for the lepton family
mixing and for the quark family mixing, we predicted [7] a
normal neutrino mass hierarchy (NH) to the neutrino mass
values with m1 = 0.3 meV, m2 = 8.9 meV, and m3 = 50.7 meV,
reasonable mass values just within the proposed cosmological
constraint limit of 60 meV [12]. We await further experiments
that will determine the actual neutrino mass values in the near
future.

In the following, we utilize the mathematical graph the-
ory property that each discrete symmetry group represents a
3-D or 4-D complete graph and that graph theory identifies
an entropy for each complete graph that is determined by its
number of vertices, or nodes. This graph theory entropy is
not the entropy normally considered in the decay of particles
but is an additional entropy to be considered.

Why do we investigate graph theory entropy for these lep-
ton family and quark family discrete symmetries? Because if
space happens to be discrete at the Planck scale of about 10−35

meters, then this graph entropy could be important. The hope
is that we might encounter a graph theory entropy forbidden
decay that is allowed by all the known conservation laws and
the special theory of relativity (STR). This constraint placed
by these graph entropy values for the decays of the leptons
and the quarks could either provide further support for the
possible existence of a 4th quark family or possibly eliminate
a 4th quark family. Therefore, an investigation into the prop-
erties and predictions of graph theory entropy seems justified.

2 Graph entropy

Each lepton family and each quark family is represented by a
complete undirected graph as illustrated in Table 1, meaning
that every pair of distinct vertices is connected by a unique
edge [13]. A complete graph G with n vertices has a graph
theory entropy

H(G) = log2 n , (1)

and given two complete graphs G1 and G2 their union entropy

H(G1 ∪ G2) ≤ H(G1) + H(G2) . (2)

Therefore the two resulting graphs must have at least the
entropy of the original graph. So when a lepton or a quark
decays, the total graph entropy of the particle products of the

decay must be at least equal to the graph entropy of the de-
caying particle or else the decay cannot occur.

As an example, consider the weak interaction decay of the
muon µ− first to the W− plus the muon neutrino, and then the
W decays:

µ− → W− + νµ → e− + ν̄e + νµ . (3)

In Table 1 are given the entropy values for the lepton families
and the quark families. The entropy H(µ−) = 2.585, and the
final products of the decay sum to a total entropy 6.585, so
the entropy inequality condition is met,

H(e− + ν̄e + νµ) > H(µ−) (4)

as expected for this prevalent decay channel for the muon.
Tables 2 and 3 contain the entropy values for spontaneous

decay channels for the leptons and for spontaneous semilep-
tonic decay channels for the quarks that obey the conserva-
tion laws and the special theory of relativity (STR). I have in-
cluded decay channels for a predicted 4th quark family (T,B).

The up quark in the 1st quark family has a smaller mass
than its down quark partner, so a spontaneous decay chan-
nel is not available to the down quark, and therefore no de-
cay channel is shown even though given enough energy in a
proton-proton collision, for example, the up quark in a pro-
ton can change into a down quark to produce a neutron plus a
positron and electron neutrino.

Table 4 provides the entropy values for spontaneous quark
decays to a different quark plus a meson. With no evidence
for the predicted 4th quark family and for the mass values
of the T and B quarks, the last two columns contain entropy
values for both reasonable decay channels as well as possibly
some forbidden decay channels. The predicted mass values
for the B and T quarks are estimated by using a four family
Koide formula [14].

Intermediate stages in each decay process involve a weak
interaction boson, a W or a Z, which have the extremely short
lifetime [4] of about 3 x 10−25 seconds. Alternative quantum
states for the W’s and Z can be expressed in terms of the dis-
crete symmetry of the 2I group as the direct product 2I x 2I’,
where 2I’ is the group 2I with one of its quaternion genera-
tors modified to provide “reciprocal” operations to ensure that
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Table 2: Final Graph Entropy Values for Lepton Decays

Particle Mass Group H Decay Channel Total H
(MeV) e− + ν̄e + νµ µ− + ν̄µ + ντ

e− 0.511 (332) 2.0
µ− 105.66 (342) 2.585 6.585
τ− 1776.84 (352) 3.585 7.585 8.755

all 7 families properly experience the weak interaction [15].
Therefore,

W+ = |ντ⟩|τ
+⟩ (5)

Z0 = (|ντ⟩|ν̄τ⟩ + |τ−⟩|τ+⟩)/
√

2 (6)

W− = |τ−⟩|ν̄τ⟩ (7)

γ = (|ντ⟩|ν̄τ⟩ − |τ−⟩|τ+⟩)/
√

2 . (8)

In each expression for an electroweak (EW) boson there
exits the product of two identical complete graphs for the tau
family representing the discrete symmetry groups 2I and 2I’.
Each group in the product uses the same 12 vertices as the
single tau family graph for 2I and therefore this product has
the same graph theory entropy value as the tau family en-
tropy H = 3.585. The W and Z bosons, having the extremely
short lifetimes, immediately decay to the various long-lived
final states which have final graph theory entropies that are
expected to obey the graph entropy inequality in (2).

3 Discussion

We have applied graph theory entropy to lepton and quark
decay channels. We had hoped to encounter some forbidden
decays as a result of additional graph theory entropy restric-
tions for decays that are allowed by the normal conservation
laws and STR. That is, we looked for forbidden decays that
would violate the final state graph entropy inequality in (2):

H(G1 ∪ G2) ≤ H(G1) + H(G2)

where G1 ∪ G2 represents the initial decaying particle state
graph and G1 and G2 are the final state particle graphs.

We did find two decays that are in violation of this graph
entropy inequality in two separate channels, both of them for
4th quark family T and B semileptonic decays to the (u, d)
quark family plus the electron family as shown by the two
underlined and bold entries in Table 3. These decays:

T+2/3 → d−1/3 + W+ → d−1/3 + e+ + νe (9)

B−1/3 → u+2/3 + W− → u+2/3 + e− + ν̄e (10)

satisfy all normal constraints but would be prohibited in graph
theory because the initial graph entropy of 6.907 would result
in a final graph entropy of 6.322, a violation of the graph
entropy inequality rule. No other violations were found in
the decay channels.

Unfortunately, we have no evidence that the 4th quark
family actually exists, so we cannot check Nature for this vio-
lation yet. Therefore, we must wait for the opportunity in the
future should the T and B quarks make their existence known.
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Table 3: Final Graph Entropy Values for Quark Semileptonic Decays

Quark u+2/3 d−1/3 c+2/3 s−1/3 t+2/3 b−1/3 T+2/3 B−1/3

Mass 2.3 4.8 127.5 95 173.2 4.8 3.4 95
MeV MeV MeV MeV GeV GeV TeV GeV

Group (333) (334) (343) (335)
H 2.322 3.0 4.585 6.907

Decay Channel

d−1/3 + e+ + νe 6.322 6.322 6.322
u+2/3 + e− + ν̄e 6.322 6.322 6.322 6.322
s−1/3 + e+ + νe 7.0 7.0 7.0
c+2/3 + e− + ν̄e 7.0 7.0
b−1/3 + e+ + νe 8.585 8.585
t+2/3 + e− + ν̄e

B−1/3 + e+ + νe 10.907 10.907
T+2/3 + e− + ν̄e

d−1/3 + µ+ + νµ 7.492 7.492 7.492
u+2/3 + µ− + ν̄µ 7.492 7.492
s−1/3 + µ+ + νµ 8.17 8.17
c+2/3 + µ− + ν̄µ 8.17 8.17
b−1/3 + µ+ + νµ 9.755 9.755
t+2/3 + µ− + ν̄µ

B−1/3 + µ+ + νµ 12.077 12.077
T+2/3 + µ− + ν̄µ

d−1/3 + τ+ + ντ 9.492 9.492
u+2/3 + τ− + ν̄τ 9.492 9.492
s−1/3 + τ+ + ντ 10.17 10.17
c+2/3 + τ− + ν̄τ 10.17 10.17
b−1/3 + τ+ + ντ 11.755 11.755
t+2/3 + τ− + ν̄τ

B−1/3 + τ+ + ντ 14.077 14.077
T+2/3 + τ− + ν̄τ
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Table 4: Final Graph Entropy Values for Quark Decay Channels to Mesons

Quark u+2/3 d−1/3 c+2/3 s−1/3 t+2/3 b−1/3 T+2/3 B−1/3

Mass 2.3 4.8 127.5 95 173.2 4.8 3.4 95
MeV MeV MeV MeV GeV GeV TeV GeV

Group (333) (334) (343) (335)
H 2.322 3.0 4.585 6.907

Decay Channel

u + dū 6.966 6.966 6.966
u + sc̄ 8.322 8.322
c + dū 7.644 7.644
c + sc̄ 9.0 9.0

d + d̄u 6.966 6.966 6.966
d + s̄c 8.322 8.322 8.322
d + b̄t 11.492
s + d̄u 7.644 7.644
s + s̄c 9.0 9.0
s + b̄t 12.17

b + d̄u 9.229 9.229
b + s̄c 10.585 10.585
b + b̄t 13.755

B + d̄u 11.551
B + s̄c 12.907
B + b̄t 16.077
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