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This research shows that gravitational waves and gravitational inertial waves are linked
to a special structure of the Riemann-Christoffel curvature tensor. Proceeding from
this a classification of the waves is given, according to Petrov’s classification of
Einstein spaces and gravitational fields located therein. The world-lines deviation
equation for two free particles (the Synge equation) is deduced and that for two force-
interacting particles (the Synge-Weber equation) in the terms of chronometric invariants
— physical observable quantities in the General Theory of Relativity. The main result
drawn from the deduced equations is that in the field of a falling gravitational wave
there are not only spatial deviations between the particles but also deviations in the
time flow. Therefore an effect from a falling gravitational wave can manifest only
if the particles located on the neighbouring world-lines (both geodesics and non-
geodesics) are in motion at the initial moment of time: gravitational waves can act
only on moving neighbouring particles. This effect is purely parametric, not of a
resonance kind. Neither free-mass detectors nor solid-body detectors (the Weber pigs)
used in current experiments can register gravitational waves, because the experimental
statement (freezing the pigs etc.) forces the particles of which they consist to be at
rest. In aiming to detect gravitational waves other devices should be employed, where
neighbouring particles are in relative motion at high speeds. Such a device could, for

instance, consist of two parallel laser beams.
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1 Introduction and advanced results

The fact that gravitational waves have not yet been discover-
ed has attracted the attention of experimental physicists over
the last decade. Initial interest in gravitational waves arose
in 1968-1971 when Joseph Weber, professor at Maryland
University (USA), carried out his first experiments with

gravitational antennae. He registered weak signals, in com-
mon with all his independent antennae, which were separated
by up to 1000 km [1]. He supposed that some processes at
the centre of the Galaxy were the origin of the registered
signals. However such an interpretation had a significant
drawback: the frequency of the observed signals (more than
5 per month) meant that the energy spent by the signal’s
source, located at the centre of the Galaxy, should be more
than Mgc?x10® per annum (Mg is the mass of the Sun,
¢ is the velocity of light). This energy expenditure is a
fantastic value, if we accept today’s bounds on the age of
the Galaxy [2, 3, 4].

In 1972 the experiments were approbated by the a com-
mon group of researchers working at Moscow University
and the Institute of Space Research (Moscow, Russia). Their
antennae were similar to Weber’s antennae, but they were
separated by 20 km. The registering system in their antennae
was better than that for the Weber detectors, making the
whole system more sensitive. But. .. 20 days of observations
gave no signals that would be more than noise [5].

The experiments were continued in 1973-1974 at labo-
ratories in Rochester University, Bell Company, and IBM
in USA [6, 7], Frascati, Miinich, Meudon (Italy, Germany,
France) [8], Glasgow University (Scotland) [9] and other
laboratories around the world. The experimental systems
used in these attempts were more sensitive than those of
the Weber detectors, but none registered the Weber effect.

Because theoretical considerations showed that huge
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gravitational waves should be accompanied by other radia-
tions, the researchers conducted a search for radio outbreaks
[10] and neutron outbreaks [11]. The result was negative. At
the same time it was found that Weber’s registered effects
were related to solar and geomagnetic activities, and also to
outbreaks of space beams [12, 13].

The search for gravitational waves has continued. Higher
precision and more sensitive modifications of the
Weber antennae (solid detectors of the resonance kind) are
used in this search. But even the second generation of Weber
detectors have not led scientists to the expected results.
Besides gravitational antennae of the Weber kind, there are
antennae based on free masses. Such detectors consist of two
freely suspended masses located far from one another, within
the visibility of a laser range-finder. Supposed deviations of
the masses, derived from a gravitational wave, should be
registered by the laser beam.

So gravitational waves have not been discovered in ex-
periments. Nonetheless it is accepted by most physicists that
the discovery of gravitational waves should be one of the
main verifications of the General Theory of Relativity. The
main arguments in support of this thesis are:

1. Gravitational fields bear an energy described by the
energy-momentum pseudotensor [14, 15];

2. A linearized form of the equations of Einstein’s equa-
tions permits a solution describing weak plane gravi-
tational waves, which are transverse;

3. An energy flux, radiated by gravitational waves, can
be calculated through the energy-momentum pseudo-
tensor of the field [14, 15];

4. Such waves, because of their physical nature, are de-
rived from instability of components of the fundam-
ental metric tensor (this tensor plays the part of the
four-dimensional gravitational potential).

These theoretical considerations were placed into the
foreground of the theory for detecting gravitational waves,
the main part in the theory being played by the theoretical
works of Joseph Weber, the pioneer and famous expert in the
detection of gravitational waves [16]. His main theoretical
claim was that he deduced equations of deviation of world-
lines — equations that describe relative oscillations of two
non-free particles in a gravitational field, particles which are
connected by a force of non-gravitational nature. Equations
of deviation of geodesic lines, describing relative oscillations
of two free particles, was obtained earlier by Synge [17].
In general, relative oscillations of test-particles, both free
particles and linked (interacting) particles, are derived from
the space curvature®, given by the Riemann-Christoffel four-
dimensional tensor. Equality to zero of all its components in
an area is the necessary and sufficient condition for the four-

*As it is well-known, the space curvature is linked to the gravitational
field by the Einstein equations.
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dimensional space (space-time) to be flat in the area under
consideration, so no gravitational fields exist in the area.

Thus the Synge-Weber equation provides a means for the
calculation of the relative oscillations of test-particles, de-
rived from the presence of the space curvature (gravitational
fields). Weber proposed a gravitational wave detector con-
sisting of two particles connected by a spring that imitates
a non-gravitational interaction between them. In his analysis
he made the substantial supposition that the under action of
gravitational waves the model will behave like a harmonic
oscillator where the forcing power is in the Riemann-
Christoffel curvature tensor. Weber made calculations and
theoretical propositions for the behaviour of this model. This
model is known as the quadrupole mass-detector [17].

The Weber calculations served as theoretical grounds for
creating a whole industry, the main task of which has been
the building of resonance type detectors, known as the Weber
detectors (the Weber pigs). It is supposed that the body of a
Weber detector, having cylindrical form, should be deformed
under the action of a gravitational wave. This deformation
should lead to a piezoelectric effect. Thus, oscillations of
atoms in the cylindrical pig, resulting from a gravitational
wave, could be registered. To amplify the effect in measure-
ments, the level of noise was lowered by cooling the cylinder
pigs down to temperature close to 0 K.

But the fact that gravitational waves have not yet been
discovered does not imply that the waves do not exist in
Nature. The corner-stone of this problem is that the Weber
theory of detection is linked to a search for waves of only a
specific kind — weak transverse waves of the space deforma-
tion (weak deformation transverse waves). However, besides
the Weber theory, there is the theory of strong gravitational
waves, which is independent of the Weber theory. Studies of
the theory of strong gravitational waves reached its peak in
the 1950’s.

Generally speaking, all theoretical studies of gravitational
waves can be split into three main groups:

1. The first group consists of studies whose task is to give
an invariant definition for gravitational waves. These
are studies made by Pirani [18, 19], Lichnerowicz [20,
21], Bel [22, 23, 24], Debever [25, 26, 27], Hély [28],
Trautman [29], Bondi [19, 30], and others.

2. The second group joins studies around a search for
such solutions to the Einstein equations for gravitation-
al fields, which, proceeding from physical considerat-
ions, could describe gravitational radiations. These are
studies made by Bondi [31], Einstein and Rosen [32,
33], Peres [34], Takeno [35, 36], Petrov [37], Kompa-
neetz [38], Robinson and Trautman [39], and others.

3. The task of works related to the third group is to study
gravitational inertial waves, covariant with respect of
transformations of spatial coordinates and also invar-
iant with respect of transformations of time [40, 41].
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The studies are based on the theory of physically
observable quantities — Zelmanov’s theory of chrono-
metric invariants [42, 43].

Most criteria for gravitational waves are linked to the
structure of the Riemann-Christoffel curvature tensor, hence
one assumes space curvature the source of such waves.

Besides these three main considerations, the theory of
gravitational waves is directly linked to the algebraical classi-
fication of spaces given by Petrov [37] (Petrov classification),
according to which three kinds for spaces (gravitational
fields) exist. They are dependent on the structure of the
Riemann-Christoffel curvature tensor:

1. Fields of gravitation of the st kind are derived from
island distributions of masses. An instance of such a
field is the that of a spherical distribution of matter (a
spherical mass island) described by the Schwarzschild
metric [44]. Spaces containing such fields approach a
flat space at an infinite distance from the gravitating
island.

. Spaces containing gravitational fields of the 2nd and
3rd kinds cannot asymptotically approach a flat space
even, if they are empty. Such spaces can be curved
themselves, independently of the presence of gravitat-
ing matter. Such fields satisfy most of the invariant de-
finitions given to gravitational waves [40, 45, 46, 47].

It should be noted that the well-known solution that gives
weak plane gravitational waves [14, 15] is related to fields of
the sub-kind N of the 2nd kind by Petrov’s classification (see
p- 38). Hence the theory of weak plane gravitational waves is
a particular case of the theory of strong gravitational waves.
But, bseides this well-studied particular case, the theory of
strong gravitational waves contains many other approaches
to the problem and give other methods for the detection
of gravitational waves, different to the Weber detectors in
principle (see [48], for instance).

We need to look at the gravitational wave problem from
another viewpoint, by studying other cases of the theory of
strong gravitational waves not considered before. Exploring
such new approaches to the theory of gravitational waves is
the main task of this research.

At the present time there are many solutions of the gravi-
tational wave problem, but none of them are satisfactory. The
principal objective of this research is to extract that which is
common to every one of the theoretical approaches.

We will see further that this analysis shows, according to
most definitions given for gravitational waves, that a gravi-
tational field is assumed a wave field if the space where it
is located has the specific curvature described by numerous
particular cases of the Riemann-Christoffel curvature tensor.

Note that we mean the Riemannian (four-dimensional)
curvature, whose formula contains accelerations, rotations,
and deformations of the observer’s reference space. Analysis
of most wave solutions to the gravitational field equations

(Einstein’s equations) shows that such gravitational waves
have a deformation nature — they are waves of the space
deformations. The true nature of gravitational waves can be
found by employing the mathematical methods of chrono-
metric invariants (the theory of physically observable quant-
ities in the General Theory of Relativity), which show that the
space deformation (non-stationarity of the spatial observable
metric) consists of two factors:

1. Changes of the observer’s scale of distance with time
(deformations of the 1st kind);

2. Possible vortical properties of the acting gravitational
inertial force field (deformations of the 2nd kind).

Waves of the space deformations (of the 1st or 2nd
kind) underlie the detection attempts of the experimental
physicists.

Because such gravitational waves are expected to be
weak, one usually uses the metric for weak plane gravita-
tional waves of the 1st kind (which are derived from changes
of the distance scale with time).

The basis for all the experiments is the Synge-Weber
equation (the world-lines deviation equation), which sets
up a relation between relative oscillations of test-particles
and the Riemann-Christoffel curvature tensor. Unfortunately
Joseph Weber himself gave only a rough analysis of his
equation, aiming to describe the behaviour of a quadrupole
mass-detector in the field of weak plane gravitational waves.
In his analysis he assumed (without substantial reasons) that
space deformation waves of the 1st kind must produce a
resonance effect in a quadrupole mass-detector.

However, it would be more logical way, making no as-
sumptions or propositions, to solve the Synge-Weber equa-
tion aiming exactly. Weber did not do this, limiting himself
instead to only rough bounds on possible solutions.

In this research we obtain exact solutions to the Synge-
Weber equation in the fields of weak plane gravitational
waves. As a result we conclude that the expected relative
oscillations of test-particles, which originate in the space
deformation waves of the 1st kind, are not of the resonance
kind as Weber alleged from his analysis, but are instead
parametric oscillations.

This deviation between our conclusion and Weber’s false
conclusion is very important, because oscillations of a para-
metric kind appear only if test-particles are moving®, whilst
in Weber’s statement of the experiment the particles are at
rest in the observer’s laboratory reference frame. All activi-
ties in search of gravitational waves using the Weber pigs
are concentrated around attempts to isolate the bulk pigs
from external affects — experimental physicists place them
in mines in the depths of mountains and cool them to 2 K,

*In other words, if their velocities are different from zero. Parametric
oscillations merely add their effect to the relative motion of the moving
particles. Parametric oscillations cannot be excited in a system of particles
which are at rest with respect to each other and the observer.
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so particles of matter in the pigs can be assumed at rest with
respect to one another and to the observer. At present dozens
of Weber pigs are used in such experiments all around the
world. Experimental physicists spend billions and billions of
dollars yearly on their experiments with the Weber pigs.

Parametric oscillations do not appear in resting particles,
so the space deformation waves of the 1st kind can not excite
parametric oscillations in the Weber pigs. Therefore the grav-
itational waves expected by scientists cannot be registered by
solid-body detectors of the resonance kind (the Weber pigs).

Even so, everything said so far does not mean rejection of
the experimental search for gravitational waves. We merely
need to look at the problem from another viewpoint. We need
to remember the fact that our world is not a three-dimensional
space, but a four-dimensional space-time. For this reason we
need to turn our attention to the fact that relative deviations of
particles in the field of gravitational waves have both spatial
components and a time component. Therefore it would be
reasonable to propose an experiment by which, having a
detector under the influence of gravitational waves, we could
register both relative displacements of particles in the det-
ector and also corrections to time flow in the detector due to
the waves (the second task is much easier from the technical
viewpoint).

Here are two aspects for consideration. First, in solving
the Synge-Weber equations we must take its time component
into account; we must not neglect the time component.
Second, we should turn our attention to possible experimental
effects derived from gravitational waves of the 2nd (deform-
ation) kind, which appear if the acting gravitational inertial
force field is vortical, as it will be shown further that in
this case there is a field of the space rotation (stationary
or non-stationary)* Such experiments, aiming to register
gravitational waves of the 2nd kind are progressive because
they are much simpler and cheaper than the search for waves
of the 1st kind.

2 Theoretical bases for the possibility of registering
gravitational waves

Gravitational waves were already predicted by Einstein [37],
but what space objects could be sources of the waves is not
a trivial problem. Some link the possibility of gravitational
radiations to clusters of black holes. Others await powerful
gravitational radiations from super-dense compact stars of
radii close to their gravitational radii’ r ~ 4. Although the

*There are well-known Hafele-Keating experiments concerned with
displacing standard clocks around the terrestrial globe, where rotation of the
Earth space sensibly changes the measured time flow [49, 50, 51, 52].

t According to today’s mainstream concepts, the gravitational radius Tg
of an object is that minimal distance from its centre to its surface, starting
from which this object is in a special state — collapse. One means that any
object going into collapse becomes a “black hole”. From the purely math-
ematical viewpoint, under collapse, the potential w of the gravitational field

of the object merely reaches its upper ultimate numerical value w = c2.
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“black hole solution”, being under substantial criticism from
the purely mathematical viewpoint [53, 54, 55], makes
objects like black holes very doubtful, the existence of super-
dense neutron stars is outside of doubt between astronomers.
Gravitational waves at frequencies of 10°~10* Hz should also
be radiated in super-nova explosions by explosion of their
super-dense remains [56].

The search for gravitational waves, beginning with
Weber’s observations of 1968-1971, is realized by using
gravitational antennae, the most promising of which are:

1. Solid-body detectors (the Weber cylinder pigs);
2. Antennae built on free masses.

A solid-body detector of the Weber kind is a massive
cylindrical pig of 1-3 metres in length, made with high
precision. This experiment supposes that gravitational waves
are waves of the space deformation. For this reason the waves
cause a piezoelectic effect in the pig, one consequence of
which is mechanical oscillations at low frequencies that can
be registered in the experiment. It is supposed that such
oscillations have a resonance nature. An immediate problem
is that such resonance in massive pigs can be caused by
very different external processes, not only waves of the
space deformation. To remove other effects, experimental
physicists locate the pigs in deep tunnels in mountains and
cool the pigs down to temperature close to 0 K.

An antenna of the second kind consists of two masses,
separated by Al ~ 10-10* metres, and a laser range-finder
which should register small changes of Al. Both masses are
freely suspended. This experiment supposes that waves of
the space deformation should change the distance between
the free masses, and should be registered by the laser range-
finder. It is possible to use two satellites located in the same
orbit near the Earth, having a range-finder in each of the
satellites. Such satellites, being in free fall along the orbit,
should be an ideal system for measurements, if it were not
for effects due to the terrestrial globe. In practice it would be
very difficult to divorce the effect derived from waves of the
space deformation (supposed gravitational waves) and many
other factors derived from the inhomogeneity of the Earth’s
gravitational field (purely geophysical factors).

The mathematical model for such an antenna consists of
two free test-particles moving on neighbouring geodesic lines
located infinitely close to one another. The mathematical
model for a solid-body detector (a Weber pig) consists of
two test-masses connected by a spring that gives a model
for elastic interactions inside a real cylindrical pig, in which
changes reveal the presence of a wave of the space deform-
ation.

From the theoretical perspective, we see that the possibi-

lity of registering waves of the space deformation (supposed
gravitational waves) is based on the supposition that particles
which encounter such a wave should be set into relative
oscillations, the origin of which is the space curvature. The
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strong solution for this problem had been given by Synge for
free particles [17]. He considered a two-parameter family
of geodesic lines z® =1z%(s,v), where s is a parameter
along the geodesics, v is a parameter along the direction
orthogonal to the geodesics (it is taken in the plane normal
to the geodesics). Along each geodesic line v = const.

He introduced two vectors

Lo, oe
N - ov !’

U« 2.1
8s ' (2.1)
where a = 0, 1,2, 3 denotes four-dimensional (space-time)
indexes. The vectors satisfy the condition
bu~ DvV*®
ov  Os '
(where D is the absolute derivative operator) that can be
easy verified by checking the calculation. The parameter
v is different for neighbouring geodesics; the difference
is dv. Therefore, studying relative displacements of two
geodesics I'(v) and I'(v+dv), we shall study the vector
of their infinitesimal relative displacement
a (o3
n* = 9 =V,
ov
The deviation of the geodesic line I'(v 4 dv) from the
geodesic line I'(v) can be found by solving the equation [17]

(2.2)

(2.3)

D?V®  DDV® DDU®

ds? D_D(;l}sa ds ds dv (2.4)
= = 4 R UPUSYY
dv ds + oy ’

where R,O‘ﬁ';y'a is the Riemann-Christoffel curvature tensor.
This equality has been obtained using the relation [17]
D2 Ve D2 Ve
dsdv dvds
For two neighbour geodesic lines, the following relation
is obviously true
DU*  dU~
ds  ds

where I'g, are Christoffel’s symbols of the 2nd kind. Then
(2.4) takes the form

= R% s UPUV. (2.5)

+T%,URUY =0, (2.6)

D2V«

—a T RGUCUVT =0, (2.7)
or equivalently,

D2,’7a

F + R,aﬁ,yéUﬁUé’l’]’y =0. (2.8)

It can be shown [17] that,

15} DV«
— (U, V) =Uy——=U,
63( ) ds

DU#

10 .

The quantity U,U?® = gogU*UP takes the numerical
value +1 for non-isotropic geodesics (substantial particles)
or 0 for isotropic geodesics (massless light-like particles).
Therefore

UaV® = const. (2.10)

In the particular case where the vectors U, and V¢ are
orthogonal to each to other at a point, where U, V¢ is true,
the orthogonality remains true everywhere along the I'(v).

Thus relative accelerations of free test-particles are
caused by the presence the space curvature (R%.570),
and linear velocities of the particles are determined by the
geodesic equations (2.6).

Relative accelerations of test-particles, connected by a
force ¢ of non-gravitational nature, are determined by the
Synge-Weber equation [16]. The Synge-Weber equation is
the generalization of equation (2.8) for that case where the
particles, each having the rest-mass mg, are moved along
non-geodesic world-lines, determined by the equation

@a
moc?

DU« du®
= — 1'10( HOY =
ds ds +TL U

(2.11)

In this case the world-lines deviation equation takes the
form
D277a

1 D&~
ds?

R% s UPUSHY = —
+ s K moc? dv

dv,  (2.12)
which describes relative accelerations of the interacting
masses. In this case

0]

1
7(Ua77a) =3 cpanaa

2.13
Os mgcC ( )

so the angle between the vectors U® and n* does not remain
constant for the interacting particles.

Equations (2.8) and (2.12) describe relative accelerations
of free particles and interacting particles, respectively. Then,
to obtain formulae for the velocity U® it is necessarily to
solve the geodesic equations for free particles (2.6) and
the world-line equations for interacting particles (2.11). We
consider the equations (2.8) and (2.12) as a mathematical
base, with which we aim to calculate gravitational wave
detectors: (1) antennae built on free particles, and (2) solid-
body detectors of the resonance kind (the Weber detectors).

3 Invariant criteria for gravitational waves and their
link to Petrov’s classification

From the discussion in the previous paragraphs, one con-
cludes that a physical factor enforcing relative displacements
of test-particles (both free particles and interacting particles)
is the space curvature — a gravitational field wherein the
particles are located.

Here the next question arises. How well justified is the
statement of the gravitational wave problem?
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Generally speaking, in the General Theory of Relativity,
there is a problem in describing gravitational waves in a
mathematically correct way. This is a purely mathematical
problem, not solved until now, because of numerous diffic-
ulties. In particular, the General Theory of Relativity does
not contain a satisfactory general covariant definition for
the energy of gravitational fields. This difficulty gives no
possibility of describing gravitational waves as traveling
energy of gravitational fields.

The next difficulty is that when one attempts to solve
the gravitational wave problem using the classical theory
of differential equations, he sees that the gravitational field
equations (the Einstein equations) are a system of 10 non-
linear equations of the 2nd order written with partial de-
rivatives. No universal boundary conditions exist for such
equations.

The gravitational field equations (the Einstein equations)

are 1
Raﬁ s gaﬁR = *K:Taﬁ + )\gaﬁ )

> (3.1)

where Rag = R7,;5 is Ricci’s tensor, R=g%Rgp is the

8nG
2

tational fields, G is Gauss’ constant of gravitation, A is the
cosmological constant (A-term).

When studying gravitational waves, one assumes A = 0.
Sometimes one uses a particular case of the Einstein equa-
tions (3.1)

scalar curvature, K = is Einstein’s constant for gravi-

Rapg = Kgap, (3.2)

in which case the space, where the gravitational field is
located, is called an FEinstein space. If k=0, we have an
empty space (without gravitating matter). But even in empty
spaces (k = 0) gravitational fields can exist, if the spaces are
of the 2nd and 3rd kinds by Petrov’s classification.

In accordance with the classical theory of differential eq-
uations, those gravitational fields that describe gravitational
waves are determined by solutions of the Einstein equations
with initial conditions located in a characteristic surface.
A wave is a Hadamard break in the initial characteristic
surface; such a surface is known as the wave front. The wave
front is determined as the characteristic isotropic surface
S {®(z*) =0} for the Einstein equations. Here the scalar
function & satisfies the eikonal equation [20, 21]

9*PV, V5 =0, (3.3)

where V,, denotes covariant differentiation with respect to

Riemannian coherence with the metric go5. The trajectories

along which gravitational waves travel (gravitational rays)

are bicharacteristics of the field equations, having the form
dz®

Y = ozo’vo_@’
ar 7

where 7 is a parameter along lines of the geodesic family.

(3.4)
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But the general solution of the Einstein equations with
initial conditions in the hypersurface is unknown. For this
reason the next problem arises: it is necessary to formulate
an effective criterion which could determine solutions to the
Einstein equations with initial conditions in the characteristic
hypersurface.

There is another difficulty: there is no general covariant
d’Alembertian which, being in its clear form, could be in-
cluded into the Einstein equations.

Therefore, solving the gravitational wave problem re-
duces to the problem of formulating an invariant criterion
which could determine this family of the field equations as
wave equations.

Following this approach, analogous the classical theory
of differential equations, we encounter an essential problem.
Are functions gog(z?) smooth when we set up the Cauchy
problem for the Einstein equation? A gravitational wave is
interpreted as Hadamard break for the curvature tensor field
in the initial characteristic hypersurface. The curvature tensor
field permits a Hadamard break only if the functions gog(z)
permit breaks in their first derivatives. In accordance with
Hadamard himself [20], the second derivatives of gos can
have a break in a surface S {®(z*)=0}

[0po 9ap] = Aaplpls, (la = 85®) (3.5)
only if a Hadamard break in the curvature tensor field [Rqs]
satisfies the equations [21]

INRuapy] + la[Ruprv] + 1g[Ruran] = 0. (3.6)

Proceeding from such an interpretation of the character-
istic hypersurface for the Einstein equations, and also sup-
posing that a break [R,gys] in the curvature tensor Ragys
located in the front of a gravitational wave is proportional
to the tensor itself, Lichnerowitz [20, 21] formulated this
criterion for gravitational waves:

Lichnerowitz’ criterion The space curvature R,gys 70
determines the state of “full gravitational radiations”,
only if there is a vector [* = 0 satisfying the equations

WRuap, =0,

(3.7)
l)\R,u.o(,Bu + lchp.,BAV + lﬁRp)\aV =0,

and thus the vector [® is isotropic (I4l*=0). If
Ry =0 (the space is free of masses, so it is empty),
the equations (3.7) determine the state of “clear gravi-
tational radiations”.

There is also Zelmanov’s invariant criterion for gravita-
tional waves [40]% it is linked to the Lichnerowitz criterion.

*This criterion is named for Abraham Zelmanov, although it had been
published by Zakharov [40]. This happened because Zelmanov gave many
of his unpublished results, his unpublished criterion included, to Zakharov,
who completed his dissertation under Zelmanov’s leadership at that time.
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Zelmanov proceeded from the general covariant generaliza-
tion given for the d’Alembert wave operator

a7 =g "V,V,. (3.8)

Zelmanov’s criterion The space determines the state of
gravitational radiations, only if the curvature tensor:
(a) is not a covariant constant quantity (Vo Ryegy = 0);
(b) satisfies the general covariant condition

07 Ruapy = 0. (3.9)

Thus, as it was shown in [40], any empty space that
satisfies the Zelmanov criterion also satisfies the Lichne-
rowitz criterion. On the other hand, any empty space that
satisfies the Lichnerowitz criterion (excluding that trivial case
where V, R, = 0) also satisfies the Zelmanov criterion.

There are also other criteria for gravitational waves, intro-
duced by Bel, Pirani, Debever, Maldybaeva and others [58].
Each of the criteria has its own advantages and drawbacks,
therefore none of the criteria can be considered as the final
solution of this problem. Consequently, it would be a good
idea to consider those characteristics of gravitational wave
fields which are common to most of the criteria. Such an
integrating factor is Petrov’s classification — the algebraic
classification of Einstein spaces given by Petrov [37], in
the frame of which those gravitational fields that satisfy the
condition (3.2) are classified by their relation to the algebraic
structure of the Riemann-Christoffel curvature tensor.

As is well known, the components of the Riemann-
Christoffel tensor satisfy the identities

Ropys =—Rgoys =— Rapsy=Rysap, Ralsys)=0. (3.10)

Because of (3.10), the curvature tensor is related to ten-
sors of a special family, known as bitensors. They satisfy
two conditions:

1. Their covariant and contravariant valencies are even,

2. Both covariant and contravariant indices of the tensors
are split into pairs and inside each pair the tensor
R,ps is antisymmetric.

A set of tensor fields located in an n-dimensional Rie-

mannian space is known as a bivector set, and its represent-
ation at a point is known as a local bivector set. Every anti-

symmetric pair of indices a3 is denoted by a common index

a, and the number of the common indices is N = @

It is evident that if n =4 we have N =6. Hence a bitensor
Rapys — Rap, located in a four-dimensional space, maps
itself into a six-dimensional bivector space. It can be metrised
by introducing the specific metric tensor

9ab — oy = 9oy985 — G598y - (3.11)

The tensor g,p (a,b=1,2,... N) is symmetric and non-
degenerate. The metric gup, given for the sign-alternating

Jgap, can be sign-alternating, having a signature dependent
on the signature of the gog. So, for Minkowski’s signature
(+——-), the signature of the ggp is (+++-—-).

Mapping the curvature tensor R,g,s onto the metric
bivector space Ry, we obtain the symmetric tensor Rgp
(a,b=1,2,...N) which can be associated with a lambda-
matrix

(Rab - Aga.b) .

Solving the classic problem of linear algebra (reducing
the lambda-matrix to its canonical form along a real distance),
we can find a classificaton for V,, under a given n. Here
the specific kind of an Einstein space we are considering
is set up by a characteristic of the lambda-matrix. This
kind remains unchanged in that area where this characteristic
remains unchanged.

Bases of elementary divisors of the lambda-matrix for
any V,, have an ordinary geometric meaning as stationary
curvatures. Naturally, the Riemannian curvature V,, in a two-
dimensional direction is determined by an ordinary (single-
sheet) bivector V8 = (‘i‘)Vg), of the form

(3.12)

_ RugysVePV

= e R (3.13)

If VP is not ordinary, the invariant K is known as the
bivector curvature in the given vector's direction. Mapping
K onto the bivector space, we obtain

Ry, Vev?

K= a,b=1,2,...

== N. 3.14
gabvavb b ) ) ) ( )

Ultimate numerical values of the K are known as stat-
ionary curvatures taken at a given point, and the vectors V¢
corresponding to the ultimate values are known as stationary
not simple bivectors. In this case

VE=VE Ve
so the stationary curvature coincides with the Riemannian
curvature V,, in the given two-dimension direction.

The problem of finding the ultimate values of K is the
same as finding those vectors VV* where the K takes the
ultimate values, that is, the same as finding undoubtedly
stationary directions. The necessary and sufficient condition
of stationary state of the V¢ is

0
ove

The problem of finding the stationary curvatures for
Einstein spaces had been solved by Petrov [40]. If the space
signature is sign-alternating, generally speaking, the station-
ary curvatures are complex as well as the stationary bivectors
relating to them in the V,.

For four-dimensional Einstein spaces with Minkowski
signature, we have the following theorem [40]:

(3.15)

K=0.

(3.16)
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THEOREM Given an ortho-frame gop = {+1,—1,—1,—1}, o 0 0
there is a symmetric paired matrix (Rgp) M={ 0 a+1 0 )
M N 0 0 Oy — 1 ( )
3.21
Rap = (T’i) ) (3.17) i 0 0
N = 0 ﬂZ 1 )
where M and N are two symmetric square matrices of the 0 1 p
3rd order, whose components satisfy the relationships C
where a; + 200 =—k, B1+202=0 (so in this case there

m11+m22+m33 = —K, ni11 +n22+n33 =0. (318)

After transformations, the lambda-matrix (Rgp — Agap)
where gog = {+1,+1,+1, —1, —1, —1} takes the form

(Rab_Agab) =

B ( M +iN + Ae | 0 ) _

o 0 ‘ M—iN+Ae )~ (3.19)
QMA) o

:< @(A))’

where Q(A) and Q(A) are three-dimensional matrices, the
elements of which are complex conjugates, € is the three-
dimensional unit matrix. The matrix Q(A) can have only
one of the following types of characteristics:

(1) [111]; (2) [21]; (3) [3]. It is evident that the initial
lambda-matrix can have only one characteristic drawn
from:

(1) [111, TT1]; ) [21,21; (3) [3,3].

The bar in the second half of a characteristic implies that
elementary divisors in both matrices are complex conjugates.
There is no bar in the third kind because the elementary
divisors there are always real.

Taking a lambda-matrix of each of the three possible
kinds, Petrov deduced the canonical form of the matrix (Rgp)
in a non-holonomic ortho-frame [40]

The 1st Kind

0

M N
(Rab) - < N _M) )
a7 0 0
M=[0 a 0 |, (3.20)
0 0 a3
Bi 0 O
N = 0 162 0 )
0 0 fs

where Zi:l as=—kK, Zizl Bs =0 (so in this case there
are 4 independent parameters, determining the space struct-
ure by an invariant form),

The 2nd Kind

).
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M N

(Rav) = ( N M

are 2 independent parameters determining the space structure
by an invariant form),

The 3rd Kind

M N
(Rab)—(N _M)r
-5 1 0
M= 1 —= o |, (3.22)
0o 0 -=
0 O 0
N=[o0 o -1,
0 -1 0

so no independent parameters determining the space structure
by an invariant form exist in this case.

Thus Petrov had solved the problem of reducing alambda-
matrix to its canonical form along a real path in a space of
the sign-alternating metric. Although this solution is obtained
only at given point, the classification obtained is invariant
because the results are applicable to any point in the space.

Real curvatures take the form

As = g +10s (3.23)

in gravitational fields (spaces) of the 3rd kind, where the
quantities As are real: Ay = Ay =Az=—7%.

Values of some stationary curvatures in gravitational
fields (spaces) of the Ist and 2nd kinds can be coincident. If
they coincide, we have sub-kinds of the fields (spaces). The
Ist kind has 3 sub-kinds: I (A; # Az # A3z); D (Ax =A3);
O (A1 =Ay=A3). If the space is empty (k=0) the kind
O means the flat space. The 2nd kind has 2 sub-kinds: II
(A1 # A3); N (A1 = Ao). Kinds I and II are called basic kinds.

In empty spaces (empty gravitational fields) the stationary
curvatures become the unit value A =0, so the spaces (fields)
are called degenerate.

Studying the algebraic structure of the curvature tensor
for known solutions to the Einstein equations, it was shown
that the most of the solutions are of the 1st kind by Petrov’s
classification. The curvature decreases with distance from
a gravitating mass. In the extreme case where the distance
becomes infinite the space approaches the Minkowski flat
space. The well-known Schwarzschid solution, describing
a spherically symmetric gravitational field derived from a
spherically symmetric island of mass located in an empty
space, is classified as the sub-kind D of the 1st kind [44].
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Invariant criteria for gravitational waves are linked to the
algebraic structure of the curvature tensor, which should be
associated with a given criterion from the aforementioned
types. The most well-known solutions, which are interpreted
as gravitational waves, are attributed to the sub-kind N (of
the 1st kind). Other solutions are attributed to the 2nd kind
and the 3rd kind. It should be noted that spaces of the 2nd
and 3rd kinds cannot be flat anywhere, because components
of the curvature tensor matrix ||Rgp| contain +1 and —1.
This makes asymptotical approach to a curvature of zero im-
possible, i.e. excludes asymptotical approach to Minkowski
space. Therefore, because of the structure of such fields,
gravitational fields in a space of the 2nd kind (the sub-kind
N) or the 3rd kind, are gravitational waves of the curvature
traveling everywhere in the space. Pirani [18] holds that
gravitational waves are solutions to gravitational fields in
spaces of the 2nd kind (the sub-kind N) or the 3rd kind by
Petrov’s classification. The following solutions are classified
as sub-kind N: Peres’ solution [34] where he describes flat
gravitational waves

ds? = (dz°)? — 2a(dz® + dz°)* —

3.24
— (dz')? — (dz?)? — (dz*)?% (3.24)
Takeno’s solution [35]
ds? = (v + p)(dz®)? — 2pdz°dz® — a(dz!)? —
(7 +p)(dz")" — 20 (dz”) (3.25)

—26dztdz® — B(dz?)? + (o — 7v)(dz?)?,

where a=a(z! —z°), and v, p, B, & are functions of
(z® =z0); Petrov’s solution [37], studied also by Bondi,
Pirani and Robertson in another coordinate system [19]

ds? = (dz°)? — (dz')? + a(dz?)? +

3.26
+2Bdz?dz® + y(dz®)?, ( )

where a, 3, 7y are functions of (z! + z°).

A detailed study of relations between the invariant criteria
for gravitational waves and Petrov’s classification had been
undertaken by Zakharov [40]. He proved:

THEOREM In order that a given space satisfies the state of
“pure gravitational radiations” (in the Lichnerowicz sense),
it is a necessary and sufficient condition that the space should
be of the sub-kind N by Petrov’s algebraical classification,
characterized by equality to zero of the values of the curva-
ture tensor matrix || Rqp|| in the bivector space.

THEOREM An FEinstein space that satisfies Zelmanov’s cri-
terion can only be an empty space (k=0) of the sub-kind
N. And conversely, any empty space V, of the sub-kind N
(excluding the sole symmetric space* of this kind), that is
described by the metric

ds? = 2dz%dz' — sh?2°(dz?)? — sin® dz°(dz®)?, (3.27)

*A space is called symmetric, if its curvature tensor is a covariant
constant, i. e. if it satisfies the condition Vo Rogys = 0.

satisfies the Zelmanov criterion.

With these theorems we obtain the general relation be-
tween the Zelmanov criterion for gravitational wave fields
located in empty spaces and the Lichnerowicz criterion for
“pure gravitational radiations™:

An empty V4, satistying the Zelmanov criterion for
gravitational wave fields, also satisfies the Lichnero-
wicz criterion for “pure gravitational radiations”. Con-
versely, any empty V,, satisfying the Lichnerowicz
criterion (excluding the sole trivial V5, described by
the metric 3.27), satisfies the Zelmanov criterion. The
relation between the criteria in the general case is still
an open problem.

In [40] it was shown that all known solutions to the
Einstein equations in vacuum, which satisfy the Zelmanov
and Lichnerowicz criteria, can be obtained as particular cases
of the more generalized metric whose space permits a covar-
iant constant vector field I¢

V1% =0. (3.28)

It is evident that condition (3.10) leads automatically to
the first condition (3.7), hence this empty V, is classified
as sub-kind N by Petrov’s classification and, also, there the
vector [%, playing a part of the gravitational field wave vector,
is isotropic [,Il® =0 and unique. According to Eisenhart’s
theorem [60], the space V, containing the unique isotropic
covariant constant vector [* (the absolute parallel vector field
¢, in other words), has the metric

ds? = (dz®)? + 2dz°dz' + 2¢pdz°dz? +
+ 2¢pdz%dz® + a(dz?)? + 2ydz?dz® + B(dz?)?,

(3.29)

where €, @, ¥, a, B, v are functions of z°, z2, =3, and

[*=04¢. The metric (3.29), satisfying equations (3.2), is
the exact solution to the Einstein equations for vacuum,
and satisfies the Zelmanov and Lichnerowicz gravitational
wave criteria. This solution generalizes well-known solutions
deduced by Takeno, Peres, Bondi, Petrov and others, that
satisfy the aforementioned criteria [40].

The metric (3.29), taken under some additional conditions
[30], satisfies the Einstein equations in their general form
(3.1) in the case where A=0 and the energy-momentum
tensor Ty, 5 describes an isotropic electromagnetic field where
Maxwell’s tensor F),;, satisfies the conditions

F,,F* =0, Fu,F* =0, (3.30)
iy = %77’“’""]7',,(7 is the pseudotensor dual of the Maxwell
tensor, n#*¥#? is the discriminant tensor. Direct substitution
shows that this metric satisfies the following requirements:
the Riner-Wheeler condition [61]

R=0,

1
Ro,RPP = 2 6P (R,R®)=0, (3.31)
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and also the Nordtvedt-Pagels condition [62]

Nuero (Réfy,chsT _ Rés,aRfy'r) , (3.32)

where R0 = g?#V, R%7, §5 = g5.

From the physical viewpoint we have an interest in isotro-
pic electromagnetic fields because an observer who accom-
panies it should be moving at the velocity of light [18, 21].
Hence, isotropic electromagnetic fields can be interpreted as
fields of electromagnetic radiation without sources. On the
other hand, according to Eisenhart theorem [60], a space
V, with the metric (3.29) permits an absolute parallel vector
field {* = 0. Taking this fact and also the Einstein equations
into account, we conclude that the vector [* considered
in this case satisfies the Lichnerowicz criterion for “full
gravitational radiations”.

Thus the metric (3.29), satisfying the conditions

1
Roc,ﬁ - §gaﬁR = _K'Toc,ﬁy

Top — % P F* oy — Fag F° (3.33)
FougF*P =0,  FapF*F =0
and under the additional condition [30]
Ra323 = Ro2s2 = Roszz =0, (3.34)

is the exact solution to the Einstein equations which describes
co-existence of both gravitational waves and electromagnetic
waves. This solution does not satisfy the Zelmanov criterion
in the general case, but the solution satisfies it in some part-
icular cases where T,,5 # 0, and also under R,g =0.

Wave properties of recursion curvature spaces were studi-
ed in [63]. A recursion curvature space is a Riemannian space
having a curvature which satisfies the relationship

vchaﬁ'yé = lURaInyé . (335)
Because of Bianchi’s identity, such spaces satisfy
ZURaﬁ’75 + lO(RﬁC”)’S =+ lﬁ’Raa'yé =0. (336)

Total classification for recursion curvature spaces had
been given by Walker [64]. His results [64] were applied to
the basic space-time of the General Theory of Relativity, see
[65] for the results. For the class of prime recursion spaces®,
we are particularly interested in the two metrics

ds*=1(z°, z?)(dz°)?+2dz"dz —(dz*)?—(dz®)?, (3.37)
ds? = 2dz%dz' + (2, %) (dz?)? —

— (dz?)? — (dz®)?, ¥ >0. (3.38)

* A recursion curvature space is known as prime or simple, if it contains
n — 2 parallel vector fields, which could be isotropic or non-isotropic. Here
n is the dimension of the space.
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For the metric (3.37) there is only one component of the
_10% -
5 522" in the metric

is not zero. Einstein spaces with

Ricci tensor that is not zero, Rgg =
2

(3.38) only Ry =—1 28
such metrics can only be empty (x = 0) and flat (Ryg,6 =0).
This can be proven by checking that both metrics satisfy
conditions (3.31) and (3.32), which describe isotropic elec-
tromagnetic fields.

Both metrics are interesting from the physical viewpoint:
in these cases the origin of the space curvature is an isotropic
electromagnetic field. Moreover, if we remove this field from
the space, the space becomes flat. Besides these there are few
metrics which are exact solutions to the Einstein-Maxwell
equations, related to the class of isotropic electromagnetic
fields. Neither of the said metrics satisfy the Zelmanov and
Lichnerowicz criteria.

Minkowski’s signature permits only two metrics for non-
simple recursion curvature spaces. They are the metric

ds? = (z°, 22, 2%)(dz°)? + 2dz°dz’ +

=+ K22(d$2)2 =+ 2K23d$2d$3 + K33(d$3)2, (339)

Koy < 0, Koy K3z — K223 <0,

wherein ¥ = x1(z0)(az2(z?)? + 2a2322z> + az3(z®)?) +
+ x2(z%)z? + x3(2°)z3, and the metric

ds? = 2dz’dz! + ¢(z*, 2%, 23)(dz")? +

3.40
+ Koo (dz?)? 4 2Ky3dz?dz® + Kas(dz®)?, (3.40)

wherein ¢ = x1(z1)(a22(2?)? + 2a232223 + asz3(z3)?) +
+ x2(z1)z? + x3(zt)z>. Here ai;, Kij (1,7 =2, 3) are con-
stants.

Both metrics satisfy the conditions Rog = kgqg only if
k =0, reducing to the single relationship

K33a95 + Koga3z — 2K53a03 = 0. (3.41)

In this case both metrics are of the sub-kind N by Petrov’s
classification. It is interesting to note that the metric (3.40) is
stationary and, at the same time, describes “pure gravitational
radiation” by Lichnerowicz. Such a solution was also ob-
tained in [65].

In the general case (Rqg # Kgag) the metrics (3.39) and
(3.40) satisfy conditions (3.32) and (3.33), so the metrics are
solutions to the Einstein-Maxwell equations that describe
co-existing gravitational waves and electromagnetic waves
without sources. In this general case both metrics satisfy the
Zelmanov and Lichnerowicz invariant criteria. The solution
(3.40) is stationary.

All that has been detailed above applies to gravitational
waves as waves of the space curvature, which exist in any
reference frame.

Additionally it would be interesting to study another
approach to the gravitational radiation problem, where the
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main issue is gravitational inertial waves, connected to the
given reference frame of an observer. This new approach is
linked directly to the mathematical apparatus of physically
observable quantities (the theory of chronometric invariants),
introduced by Zelmanov in 1944 [42, 43]. In order to under-
stand the true results given by gravitational wave experiments
it is necessary to master this mathematical apparatus, which
is described concisely in the in the next section.

4 Basics of the theory of physical observable quantities

In brief, the essence of the mathematical apparatus of physic-
ally observable quantities (the theory of chronometric invari-
ants), developed by Zelmanov in 1940’s [42, 43] is that, if
an observer accompanies his reference body, his observable
quantities are projections of four-dimensional quantities on
his time line and the spatial section — chronometrically invar-
iant quantities, made by the projecting operators b = dz®
and hopg = —gag + babg which fully define his real reference
space (here b* is his velocity with respect to his real refer-
ences). The chr.inv.-projections of a world-vector Q< are

b Q% = and Rt Q% = Q*, while chr.inv.-projections of
a world-tensor of the 2nd rank Q*? are b*bPQap = Cg?(%),
h*pP Qop= QO héthaﬁ = Q. Physically observable

v/goo’

properties of the space are derived from the fact that the chr.
D1 0 4pg 00 |
ot 4/ goo ot ozt Oz
1 *5 tati hat * 62 * 82
+*'U1 E are nOn-CO];nmu a 1V€,2SO tha m — W =
_ *o 94 et 2 4

Fige and Griger ~ ophow — 2 ikge 24 also
from the fact that the chr.inv.-metric tensor A;x may not
be stationary. The observable characteristics are the chr.inv.-
vector of gravitational inertial force Fj, the chr.inv.-tensor of
angular velocities of the space rotation A;x, and the chr.inv.-

tensor of rates of the space deformations D;;, namely

inv.-differential operators

1 ow  Ov; w
F;= - — V9oo=1——= 4.1
" a0 (8.'1:’ 8t) » Voo 2 @
1 ka G'U-; 1

Ai = —| =— — — Fi — F; i), 4.2
T2 (6:01 Bxk) t o (Frve = Frvs) (42)

1 *0his . 1*0hk . *0lnvh
*72 ot 2 e Dm0 (49
where w is the gravitational potential, v;=—c \?gmﬁ is the
linear velocity of the space rotation, h;x = —gsx —|— 1 5 Vilk

is the metric chr.inv.-tensor, and h =det ||h;]|, b goo =—g,
g =det ||gagpl|. Observable inhomogeneity of the space is
set up by the chr.inv.-Christoffel symbols A%, = h"™ A i m,

which are built just like Christoffel’s regular symbols I'}, =
=9%°T' 1 0, but using h; instead of gog.

In this way, any equations obtained using general covar-
iant methods we can calculate their physically observable
projections on the time line and the spatial section of any
particular reference body and formulate the projections with
its real physically observable properties. From this we arrive
at equations containing only quantities measurable in prac-
tice. Expressing ds® = gap dz*dzP through the observable
time interval

dr = %bad:r"‘ = (1 - —) dt — = ’Uld:IZ (4.4)
and also the observable spatial interval do? = hqgdz®dzP =
= h;pdztdz® (note that b* =0 for an observer who accom-
panies his reference body). We arrive at the formula
= c2dr? — do?.

ds? (4.5)

From an“external” viewpoint, an observer’s three-
dimensional space is the spatial section =° = ct = const. At
any point of the space-time a local spatial section (a local
space) can be placed orthogonal to the time line. If there
exists a space-time enveloping curve for such local spaces,
then it is a spatial section everywhere orthogonal to the time
lines. Such a space is called holonomic. If no enveloping
curve exists for such local spaces, so there only exist spatial
sections locally orthogonal to the time lines, such a space
is called non-holonomic. A spatial section, placed in a holo-
nomic space, is everywhere orthogonal to the time lines,
i.e. go; =0 is true there. In the presence of go; =0 we have
v; =0, hence A;p =0. This implies that non-holonomity of
the space and its three-dimensional rotation are the same. In
a non-holonomic space go; # 0 and A;x #0. Hence A;; =0
is the necessary and sufficient condition of holonomity of the
space. So A;x is the tensor of the space non-holonomity.

Zelmanov had also found that the chr.inv.-quantities F;
and A,k are linked to one another by two identities

"0Aw | 1(*0F OF)\ _
ot Ozt dzk |
*0Ak

+3xm+

(4.6)

*OArm  *0Am;
Ozt ozk

1
+ 5 (Fi-Akm + FkAmz + Fm-Aik) - 07

(4.7)

which are known as Zelmanov s identities.
Components of the usual Christoffel symbols

1 g g
a _ ~ o0 po . uv
Pav = 39 ( Fr oz° > '
are linked to the chr.inv.-Christoffel symbols

Ohjm  *Ohgm  *Ohjk
im J J
"= 7h ( Bk dzi  Bz™ )’ (4.9)

09y
ok

(4.8)
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and other chr.inv.-chractersitics of the accompanying refer-
ence space of the given observer by the relations

) . ) T
f oA = W( o TR, @)
k 021—"30 ia kB 1m iqpksam
Ff=—-——= 99" Ty = h"R™AT.  (4.11)
oo

Here is the four-dimensional generalization of the chr.inv.-
quantities F;, A;x, and D, (by Zelmanov, the 1960’s [57]):
Fp=-2c%Pags, Aus= chﬁhgaw, Dos = chﬁhgdw,
where Aap = % (Va b,@ — Vﬁ ba), daﬁ = % (Va blg + Vﬁ ba).

Zelmanov also deduced formulae for chr.inv.-projections
of the Riemann-Christoffel tensor [42]. He followed the
same procedure by which the Riemann-Christoffel tensor
was built, proceeding from the non-commutativity of the
second derivatives of an arbitrary vector taken in the given
space. Taking the second chr.inv.-derivatives of an arbitrary
vector

L
V@ - VeV = 2k O

+H;lQj, (412)
he obtained the chr.inv.-tensor
oo *ON, B *ON],
ke ok ozt
which is like Schouten’s tensor from the theory of non-
holonomic manifolds [59]. The tensor H;; differs algebraic-
ally from the Riemann-Christoffel tensor because of the

presence of rotation of the space A;; in the formula (4).
Nevertheless its generalization gives the chr.inv.-tensor

(4.13)

1
Cikij = 1 (Hiki; — Hjka + Hrjs — Hage) (4.14)

which possesses all the algebraic properties of the Riemann-
Christoffel tensor in this three-dimensional space. Therefore
Zelmanov called Csr; the chrinv.-curvature tensor, which
actually is the tensor of the observable curvature of the
observer’s spatial section. This tensor, describing the observ-
able curvature of the three-dimensional space of an observer,
possesses all the properties of the Riemann-Christoffel curva-
ture tensor in the three-dimensional space and, at the same
time, the property of chronometric invariance. Its contraction

Crj = Ciijt = h"™ Chims » = C; =h"Cy (4.15)

gives the chr.inv.-scalar C' whose sense is the observable
three-dimensional curvature of this space.

Substituting the necessary components of the Riemann-
Christoffel tensor into the formulae for its chr.inv.-projections

. Rk RYk .
Xth=_c? 20, Y”k:fcﬁ, Z9kl=c2RYKL and by lo-
wering indices Zelmanov obtained the formulae
- '0Dy;
Yoot

1, " 1
+§( V; F; + VjFi)—?FiFj,

— (D + A) (D + Aj) +
(4.16)

L. Borissova. Gravitational Waves and Gravitational Inertial Waves

Yiik = Vi (Djr + Ajx) — *V; (Dik + Aik) +
) (4.17)

Zik; = DigDy; — Dy Dy + As Ay — As Ag +

5 (4.18)
+2A;5 A — ¢ Cirgj

where we have Y(;jx) = Yijk + Yir: + Yirsj =0 just like the
Riemann-Christoffel tensor. Contraction of the spatial ob-
servable projection Z;x;; step-by-step gives

Zil = DikD{C — DuD +AlkAlk + 2A1kAkl — C2Cil , (419)

Z = hilZﬂ = DikDik — D2 — AikAik — czC. (4.20)

Besides these considerations, taken in an observer’s ac-
companying reference frame, Zelmanov considered a locally
geodesic reference frame that can be introduced at any point
of the pseudo-Riemannian space. Within infinitesimal vicin-
ities of any point of such a reference frame the fundamental
metric tensor is

G = o+ - (2828 (34 g5 —a¥) ..., (4:21)
oB = IaB o\ pzrozy T W

i.e. its components at a point, located in the vicinities, are
different to those at the point of reflection to within only
the higher order terms, values of which can be neglected.
Therefore, at any point of a locally geodesic reference frame
the fundamental metric tensor can betaken as constant, while
the first derivatives of the metric (the Christoffel symbols)
are zero.

As a matter of fact, within infinitesimal vicinities of any
point located in a Riemannian space, a locally geodesic
reference frame can be defined. At the same time, at any
point of this locally geodesic reference frame, a tangential
flat Euclidean space can be defined so that this reference
frame, being locally geodesic for the Riemannian space, is
the global geodesic for that tangential flat space.

The fundamental metric tensor of a flat Euclidean space
is constant, so values of §,., taken in the vicinities of a point
of the Riemannian space converge to values of the tensor g,
in the flat space tangential at this point. Actually, this means
that we can build a system of basis vectors €(q), located in
this flat space, tangential to curved coordinate lines of the
Riemannian space.

In general, coordinate lines in Riemannian spaces are
curved, inhomogeneous, and are not orthogonal to each other
(if the space is non-holonomic). So the lengths of the basis
vectors may be sometimes very different from unity.

We denote a four-dimensional vector of infinitesimal dis-
placement by dr=(dz°, dz', dz?, dz3). Then dr=¢€(q)dz®,
where components of the basis vectors €() tangential to the
coordinate lines are E(o):{e?o)’ 0,0,0}, 5(1):{0, e(ll), 0,0},
€2=10,0, e?z), 0}, €5=10,0,0, e%g))}. The scalar product
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of the vector dr with itself is d7d7 = ds?. On the other hand,
the same quantity is ds? = gogdz*dz”. As a result we have
9op = €(0)€(5)= €(a) € () CO8 (z%; zP). So we obtain

(4.22)

Goo = e?o) ) goi = €(0)€(4) COS (150; mi) )

ik = €(;)€(k) COS (z;zF). (4.23)
The gravitational potential is w=c?(1—,/goo). So, the
time basis vector €() tangential to the time line z0 =ct,
. . _ W . .
having the ?ength e(o).— 1./ goo=1— 2 is smaller than unity
the greater is the gravitational potential w.
The space rotation linear velocity v; and, according to it,

the chr.inv.-metric tensor h; are

U; = —Ce(;) CoS (2% z), (4.24)

haik =€ (36 k) [cos(z°; z*)cos(z% &*) —cos(z*; 2¥)| . (4.25)

This representation enablkes us to see the geometric sense
of physical quantities measurable in experiments, because we
represent them through pure geometric characteristics of the
observer’s space — the angles between coordinate axes etc.

This completes the basics of Zelmanov’s mathematical
apparatus of chronometric invariants (physically observable
quantities) that will be employed below with the aim of
studying the gravitational wave problem.

5 Gravitational inertial waves and their link to the
chronometrically invariant representation of Petrov’s
classification

Of all the experimental statements on the General Theory
of Relativity, including the search for gravitational wave
experiments, the most important case is that where the ob-
server is at rest with respect to his laboratory reference frame
and all physical standards located in it. Quantities measured
by the observer in an accompanying reference frame are
chronometrically invariant quantities (see the previous para-
graph for the details). Keeping this fact in mind, Zelmanov
formulated his chronometrically invariant criterion for grav-
itational waves. This criterion is invariant only for trans-
formations of coordinates of that reference system which is
at rest with respect to the laboratory references (the body
of reference). Such an approach, in contrast to the invariant
approach, permits us to interpret the results of measurement
in terms of physically observable quantities, providing the-
reby a means of comparing results given by the theory of
gravitational waves to results obtained from real physical
experiments.

In order to solve the problem of interpretation of ex-
perimental data on gravitational waves it is appropriate to
consider a more general case — fields of gravitational inertial
waves. Such fields are more general because they are ap-
plicable to both gravitational fields and the inertial field of

the observer’s reference frame. The mathematical method
that we propose to apply to this problem joins both fields
into a common field. The method itself does not differ for
each field: to set an invariant difference between gravitational
fields and the observer’s inertial field would be possible only
by introducing an additional invariant criterion.

Gravitational waves are determined independently of
both spatial coordinate frames and space-time reference fra-
mes. In contrast to gravitational waves, gravitational inertial
waves are determined only in the reference frame of an
observer, who observes them. They are determined with pre-
cision to within so-called “inner” transformations of coordi-
nates

(@) #° =2z 2, 2% %)

dz0
which does not change the space-time reference frame itself.

Invariance with respect to (5.1) splits into invariance
with respect to (5.1a), so-called chronometric invariance,
and also invariance with respect to (5.1b), so-called spatial
invariance. Therefore a definition given for gravitational
inertial waves should be:

(b) & =i (at 2% 2%,

(1) chronometrically invariant;
(2) spatially covariant.

We then have a basis by which we introduce the chro-
nometrically invariant spatially covariant d’Alembert oper-
ator [40]*

1 *5?
a2 ot2’
where h** = —g® is the chr.inv.-metric tensor (the phys-
ically observable metric tensor) in its contravariant (upper-
index) form, *V; is the symbol for the chr.inv.-derivative
(the chr.inv.-analogue to the covariant derivative symbol V),
a is the linear velocity at which attraction of gravity spreads,
o)

ot
time.

A chronometrically invariant criterion for gravitational
inertial waves, formulated according to Zelmanov’s idea, is:

O = h**V,*V, — (5.2)

ik

is the symbol for the chr.inv.-derivative with respect to

Zelmanov’s chr.inv.-criterion Chr.inv.-quantities f, char-
acterising the observer’s reference space, such as the
gravitational inertial force vector Fj, the space non-
holonomity (self-rotation) tensor A, the space defor-
mation rate tensor Dji, the spatial curvature tensor
C'ixi5, and also scalar quantities, built on them, and also
the Riemann-Christoffel curvature tensor’s chr.inv.-
components X*, Y9k 7%l must satisfy equations
of the form

‘Of = 4, (5.3)

*This approach to the gravitational inertial wave problem was developed
by Zelmanov, although it had first been published by Zakharov because the
latter prepared his dissertation under Zelmanov’s leadership: see footnote
on page 35.
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where A is an arbitrary function of four-dimensional
world-coordinates, which has no more than first order
derivatives of the f.

The Zelmanov chr.inv.-criterion (5.3) was applied in an-
alyzing well-known solutions to the Einstein equations in
emptiness [40]. This criterion is true for the metrics (3.25)
in that case where the gravitational inertial force vector F*
is the wave function. But, at the same time, most of the
invariant criteria for gravitational waves are related to some
conditions and limitations imposed on the curvature tensor.
Therefore it would be most interesting to study relations
between gravitational wave criteria and gravitational inertial
wave criteria in that case where the Riemann-Christoffel
curvature tensor’s chr.inv.-components X%, Yk 7l are
the wave functions.

What is the relation between the Zelmanov invariant
criterion (3.9) and his chr.inv.-criterion (5.3)? This problem
was solved by Zakharov [40, 58]. His method was to express
equation (3.9) in chr.inv.-form. In chr.inv..-form (in the terms
of physically observable quantities) equation (3.9) takes the
form

MX9=AJ), DY =A7S, *OZ* =477, (5.4)
where Azjl), Ag’;, Ag;ﬂ are chronometrically invariant and
spatially invariant tensors, which have no more than first
order derivatives of the wave functions X%, YWk ZiklJ,
Thus those gravitational fields that satisfy the Zelmanov
invariant criterion also satisfy the Zelmanov chr.inv.-criterion
(5.3), where the Riemann-Christoffel curvature tensor’s
physically observable components X%, Y% 7l play the
part of wave functions.

The necessary condition for gravitational inertial waves
is the fact that the chr.inv.-d’Alembert operator (5.2) is non-
trivial, mathematically expressed as follows:

0f 4.
6t # 09

2. The quantities f are inhomogeneous, i.e. *V; fi, #0.

The wave functions X;; (4.16), Yijr (4.17) and Zjp;
(4.18) satisfy these requirements only if the mechanical
chr.inv.-characteristics of the observer’s reference space (the
chr.inv.-quantities F;, A;x, D;x) and the geometric chr.inv.-
characteristic of the space (the chr.inv.-quantity Cjx;;) also
satisfy these requirements. Zelmanov himself in [42] form-
ulated conditions of inhomogeneity inside a finite region
located in the observer’s space

*V,F, #0,

1. Chr.inv.-quantities f are non-stationary, i. e.

*Vj A #0,
(5.5)

*V;Diy #0, *V;Cy #0.

It is evident that under these conditions the wave func-
tions X%, Yk 7l shall be inhomogeneous.

The origin of non-stationary states of the gravitational
inertial force vector F; (4.1) is the non-stationarity of the

L. Borissova. Gravitational Waves and Gravitational Inertial Waves

gravitational potential w or the linear velocity of the space
rotation v;, consisting the force. Identities (4.6) and (4.7),
linking quantities F; and A, lead us to conclude that the
source of non-stationary states of v; is the vortical nature of
the vector Fj, i.e. *Vi F; —*V,; Fx, #0. The origin of non-
stationary states of the space deformation rate D,x (4.3)
and the space observable curvature Cjg; (4.14) is non-
stationarity of the physical observable metric tensor A,
see [42],
haw = —gox + 228% g4 iz ViU .
Joo c
Thus, the origin of non-stationary states of the wave
functions X%, Yk 7%l is the non-stationarity of com-
ponents of the fundamental metric tensor gog, namely:

(1) goo 2(1 - Cﬂz)z ;

2 901‘:—%%'(1— E);

02

(5.6)

(3) Gik=—hi + ?12111' Vg -

We consider each of the cases here,mindful of the need to
find theoretical grounds for gravitational wave experiments:

1. Non-stationary states of goo manifest as a result of time
changes of the gravitational potential w. In experi-
ments this non-stationarity is derived from very dif-
ferent geophysical sources, which, in a particular case,
are due to changes in solar activity;

2. Non-stationary states of mixed components go; are der-
ived from the non-stationarity of the space rotation
linear velocity v; and the gravitational potential w. The
quantities ggo and go; are included in the formula for an
interval of observable time d7 = ,/goodt + % dzt

o

[42, 43]. Thus under non-stationary states of ggo and
gos; in the observer’s laboratory (his reference frame)
a standard clock located there should have some cor-
rections (which change with time) with respect to a
standard clock located in an region where the quanti-
ties goo and go; are stationary.

3. Non-stationary states of g;; are usually considered as
deformations of the three-dimensional space. But the
theory of physically observable quantities introduces
substantial corrections to this thesis. The approach of

Classical Mechanic looks at the spatial deformations as

%Bglﬁ;k, but the theory of physically observable quant-

ities, taking properties of the observer into account,

gives rise to a corrected formula for the spatial deform-

ations which is D, = 2\/1%%(*%% + Cflszk)f

*The presence of the minus sign here is a consequence of the fact that
we use the signature (+———), where plus is related to the time coordinate
while minus is attributed to spatial coordinates. The minus sign has been
chosen for the g;i in the h;, formula, because in this case the observable
spatial interval do = h; dz*dz¥ is positive, which is an important fact in
the theory of physically observable quantities [42, 43].
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The formulae coincide in that particular case where
goo =1 (w=0) and go; =0 (v; =0). If F; =0, accord-
ing (to 4.6) the space rotation is stationary. If v; =0,
Air=0. Thus the necessary and sufficient condition
to make w and v; simultaneously zero is F; =0 and
A;r =0 [42, 43]. In this case the observer’s reference
frame falls freely and is free of rotations. Such refer-
ence frames are known as synchronous [15], because
there all clocks can be synchronized. Moreover, in
this case time can be integrated: in calculations of
the time interval d7 = dt between any two events, the
integral of d7 is independent of the way we take this
integral between the events (the path of integration).
If F;#0 but A;p =0, it is impossible to synchronize
all the clocks simultaneously, but the synchronization
itself can be realized because of the proportionality
dT = ,/goo dt there. If A;, # 0, the synchronization is
impossible in principle, because the integral of dr =

= /Goo dt + %dmi depends on the path of integ-
ration [42, 43].

Synchronous reference frames, because of their simpli-
city and associated simple calculations, are of broad utility
in the General Theory of Relativity. In particular, they are
used in relativistic cosmology and the gravitational wave
problem. For instance, the well-known metric of weak plane
gravitational waves takes the form [14, 15]

ds? = c2dt? — (dz')? — (1 — a)(dz?)? +

5.7
+2bdz?dz® — (1 + a)(dz?)?, (5.7

where a =a(ct +zt), b=>(ct + ). So in this metric there
is no gravitational potential (w=0) as soon as there is no
space rotation (v; =0). The condition w=0 prohibits the
ultimate transit to Newton’s theory of gravity. For this reason
we arrive at an important conclusion:

Weak plane gravitational waves are derived from
sources other than gravitational fields of masses™.

An analogous situation arises in relativistic cosmology,
where, until now, the main part is played by the theory of a
homogeneous isotropic universe. Foundations of this theory
are built on the metric of a homogeneous isotropic space [42]

ds? = ?dt? —
e (@B (A2 (42
[1 + % [(dm1)2 + (dz?)? + (dm?’)zﬂ

20 (5.8)

R=R(t), k=0,=+1.

When one substitutes this metric into the Einstein equa-
tions taken with a specific value of the cosmological constant

*See §7 and §8 below for detailed calculations for the effect due to
weak plane gravitational waves in solid-body detectors of the Weber kind
(the Weber pigs) and also in antennae built on free masses.

(A=0, A <0, A > 0), he obtains a spectra of solutions, which
are known as Friedmann's cosmological models [42].
Taking our previous conclusion on the origin of weak

plane gravitational waves into account, we come to a new
and important conclusion:

No gravitational fields derived from masses exist in

any Friedmann universe. Moreover, any Friedmann

universe is free of space rotations.

Currently there is no indubitable observational data sup-
porting the absolute rotation of the Universe. This problem
has been under considerable discussion between astronomers
and physicists over last decade, and remains open. Rotations
of bulk space bodies like planets, stars, and galaxies are
beyond any doubt, but these rotations do not imply the
absolute rotation of the whole Universe, including the ab-
solute rotation of its gravitational field if one will describe it
by the Friedmann models.

Looking back at the question of whether or not gravita-
tional inertial waves exist, or whether or not non-stationary
states of the wave functions X%, YWk Z%l exist, we
conclude that non-stationary states of the quantities are de-
rived from:

1. A vortical nature of the field of the acting gravitational
inertial force Fj;

2. Non-stationary states of the spatial components g of
the fundamental metric tensor gog.

In the first case, the effect of gravitational inertial waves
manifests as non-stationary corrections to the observer’s time
flow.

In the second case, the observer’s time flow remains
unchanged, but gravitational waves are waves of only the
space deformation. Such pure deformation waves will de-
form a detector itself, so one simply waits for a gravitational
wave to cause a resonance effect in a solid-body detector of
the Weber kind [16]. Whether this conclusion is true or false
will be considered in §7 and §8. Here we consider only the
general theory of gravitational inertial waves and its relation
to the invariant theory of gravitational waves.

As we showed above, those gravitational fields that sat-
isfy the Zelmanov invariant criterion (3.9) also satisfy the
Zelmanov chr.inv.-criterion (5.3), where the wave functions f
are the Riemann-Christoffel tensor’s observable components
X4, Y4k 7kl As it was shown in the previous paragraph,
“empty gravitational fields” (we mean gravitational fields
permeating empty spaces, where no mass islands of matter
exist) that satisfy the Zelmanov invariant criterion (3.9) are
related to the 2nd kind (the sub-kind N) by Petrov’s classifi-
cation. Therefore it is appropriate to specify the algebraical
kinds of the Riemann-Christoffel tensor in terms of physic-
ally observable quantities (chronometric invariants).

The whole problem of representing Petrov’s classification
in chronometrically invariant form has been solved in [66].
This solution, obtained Petrov in general covariant form [37],
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was obtained for an ortho-frame, taken at an arbitrary fixed zn 0 O
point of the space. z=| 0 z22 0 |,
Chr.inv.-components of the Riemann-Christoffel curva- 0 0 33 (5.17)
ture tensor have the properties yii O 0 :
Xij=Xji, Xg=-k, y=| 0 w2 O,
(59) 0 0 Y33
Yiju =0,  Yije =Y.
where
Equations (4.16), (4.17), (4.18) in an ortho-frame are
Ti1+To2 + T3z = —K, Y1 +Y2+yss=0. (518)
Xij = —¢*Roioj ,
Yiix = —cRoix (5.10) Using (5.11) we also express values of the stationary
7k — 5k .

2
Zikl; = ¢ R -

When we write equations R,g = Kgqg in the orth-frame,
we take the relationships (5.10) into account. Then, intro-
ducing three-dimensional matrices = and y such that

T = ||zl = ——= [ Xkl
¢ (5.11)

Y= llyinll = =5 leamnY ™"

where €;my, 1 the three-dimensional discriminant tensor, we
represent the six-dimensional matrix Rgp as follows

|Rab|:‘ y , a,b=1,2,...6,
y —z

(5.12)

satisfying the relations

Ty + Toz + T3z = —K, Y11 + Y22 +yz3 = 0. (5.13)

Now, let us compose a lambda-matrix

z+ Ae Y

v oo | (619

|«Rab—-Agau-]

where € is the three-dimensional unit matrix. Then, after
transformations, we reduce this lambda-matrix to the form
z+iy+Ae 0 B H Q)

0 —z—1y—Ae (5.15)

o]
QM) ||

The initial lambda-matrix can have one of the following
characteristics:

() [LLII; @ 21,21k @) 3,3

Then, using Petrov’s had obtained the canonical form of
the matrix || Rqp|| in the non-holonomic ortho-frame for each
of the three kinds of the curvature tensor [37], we express
the matrix || Rgp|| through components of the chr.inv.-tensors
X;; and Y;; [66]. We obtain

(5.16)

The 1st Kind

T Yy

1Fasll = | 5 2,

)
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curvatures A; (z=1,2,3) through the Riemann-Christoffel
tensor’s physically observable components

1

A= —2Xut Y123,
l

Ay = 2 X2t Yz31 , (5.19)
1 1

As = o) X3z + - c Y312

Thus, the components X are included in the real parts
of the stationary curvatures A;, and components Y;;r are
included in the imaginary parts. In spaces of the sub-kind D
(Az = A3) we have: Xoo = X33, Ya31 = Y312. In spaces ofthe
sub-kind O (Al —A2 —A3) we have: .X11 —ng —.X33 =— 3 5
Y123 =Y231 =Y312. Hence Einstein spaces of the sub-kind O
have only real curvatures, while being empty they are flat.

For the 2nd kind we have

The 2nd Kind

_||z ¥
LR B
T11 0 0
T = 0 zo+1 0 , (5.20)
0 0 11?33—1
yu 0 O
y=| 0 w22 1 |,
0 1 yx
where
Ti1 + To2 +T33 = —K,
(5.21)
Toz — T33 = 2, Y11 +2y22 = 0.
The stationary curvatures are
1
A = 2X11+ Y123,
1 )
Ay = 7X22 —1+- e Yoa1, (5.22)
)
c c
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From this we conclude that values of the stationary curv-
atures Ao and A3 can never become zero, so Einstein spaces
(gravitational fields) of the 2nd kind are curved in any case
— they cannot approach Minkowski flat space.

In spaces of the sub-kind N (A; = A,) in an ortho-frame
the relations are true

X11 = Xo2 — % = X33 + 2,
(5.23)
Y193 = Ya31 = Y312 =0,

so the stationary curvatures are real. In an empty space
the matrices z and y become degenerate (its determinant
becomes zero). For this reason spaces of the sub-kind N are
degenerate, and, respectively, gravitational fields in spaces
of the sub-kind N are known as gravitational fields of the
2nd degenerate kind by Petrov's classification. In emptiness
(k=0) some elements of the matrices z and y take the
numerical values +1 and —1 thereby making an ultimate
transition to the Minkowski flat space impossible.
For the 3rd kind we have

The 3rd Kind

_|T ¥
Ral=| 5 2
01 0
z—11 0 o (5.24)
0 0 O
0 O 0
y=0o 0o -1
0 -1 0

Here the stationary curvatures are zero and both of the
matrices £ and y are degenerate. Einstein spaces of the 3rd
kind can only be empty (x =0), but, at the same time, they
can never be flat.

From the equations deduced for the canonical form of
the matrix || Rgpl|, we conclude: Y;;, =0 can be true only in
gravitational fields of the 1st kind, which are derived from
island masses of matter in emptiness or vacuum. Therefore
we conclude that those gravitational fields where Y, =0
is true in the observer’s accompanying reference frame can
only be of the 1st kind, having stationary curvatures which
are real.

Furthermore, in accordance with most of the criteria, the
presence of gravitational waves is linked to spaces of the
2nd (N) kind and the 3rd kind, where the matrix y;z has
components equal to +1 or —1. Moreover, in fields of the
2nd (N) and 3rd kinds the values +1 or —1 are attributed
also to components of the matrix z. This implies that:

Those spaces which contain gravitational fields, satis-

fying the invariant criteria for gravitational waves,
are curved independently of whether or not they are

empty (Top = 0) or filled with matter (in such spaces
Toap = gap)- In any case, gravitational radiations are
derived from interaction between two observable
components X;;, Y;;x of the Rimeann-Christoffel cur-
vature tensor.

The classification of gravitational fields built here applies
only to Einstein spaces, because solving this problem for
spaces of general kind, where T, # kg3, Would be very
difficult, for mathematical reasons. Considering the details of
these difficulties, we see that, having an arbitrary distribution
of matter in a space, the matrix || Rqp||, taken in a non-
holonomic ortho-frame, is not symmetrically doubled; on
the contrary, the matrix takes the form

T Yy

2l (5.25)

| Bas —\

where the three-dimensional matrices z, y, z are built on the
following elements, respectively*

1
Tk =~ 3 Xik s
Zik = 672 6imn5kpqzmnpqa (5'26)
Yik = 2 oY
4 % imnd k..

and y’ implies transposition. It is evident that reduction of
this matrix to its canonical form is a very difficult problem.

Nevertheless Petrov’s classification permits us to con-
clude:

The physically observable components X* and Y%
of the Riemann-Christoffel curvature tensor are differ-
ent in their physical origin®. Metrics can exist where
Y% =0 but X% #£0 and Z**9 £ 0. Such spaces are
of the 1st kind by Petrov’s classification; they have
real stationary curvatures. Such spaces do not satisfy
the invariant criteria for gravitational waves. Thus no
wave fields of gravity exist in spaces where Y% =0
but X% #£0 and Z**Y £ 0.
And further:

In solutions of the Einstein equations there are no
metrics where Y% £ 0 but X% =0 and Z** =0.
Thus in wave fields of gravity Y% £0 and X™ #0
(and as well Z**Y =£0: see the footnote) everywhere
and always.

*In ortho-frames there is no difference between upper and lower

indices (see [37]). For this reason we can write z;, = c% €imn€kpgdmnpq

and y;x = i Eimn Ykmn instead of z;x = c% EimnEkpgZ " P? and

Yik = i €imnY """ in formula (3.26). This note relates to all formulae

written in an ortho-frame. We met a similar case in formula (5.11),

where we can also write y= ||yik|| = —i || €imnYimn|| instead of
— 1 .

TWe do not mention the third observable component Z**¥ | because in

an ortho-frame the matrices x and z are connected by the equation z = —=z.
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We will show that in Einstein spaces filled with gravi-
tational fields where the Riemann-Christoffel tensor’s ob-
servable components X%, Yk Z%U play a part of the
wave functions, the quantity X* is analogous to the electric
component of an electromagnetic field, while Y** is anal-
ogous to its magnetic component. All this will be discussed
in §7.

6 Wave properties of Einstein’s equations

In §2 we have showed that the gravitational field equations
(the Einstein equations) do not contain a general covariant
d’Alembert operator derived from the fundamental metric
tensor gog (Where gog is considered as a “four-dimensional
gravitational potential”’). Nevertheless this problem has been
solved in linear approximation in the case where gravitational
fields are occupy an empty space (Rog =0, “empty gravi-
tational fields”) [14, 15]. In this case a gravitational field
is considered as a tiny addition to a flat space background
described by the Minkowski metric. Thus

(6.1)

where 6,5 are components of the fundamental metric tensor
in a Galilean reference frame do5 = {+1,—1,—1,—1}, and
7Yap describes weak corrections for the gravitational fields.
The contravariant fundamental metric tensor g®f to within
the first order approximation of the 45 is

Gap = 504[3 + Yap »

g0 =60 — 4P, (6.2)
so the determinant of the tensor gog is

g=—01+7), v = det || Vagll - (6.3)

The requirement that components of the “additional”
metric 7,3 must be infinitesimal fixes a prime reference
frame. If this requirement is true in a reference frame, it will
also be true after transformations

% = 2% 4 €7, (6.4)

where £¢ are infinitesimal quantities £ < 1. Then we have

afa 6&3

Because of (6.1), we impose an additional requirement
on the tensor Yqg; this requirement is [15]

oy
BzB =0

[e3 o 1 (o3
Y53 =5 — 5%’7- (6.6)

Taking (6.6) into account, the Ricci tensor takes the form

1
Raﬁ = §D7aﬁ; (67)
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where 5 52
1
O= af = —— —A
9 5z26z8 ~ 2 ot ’ (6.8)
82 5? 82 '
= Bg12 + Oz22 + 0z32 "’

Here O is the d’Alembert operator, A is the Laplace
operator. The calibrating requirements (6.6) are true in any
metric o5 only if the quantities £€* are solutions of the
equation

O¢* =0. (6.9)
In [15] the requirement
O,z =0 (6.10)

was imposed on the quantities y,g, which is interpreted as
the equation of weak gravitational waves in emptiness — this
formula (6.10) is a standard wave equation that describes a
wave of the tensor field 7., traveling at the velocity c in
emptiness.

One usually considers the equation (6.10) as the basis
for the claim that the General Theory of Relativity predicts
gravitational waves, which travel at the speed of light.

If we have a weak plane gravitational wave, so the field
has changes along a single spatial direction (the z' axis, for
instance), the formula (6.10) takes the form

10> &
o8 gz )0 =0

and solutions of it can be any function of ct+z!. After
numerous transformations of the function y.g [14, 15] it
obtains that in the field of a weak plane gravitational wave
only the following components are non-zero: yz; = —y33 =a,
v23 =b. Thus, those weak plane gravitational waves that
satisfy the Einstein equations in emptiness are transverse.

Thus if some additional requirements are imposed upon
the Einstein equations in emptiness, the equations describe
weak plane waves of the space deformation, the space metric
of which is [15]

(6.11)

ds? = c2dt? — (dz')? — (1 +a)(dz?)? +

6.12
+ 2bdz%dz® — (1 —a)(dz?)?, (6.12)

where a and b are functions of ct £ z'. The field of gravi-
tation, described by the metric (6.12), is of the sub-kind N by
Petrov’s classification, so it satisfies most of invariant criteria
for gravitational waves.

The metric (6.12) has been written in a synchronous
reference frame, so its space deforms, falls freely, and, at
the same time, has no rotations. Hence, under the given
assumptions, weak plane gravitational waves are waves of
“pure” deformation of the space. This conclusion is the main
reason why experimental physicists, and Weber in particular
[16], expect that gravitational waves will cause a “pure”
deformation effect in detectors.
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Calculations for the interaction between a Weber solid-
body detector and a weak plane gravitational wave field
will be given in §7. Here we continue our argument for the
wave nature of the Einstein equations in strong gravitational
fields in the case where matter is arbitrarily distributed in the
space. This research will be given in the terms of physically
observable quantities for the reason that we will consider
situations derived from different factors, generating gravita-
tional wave fields, not only the space deformation.

The Einstein equations in the case where matter is arbitr-
arily distributed are [42]

*8D , . 1 .
%+DﬂD3’+AﬂA” + (*vj — ZFJ) Fi =
. ¢ (6.13)
=3 (pc +U) + A,

"V; (9D — DY — AY) + SFAY = k], (6.14)

*8D; ) y
atik - (D’LJ + A’L_‘[) (Di + Akj) + DDik —+
i 1, 1
+345A7 + 2 ("ViFs + "ViF) - S FiF— (615)

K
— cQCik = 3 (pczhik-I—ZUik—Uhik) -‘r)\czhik.

Here *V; denotes the chr.inv.-derivative, while the quan-

tities p= 100, i &%, Uk = 2T (from which we

have U = h**Uyy,) are the chr.inv.-components of the energy-
momentum tensor T,z of matter: the physically observable
density p, the physically observable impulse density vector
Jt, and the physically observable stress-tensor U*~.

Zelmanov had deduced [42] that the chr.inv.-spatial cur-
vature tensor Cjgy; is linked to a chrinv.-tensor H;g;,
which is like Schouten’s tensor [67], by the equation

1
Higij = Ciij + 2 (2Aijjz + A A+
+ AjeDii + A Dij + AuDijg)

(6.16)

and contracted tensors Hjp = Hl'i',é,i and Cj, = C’l‘i',j are re-
lated as follows

1 . .
Hy, = Ci, + (AkJDg + AljDi + AMD) . (617)

2
Taking the definition D;x = %% into account, and
Cjy, from (6.17), we reduce (6.15) to the form
1 *82hik
2 ot?
1 1
+ 5(*V1Fk — *VkFi) — C?FiFk — CzHik =

—Di; D} +D(Dygi, — Ai) +2A5,A7 +
(6.18)

= kUix + ARy, .

The quantity H;x, by definition, is

Ly TOAL vepd
Hik:H‘ijk-:?: 61:16] — ax.’]"tk +A’LJA-I7cm_A1kA§m7 (619)
m *8lnvh
where AT = %ﬁ

oz
Taking into account (6.17), (6.19), and also Zelmanov’s
identities (4.6), (4.7) that link F; and A;x, we reduce (6.18)
to the form

*82Invh 2 *0 A
Thy =2———— — 2 (*V,F, -
* ozidzk  c? ( Wk )

4 . i 2D
2 (AyA{ — Dy D) - =z (Dik + Aix) +
+2 (hquZflAik,m + AZ-LA;CM) — (6.20)
om0 (Ohim  "Ohim

dzr \ Ozk ozt

2 U
+K (Phik + szUik - Cthk) + 2X\hik,

where *O is the chr.inv.-d’ Alembert operator, applied here to
the chr.inv.-metric tensor h;x (the observable metric tensor
of the observer’s three-dimensional space)*.
If we equate the right part of (6.20) in zero, the whole eq-
uation becomes a wave equation with respect to h;x, namely
*02p *92 1
*Dhik _ i 0 h'zk _ hjm 6 hzk ]
¢ ot? dzioz™
In this case the spatial components of the Einstein equa-
tions describe gravitational inertial waves of the spatial met-

(6.21)

ric h;i, which travel at the velocity u=c¢ (1 — %) which

depends on the value of the gravitational potential w. This
coincides with the results recently obtained by Rabounski
[48]. If w =0, the waves travel at the velocity of light. The
greater is w the smaller is w. The wave’s velocity u becomes
zero in the extreme case where w = c? which occurs under
collapse, hence under collapse gravitational waves stop —
they become standing gravitational waves.

It is evident from the mathematical viewpoint, that redu-
cing the right side of (6.20) to zero is a very difficult task,
because the whole equation is a system of 6 nonlinear equa-
tions of the 2nd order, in which numerous variables are
linked by relationships (6.13) and (6.14). Systems such as
this cannot be solved analytically in general, but we can
obtain solutions for various specific metrics.

Because experimental physicists. in their search for gravi-
tational waves, propound experimental statements for detect-
ing weak wave fields of gravitation, we are going to study a
linearized form of the equation (6.20).

*Components of the chr.inv.-metric tensor h; satisfy the requirements
*Vihix =*V; hf =*V;h** = 0. For this reason we can apply the chr.inv.-

* 02 X
L5 - h Vit

d’Alembert operator *[(1=
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For (6.20) in emptiness, the linear approximation is*

*92Invh 2 *0Ax

—— — — | *V,F . 6.22
dzridzk 2 ( o ) (6.22)

As a matter of fact, equation (6.22) describes weak plane

gravitational inertial waves without sources, if the wave field
satisfies the obvious chr.inv.-condition

* Q2 * .
) lnﬁ—lz(*vmﬁ aAm).

*Dhik =2

ook ot (6.23)
In other words, the field of the observable metric tensor

h;r is a wave field if there are some relations between
the inhomogeneity of the gravitational inertial force field,
the non-stationary rotation of the space, and the volume
transformations of the space element, taken in the field'. The
condition (6.23) is true for the well-known metric of weak
plane gravitational waves (6.12), because in the metric (6.12)
we have F; =0, Aixr =0, vVh=+/1—a2—b2 ~ 1. Thus:

Weak plane gravitational waves in emptiness are also

weak plane gravitational inertial waves of the spatial

observable metric h;r.

As shown in [41], the metric (6.12) satisfies the Zelmanov
chr.inv.-criterion for gravitational waves, where the wave
functions are the Riemann-Christoffel tensor’s physically
observable components X%, Y% 7kl Hence weak plane
gravitational inertial waves (waves of the space curvature)
can exist in emptiness, because of the Einstein equations. We
have shown above that such wave gravitational fields can also
exist in spaces of the sub-kind N by Petrov’s classification
(such spaces are curved themselves, and matter contributes
only an additional component to the initial curvature). Hence
such fields satisfy most of the known invariant criteria for
gravitational waves.

As we showed above, on page 46, that fields of gravita-
tional radiations cannot exist in spaces of the Ist kind by
Petrov’s classification. In spaces of the 1st kind Y'%7* =0.
Therefore it would be logical to express the Einstein equations
in the physically observable components X%, Y% Zl3 of
the Riemann-Christoffel curvature tensor, aiming to find rela-
tions between the ch.inv.-quantities X%/, Y** Z*lJ and the
physically observable components of the energy-momentum
tensor Tog of distributed matter (p, J, Uik, see page 48).

In chr.inv.-components the Einstein equations become

Zi* = k(pc® + U) — 2%,
Y =kJ
6.24
Xik — Xhix + 271 = (624
K
=3 (pc®hix + 2Us — Uhir) + AR,

*In obtaining this formula, in the initial equation (6.20), we neglect
products of the chr.inv.-quantities and of their derivatives.

TThe integral of vhdzldz2dz?® is the volume of an element of the
space. Here the differentials dz* themselves and an interval, where values
of the z* change where we take the integral, do not depend on z° [42].
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if matter is distributed arbitrarily. Here X = h**X;; is the
trace (spur) of the tensor Xg.

From here we see that the physical observable com-
ponents of the Riemann-Christoffel tensor have different
physical origins:

1. Quantities X* (and as well Z**'7) are linked to the
mass density p and the stress-tensor Ujx;

2. Quantities Y* are linked to the impulse density J*
of matter.

As we showed above, on page 46, in all the widely known
metrics which satisfy both the invariant criteria and the
chr.inv.-criterion for gravitational waves, we have Y% £ 0,
although X% (and as well Z**17) can be zero. This fact leads
us to a very important conclusion:

Gravitational waves and gravitational inertial waves
are mainly waves of the field of the Y% physically
observable component of the Riemann-Christoffel
curvature tensor’.

But this conclusion does not mean that only waves of the
field Y¥* can be discovered. As we will see in §7, relative
accelerations of test-particles are derived from wave fields
of all three observable components X%, Y7k Z%l3 of the
Riemann-Christoffel tensor. Our conclusion means:

If in a space, filled with a gravitational field, Y*/* =0
is true, the structure of the space itself prohibits the
gravitational field from being a wave.

Contracting (6.26) and taking (6.24) into account, we
obtain
X =2 (U~ pe?) -2 (6.25)
In an empty space where there are no A-fields, the trace
of X and the contracted quantity Z, ™ are zero, as well
as the contracted quantity Y. Thus the chr.inv.-Einstein
equations (6.24) in emptiness take the form$

Z,m* =0, X=0,

yim =0,

(6.26)
Xir + Zka =0,

so, while the quantities X** and Z**Y are connected to one
another, the quantity Y*7* (which, being non-zero, Y'¥/% £ 0,
permits gravitational fields to be a wave) is the independent
observable component of the Riemann-Christoffel tensor.

*Quadrupole mass-detectors, in particular, solid-body detectors (the
Weber pigs) can only register waves of the X* component, not waves
of Y'*7% if its particles are at rest in the initial moment of time (see §7 and
§8 for details). Thus, the Weber experimental statement is false at its base.

§ As a matter of fact, equality to zero of inflected forms of a tensor does
not imply that the tensor quantity itself is zero. Thus, equalities X =0,
Yim =0, Z;Y‘L;’?’?:O do not imply that the quantities X**, Y47k 7kl
themselves are zero. Therefore the chr.inv.-Einstein equations in emptiness
(6.24) permit gravitational waves if, of course, Y'7% £ 0.
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7 Expressing Synge-Weber equation (the world-lines
deviation equation) in the terms of physical observ-
able quantities, and its exact solutions

In the previous paragraphs we focused our attention on
general criteria, which differentiate gravitational wave fields
from other gravitational fields in the General Theory of
Relativity. As a result, we have found the main properties
of gravitational wave fields.

We are now going to introduce a substantial criticism of
the contemporary theoretical foundations of current attempts
to detect gravitational waves by solid-body detectors of the
resonance kind (the Weber pigs) and quadrupole mass de-
tectors in general.

As we showed in the previous paragraphs, only gravita-
tional fields located in spaces where the Riemann-Christoffel
curvature tensor has a specific structure, permit the presence
of gravitational waves. Therefore it would be reasonable
to design experiments by which a physical detector could
register wave changes of the four-dimensional (space-time)
curvature® — the waves of the Riemann-Christoffel curvature
tensor field.

Such a physical detector could be a system of two test-
particles: their relative world-trajectories will necessarily
undergo changes through the action of a wave of the space
curvature. These systems are described by the world-lines
deviation equation — the Synge equation of geodesic devia-
tion (2.8) if these are two free particles, and the Synge-Weber
equation (2.12) if the particles are connected by a force of
non-gravitational nature.

We propose gravitational wave detectors of two possible
kinds. The system of two free particles is known as a detector
built on free masses. In practice such a detector consists of
two freely suspended massive bodies, separated by a suitable
distance. The system of two particles connected by a spring
is known as a quadrupole mass-detector— this is a detector of
the resonance kind, a typical instance of which is the Weber
cylindrical pig.

To understand how a graviational wave would affect
the different types of detectors we need to make specific
calculations for their behaviour in gravitational wave fields.
But before making the calculations, it is required to describe
the behaviour of two test-particles in regular gravitational
fields (of non-wave nature) in the terms of physically ob-
servable quantities (chronometric invariants). This analysis
will show how different kinds of gravitational inertial waves
cause relative deviation (both spatial and time displacements)
of two test-particles.

We will solve this problem first for a system two free

*It is important to note that the expected gravitational waves are waves
of the space-time curvature, not merely of the spatial curvature of the three-
dimensional space. Consequently, waves of the four-dimensional curvature
must produce changes not only in the distance between test-particles in a
detector, but also in the time flow for the particles.

particles as described by the Synge equation (2.8) where the
right side is zero. The problem for spring-connected particles,
described by the Synge-Weber equation (2.12), will be solved
in the same way except that there will be a non-gravitational
force acting, so that the right side of the equation will be
non-zero. Dy
ds?
whole and the quantity R7%_; are derived from components
of the Riemann-Christoffel world-tensor, contracted with
components of the particles’ four-dimensional velocity vector
UP and their relative deviation vector 17, namely — from
the quantity R%, ;U BUdnY. To determine what effect is
introduced by each observable component of the Riemann-
Christoffel tensor into the spatial and time relative displace-
ments, described by the relative displacement world-vector
n%, we consideQr the geodesic deviation equation (2.8), keep-

o
o
expressing it in terms of the Christoffel symbols and their
derivatives.

As well as any general covariant equation, the geodesic
deviation equation (2.8) can be projected onto the observer’s
time line and spatial section (his three-dimensional space) as
given in [42, 43] or on page 40 herein. Denoting

Relative accelerations of free test-particles as a

ing the term as a whole and the quantity R%, 5 without

D27
o e Brré _

let us find equations which are its projection on the time line

My _ 90
v/ 9oo 1/ 9oo

and its projection on the spatial section

(7.1)

1 .
M® = \/goo M° — —vo;M" =0, (T7.2)

M'=0. (7.3)

To find the equations in expanded form we need first
to find the chr.inv.-projections of them, consisting of the
quantities n¢ and U%. Projections of the n* onto the time
line and spatial section are, respectively

7o i i
4/ goo '

other components of the n* are expressed through its phys-
ically observable components ¢ and n; as follows

0 (7.4)

1 k
0_(P+2Ukn

4/ 900

The time and spatial components of the particles’ world-
velocity vector U* are derived from the chr.inv.-definitions
given by the theory of chronometric invariants for the space-
time interval ds and the observable chr.inv.-velocity vector v*

2 .
ds:cdn/l—%, vt =
c

ni = 78’1}1' —nNn;. (75)
c

dzt

2 ik
=h, , (7.6
. v gvv©, (7.6)
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so the required quantities U° and U* are
i

1 .
S P S
V2d’7’ v2
1-- cy/1—-->
C C

A formula for the time function dt/dr is obtained from*

Ul =

dz® dzP
UUP = gop———— =1 7.8
9ap 9ap ds ds ) (7.8)
which can be reduced to the quadratic equation
dt 2 B 20, v dt N
dr 2 (1 _ E) dr
2
. . ¢ (7.9)
+—— (2 VUV — 1) =0,
T
c2
which has two solutions
1 i 1 i
dt = V;v'+1 dt = ;v —1
() —c () — < " (7.10)
dr /, 1w r /, 1w
2 2
c c

The first solution is related to a space where time flows
from past into future (a regular observer’s space), the second
solution is related to a space where time flows from future
into past with respect to a regular observer’s time flow (the
mirror Universe [70, 71]). Taking only the first root, U° takes

the form ) ‘
L xrl
UO _ C2 (ZA% + 1

(7.11)

2ma
Substituting formulae (7.5), (7.7), (7.11) into Ddsz I

+ R%.sU BUdnY =0 (7.1), and expressing the components
of the Riemann-Christoffel tensor R%, 5 in terms of its phys-
ically observable components X W yiuk Zikli we obtain a
formula for the relative spatial oscillations of two free test-
particles
D2n* 1 . 1
o =y (Y v X 2

g nvkv") n™. (7.12)

From this formula we see that:

The relative spatial deviations of two free particles can
be caused by all three observable components of the
Riemann-Christoffel curvature tensor. Moreover, each
of the components acts on the particles in a different
way: (1) the field of X** acts the particles only if
they are at rest with respect to the observer’s space
references, so the field of X ** can move particles only
if they are at rest at the initial moment of time; (2) the
fields of Y'** and Z**'7 can displace the particles with
respect of each to other only if they are in motion
(vt #0) — the effect of Z®*Y is perceptible if the
particles move at speeds close to the velocity of light.

*That is the evident equality.

Thus, with measurement taken by any observer, the phys-
ically observable components of the Riemann-Christoffel
curvature tensor are of 3 different kinds:

1. The component X —of “electric kind”, because it
can displace even resting particles;

2. The component Y'%* — of “magnetic kind”, because it
can displace only moving particles;

3. The component Z**Y of “magnetic relativistic kind”,
because it causes an effect only in particles moving at
relativistic speeds.

Besides the observable spatial component n* of the rel-
ative deviation vector n“ there is also its observable time
component ¢, which indicates the difference between time
flows measured by clocks located at each of the particles.

We then obtain the relative time deviation equation for
two free test-particles

D2n% 1

D2ni
VO g T Vg

ds?

. (7.13)
=~ gOO-R.OIé;y.(sUﬁUé’fl7 + EUiR_ZE;;,gUﬁUé?’]’Y.

Taking (7.10) into account and substituting the formulae
for U°, n°, [./‘Z’ n* into (7.11), thep? expressing R-Oﬁ"'y‘é in
terms of physically observable quantities, we reduce formula
(7.13) to its final form

D2 1

D2 7
— —; n —
ds? c

ds?

V0o
) 1 ) (7.14)
= 5oz {Xik (nl_ka>vk+*yimkvlvknm :
c‘—ve|c c c
Looking at this formula we note one simple thing about
the effect of gravitational waves on the system of two free
particles:
The time observable component of the relative devi-
ation vector for two free particles undergoes oscilla-
tions due only to the X** and Y'*/* observable compo-
nents of the Riemann-Christoffel curvature tensor, not
its Z**"9 component. Moreover, the fields of both the
components X ** and Y% act on the particles only if
they are in motion with respect to the space references.
If the particles are at rest with respect to each other
and the observer (v¢ =0), the fact that the space has
a Riemannian curvature makes no difference to the
time flow measured in the particles.

It should be added that if the particles are in motion
with respect to the space references and the observer, the
effect of X* is both linearly and quadratically dependent
on the speed, whilst the effect of Y** is only quadratically
dependent on the speed.

Thus, there is no complete analogy between the phys-
ically observable components of the Riemann-Christoffel
curvature tensor and Maxwell’s electromagnetic field tensor.
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The components X** can be interpreted “electric” only in
relative spatial displacements of two particles. In relative
time deviations between the particles (the difference between
the time flow measured in the them both) both X** and Y'*/*
act on them depending on the particles’ velocity with respect
to the space references and the observer, so in this case both
X% and Y¥* are of the “magnetic” kind. Therefore the terms
“electric” and “magnetic” are only applicable relative to
observable components of the Riemann-Chrstoffel curvature
tensor. This terminology is strictly true in that case where
the particles have only relative spatial deviations, while the
time flow is the same on the both world lines.

A formula for the observable relative time deviation
p= \/% between two free particles can be obtained from

the requirement that the scalar product U,n® remains un-
changed along geodesic trajectories, so U,n™ = const must
be true along trajectories of free particles. For this reason, if
the vectors U* and n®* are orthogonal, they are orthogonal on
the entire world-trajectory [17]. Formulating the orthogon-
ality condition U,n® = const in terms of physically observ-
able quantities, we introduce some corrections to the results
obtained in [17].

In terms of physically observable quantities the ortho-
gonality condition U,n® = const, because it is actually the
same as Upn® + Uknk = const, reduces to

2

A\
1-—.
(&

»— %nivi = const X (7.15)

From this we see that the vectors U% and n< are ortho-
gonal only if v =c?, i.e. U® is isotropic: gag UeUP =o.
So if U%* and n® are orthogonal, we have the deviation
equation for two isotropic geodesics — world-lines of light-
like particles moving at the velocity of light. We defer this
case for the moment and consider only the case of rwo
neighbour non-isotropic geodesics. In the particular case
when two particles are moving on neighbouring geodesics,
and are at rest with respect to the observer and his references
(only the time flow is different in the particles), formula
(7.15) leads to ¢ = const.

This formula verifies our previous conclusion that the
particles have a time deviation only if they are in motion. The
greater their velocity with respect to the space reference and
the observer, the greater the deviation between the time flow
on both world-lines. Thus measurement of time deviations
between two particles in gravitational waves and gravita-
tional inertial waves would be easier in experiments where
the particles move at high speeds. In practice such an exper-
imental statement could be realized using light-like particles
(in particular, photons). A time deviation of two photons in
gravitational wave fields can manifest as changes in the fre-
quencies of two parallel light rays (laser beams, for instance),
while a spatial deviation of the photons can manifest as
changes in the phases of the light rays. Calculations of these

effects will be presented in future article. Here we focus our
attention on particles of non-zero rest-mass mq # 0 (so-called
mass-bearing particles), which are at rest with respect to the
space references and the observer or, alternatively, moving
at sub-light speeds.

In equations (7.10) and (7.12), we kept the second absol-
D277a
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whole, because we were concerned only with the effects in-
troduced by the Riemannian curvatureto the relative spatial

2t 270
D= and relative time acceleration D% of
ds2 ds?
two free test-particles.

But if we wish to obtain solutions to the world}-)l%nes

/’7(1
. ) as?,
and also R in terms of the Christoffel symbols and their
derivatives.

We are now going to obtain solutions to the deviation
equation for geodesic lines (the Synge equation).

Taking the definition

ute derivative of the relative deviation vector n* as a

acceleration

deviation equation, we need to express the quantity

Dn®  dn®
= — 4+ T¢ ntU" 7.16
ds ds e ( )
into account, we obtain
D2 (o d2 (o dr« dn*
T80 gy ogpe ST vy
ds? ds? ds ¥ ds
qU (7.17)
It — = + TR T, n*UvU” = 0.
We write Rf’b';/‘é as
orgs org
o = axi - 83,? + g%, —T9.I%,  (7.18)
ex aus h desi i
press = via the geodesic equations
du«
is :—FZ‘VU“U”, (7.19)
and use the definition
are or«
wv BV rro
= —=U". 7.20
ds o0x° ( )

Using the auxiliary formulae we obtain from (7.17) the
Synge equation (the geodesic lines deviation equation) in its
final form

d2,’7a

ds?

p ore
+ 2rfwdi U¥ + =Lyt = 0.

s Eye (7.21)

This is a differential equation of the 2nd order with
respect to the quantity n°: the equation is a system of
4 differential equations with respect to the quantities 7°
and n* (¢=1,2,3). The variable coefficients I, and their
derivatives must be taken for that gravitational field, whose
waves act on two free test-particles in our experiment. The
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world-quantities U” (v =0, 1, 2, 3) can be found as solutions in the main chr.inv.-from [42]
to the geodesic equations p

qU” d—m - % Fv' + % Dyv'vF =0, (7.24)

v _ T c
— LU =0 (7.22)
d . . y _

only if the particles move with respect to the space references o (mv') + 2m( kT Akl.)Vk —mF*+ (7.25)

and the observer. If the particles are at rest with respect to the
observer and his references, the components of their world-
velocity vector U” are
0 1 i
U Nk U*=0,
and, according to (7.13-7.15), their relative time deviation is
zero, ¢ =0 (the time flow measured on both geodesic lines
is the same).

Current detectors used in the search for gravitational
wave radiations are of such a construction that the particles
therein, which detect the waves, are almost at rest with
respect of each other and the observer. Experimental phys-
icists, following Joseph Weber and his methods, think that
gravitational waves can cause the rest-particles to undergo a
relative displacement. With the current theory of the gravi-
tational wave experiment, the experimental physicists limit
themselves to the expected amplitude and energy of waves
arriving from a proposed source of a gravitational wave field.

However, to set up the gravitational wave experiment
correctly, we need to eliminate all extraneous assumptions
and traditions. We merely need to obtain exact solutions to
the world-lines deviation equation, applied to detectors of
that kind which this experiment uses.

Detectors described by the geodesic lines deviation equa-
tion (the Synge equation), which we consider in this section,
are known as “antennae built on free masses”. We shall
consider such detectors first.

The detectors consist of two freely suspended masses
which are at rest with respect of each other and the observer,
and separated by an appreciable distance. These could be two
mirrors, located in a near-to-Earth orbit, for instance. Each
of the mirrors is fitted with a laser range-finder, so we can
measure the distance between them with high precision.

In order to interpret the possible results of such an exper-
iment, we need to solve the Synge equation (7.21), expressing
its solutions in the terms of physically observable quantities
(chronometric invariants). Following “tradition”, we solve
the Synge equation for particles which are at rest with respect
to each other and the observer’s space references. So we
consider that case where the particles’ observable velocities
are zero (v* =0).

At first, because we are going to obtain solutions to
the Synge equation in chr.inv.-from, we need to know the
physically observable characteristics of the observer’s refer-
ence space through which we express the solutions. We find
the chr.inv.-characteristics from the geodesic equations taken

(7.23)
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+mA v"vF =0,

for each of the particles (because both particles are at rest
with respect to one another, their geodesic equations are
the same). Here m is the particle’s relativistic mass, which,
because in the case we are considering v* =0, reduces to
the rest-mass m = mg. Then the geodesic equations take the
very simple form

dm

— =0 7.26
I , (7.26)

mF*=0, (7.27)

so in this case the chr.inv.-vector of gravitational inertial
force is F* =0: the particles are in free fall. In this case

we can transform coordinates so that gog =0 and 69;” =0

[42]. This implies that the Synge initial equation (7.19) can
be solved correctly only for gravitational fields where the
potential is weak w =0 (i.e. goo =1) and where the space

rotation is stationary gtlk =0. It should be noted that the
metric of weak plane gravitational waves, the only metric
used in the theory of gravitational wave experiments, satisfies
these requirements.

Because ¢ = %mvi (7.15), in the case we are consider-
ing the time observable component ¢ of the relative deviation
vector n® is zero ¢ = 0. For this reason we consider only the
observable spatial component of the Synge equation (7.21).

In the accompanying reference frame (where the observer
accompanies his references), according to the theory of chro-
nometric invariants [42, 43], in the absence of gravitational

fields w =0 and also gravitational inertial forces F; =0, we
.d_1d 70_ 1
have: d U® = 900

1 _ il i ,0__ _ i
S_Cd'r’ —1,U—CV:77— 90177;
N T
—&-c% ka’“): %(D}c + A%). Employing now the formulae

for the Synge equation (7.21) under v* =0, we obtain the
Synge equation in chr.inv.-form*

dzni ) . dnk
2(D; + Af)——=0. 7.28
dr? +2(Dk + 45) dr (7.28)
ity & — 10 4 0 i
The quantity ir ot TV ErS [42, 43] here is
d 0
_— = = 7.29
dr 8t’ (7:29)

*As we mentioned, if the particles are at rest vi= 0, the chr.inv.-time
component of the Synge equation becomes zero.
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so the chr.inv.Synge -equation (7.28) takes its final form

o on*

at? ot

We find the exact solution to the Synge chr.inv.-equation

(7.30) in the field of weak plane gravitational waves™ In the
case we are considering (v* =0) we have

k
=0.

+2(D}, + AL) (7.30)

F; =0, A =0,
22=-Dss =52, =55

Substituting the requirements into the initial equation
(7.30) we obtain a system of three equations

82771

pu— . 2
512 0, (7.32)

8%n%?  0Badn? 0Obon®
oz Taret aer O (%)

8%n®  Badn® 0Obon?
_9egn POy, 34
ot2 ot ot ot ot 0 (7.34)

The solution of (7.32) is

nt = oy + Moyt (7.35)

where 77(10) is the particle’s initial deviation, 1'7(10) is its initial
velocity.
This system can be easy solved in two particular cases
of a linear polarized wave: (1) b=0, and (2) a =0.
In the first case (b =0) we obtain
on? on®
— =C e ° —— =Cye"®
ot 1 ) ot 2 )
where C7 and C, are integration constants. Because values
of a are weak, we can decompose e~ ? into series. Then,
assuming higher order terms infinitesimal, we obtain

(7.36)

on* on®

Assuming also that a falling gravitational wave is mono-
chrome, bearing a constant amplitude A and a frequency w,

w
= Asin— (ct £ z' 7.38
a sin — (ct+2'), (7.38)
we integrate the system (7.37). As a result we obtain
A
n? = C, {t—l—;cos% (ctiwl)} + Dy, (7.39)
n® = C, [t— écosE (ctjzml)] + D, (7.40)
w c ' '

*Where the metric (5.7) is ds? = c?dt? — (dz!)? — (1 — a)(dz?)? +
+2bdz?dz3 — (1 + a)(dz3)2.

where D; and D, are integration constants. Assuming ! =0
at the initial moment of time ¢t =0, we easily express the
integration constants C;, Cs, D;, Dy through the initial
conditions. Finally, we obtain solutions

. A w A .
n? =i, [t+ Zcos (ct+ :cl)} + 1oy = =iy (741)

' A w A
n® = ,,7?0) [t —,cos (ct + :cl)} +'f7?0) - 577(30) , (7.42)

where 77(20 , 77?0) and 77(20), 7'7(30) are the initial numerical values
of the refative deviation 7 and relative velocity 7 of the
particles along the z2 and 3 axes, respectively.

We have now obtained the exact solutions to the Synge
equation (the geodesic lines deviation equation). From the
solutions we see,

If at the initial moment of time £ = 0, two free particles
are at rest with respect to each other and the observer
7'7(20) = 1'7?0) =0, weak plane gravitational waves of the
deformation kind (waves of the Riemannian curva-
ture) cannot force the particles to go into relative
motion. If at the initial moment of time the particles
are in motion, the waves augment the particles’ initial
motion, accelerating them.

Thus our purely mathematical analysis of detectors built on
free masses leads to the final conclusion:

Weak plane gravitational waves of the deformation
kind (the Riemannian curvature’s waves) cannot be
detected by any antenna composed on free masses, if
the masses are at rest with respect to each other and
the observer.

8 Criticism of Weber’s conclusions on the possibility of
detecting gravitational waves by solid-body detectors
of the resonance kind

Historically, the first gravitational wave detector was the qua-
drupole mass-detector built in 1964 by Prof. Joseph Weber
with his students David Zipoy and Robert Forward at Mary-
land University [70]. It was an aluminium cylindrical pig
weighing 1.5 tons, suspended by a steel “thread” in a vacuum
camera. At the point of connection between the pig and the
thread, the pig was covered by a piezoelectric quartz film
linked to a highly sensitive voltmeter. Weber expected that
a falling gravitational wave should make relative displace-
ments of the butt-ends of the cylindrical pig — extension or
compression of the pig. In other words, they expected that
falling gravitational waves will deform the pig, necessarily
causing a piezoelectric effect in it. Modified by Sinsky [71],
the first detector gave a possibility of registering a 10~ 1%cm
relative displacement of its butt-ends.

Later, Weber built a system of two pigs. That system
worked through the principle of coincident frequencies of
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the signals registered in both pigs. The pigs had a relax-
ation time about 30 sec, were tuned for the frequency 10%rps,
and were separated by 2km. In 1967 Weber and his team
registered coincident signals (to a precision within 0.2 sec)
which appeared about once a month [1]. The registered
relative displacements of the butt-ends in the pigs were
~3x107%cm. Weber supposed that the origin of the observed
signals were gravitational wave radiations.

Weber subsequently even used 6 pigs, one of which was
located at Argonne National Laboratory (Illinois), the other
5 pigs located in his laboratory at Maryland University.
The distance between the laboratories wss about 1000 km.
The detectors were tuned for 1660 Hz — the frequency of
supposed gravitational radiations excited from collapsing su-
pernovae. During several months of observations, numerous
coincident signals were registered [72]. A second cycle of
the observations gave the same positive result [73]. Weber
interpreted the registered signals as proof that strong gravi-
tational radiations exist in the Galaxy. A peculiarity of those
experiments was that the pigs located both in Illinois and
Maryland were isolated as much as possible from external
electromagnetic and seismic influences.

After Weber’s pioneering experiments, experimental
physicists built many similar detectors, much more sensitive
than those of Weber. However, in contrast to those of Weber,
not one of them registered any signals.

Therefore, using the world-lines deviation theory de-
veloped here in the terms of physically observable quantities,
we are going to:

(1) investigate what in principle can be registered by a
solid-body detector (a Weber pig) and

(2) compare our conclusion with that explanation given by
Weber himself for his observed signals.

From the theoretical viewpoint we can conceive of a
solid-body cylindrical detector as consisting of two test-
particles, connected by a spring [16]. It is supposed that
the system falls freely. It is also supposed that at the initial
moment of time, when we start our measurements, the par-
ticles are at rest with respect to us (the observers) and each
other. This is the standard problem statement, not only of
Weber [16] or ourselves, but also of any other theoretical
physicist.

The behaviour of two neighbouring particles in their
motion along their neighbouring world-lines is described
by the world-lines deviation equation. If the particles are
not free, but connected by a non-gravitational force ®¢
(a spring, for instgnce), the Synge-Weber equation (2.12)

D2n~ o
T+ Fe U0 = o S
This is an inhomogeneous differential equation of the 2nd
order with respect to the relative deviation vector n* of the
particles. In order to solve the world-lines deviation equation
2
]:3132 and Dd?/

applies, namely

“dv in expanded form.

we need to write
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Because both terms contain the Christoffel symbols I';,,
it would be reasonable to express the components of the
Riemann-Christoffel tensor R%, ;5 in terms of the I'j, and
their derivatives: in collecting similar terms some of them
will cancel out (the same situation arose when we made the

same calculations for the geodesic lines deviation equation).

Using formulae (7.17) and (7.18), and the quantity (ciisﬂ
from the world-line equation of a particle moved by a non-

gravitational force ¢ (2.11), we obtain

ave o
=I5 UU’ . 8.1
ds i + moc? (8.1)
Expanding the formula for D dq;/a dv
D@O( @O( v
o= gy i re 6u0% 4 _

dv v H v

(8.2)
0%~

= g 1+ TR
and substituting this into the world-lines deviation equation
in its initial form (2.12), takeing into account that (8.1) and
(8.2), we obtain

d*n* dnt or'gs
—— qore T UY 4+ L2 yPytyY =
ds? t el ds + oz 7
| aae (8.3)
- moc? 6z°

This is the final form of the world-lines deviation equation for
two test-particles connected by a spring. The quantities n®

and U® are connected by (2.13): %(Uano‘) = d,n*.
0

In a gravitational wave detector like Weber’s, the cy-
lindrical pig is isolated as much as possible from external
influences of thermal, electromagnetic, seismic and another
origins. To minimise external influences, experimental physi-
cists place the detectors in mines located deep inside mount-
ains or otherwise deep beneath the terrestrial surface, and
cool the pigs to 2 K. Therefore particles of matter in the
butt-ends and the pig in general, can be assumed at rest with
respect to one another and to the observer.

Following Weber, experimental physicists expect that a
falling gravitational wave will deform the pig, displacing its
butt-ends with respect to each other. Relative displacements
of the butt-ends of a pig are supposed to result in a piezo-
electric effect which can be registered by a piezo-detector. In
other words, experimental physicists expect that oscillations
of the acting gravitational wave field give rise to a force in the
world-lines deviation equation (the Synge-Weber equation),
thereby displaceing the test-particles which were at rest at the
initial moment of time. Oscillations of the acting gravitational
wave field force the butt-ends of the pig to oscillate. As
soon as the frequency of the pig’s oscillations coincides
with the falling wave’s frequency, the amplitude of the pig’s
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oscillations will increase significantly because of resonance,
so the amplitude becomes measurable. Therefore the Weber
detectors are said to be of the resonance kind.

Before ratifying the aforesaid conclusions it would be
reasonable to study the world-lines deviation equation for
two interacting test-particles that model a Weber pig, because
this equation is the theoretical basis of all experimental
attempts to register gravitational waves made by Weber and
his followers during more than 30 years.

We will study this equation, proceeding from its form
(8.3), because formula (8.3) gives a possibility of obtaining
exact solutions to the relative deviation vector 7%; not the
initial equation (2.12). Following analysis of the solutions
we will come to a conclusion as to what effect a falling
gravitational wave has on the detector™.

When we need to give a theoretical interpretation of
experimental results, it is very important to analyse the results
in the terms of physically observable quantities because such
quantities can be registered in practice. For this reason we
will study the behaviour of the Weber model (the system
of two particles, connected by a non-gravitational force) in
the terms of physically observable quantities (chronometric
invariants) as we did in §7 when we solved a similar problem
for the system of two free particles.

In detail, our task here is to consider commonly the
world-lines equation (2.11) and the world-lines deviation
equation (8.3), both written in chr.inv.-form. Note that the

. . .8 o 1
relationship (2.13), that is Bs(U"‘n )= p—c"

the exact solution for the quantity ¢. The ¢ is the chr.inv.-
time component of the relative deviation world-vector n®
with respect to which the world-lines deviation equation (8.3)
is written. For this reason there is no need here to solve the
chr.inv.-time projection of the world-lines deviation equation
(8.3). We solve instead the relationship (2.13).

The world-lines equation (2.11) in chr.inv.-form is

$,n%, gives

dm m &

o
v+ DDy =2, 8.4
i + BV'V - (8.4)

dd (mv* )+2m(D1—|—Ak VWE—mF + AL, vEv"=f", (8.5)

where 0 = and fi=
4ﬁ fr=

prevailing non-gravitational force ®%. In the case of the
Weber model where the particles are at rest with respect to
the observer (v* =0), the chr.inv.-equations (8.4) and (8.5)
become

= &* are chr.inv.-components of the

c=0,
moF® = —f*.

(8.6)
(8.7)
The condition ¢ =0 comes from the fact that, when

a particle is at rest its relativistic mass becomes the rest-
mass m =mg. Thus resting particles are under the action

*It is evident that equation (8.3) can be solved also for other forcing
fields, which can be of a non-wave origin.

of only the spatial observable components f* of the non-
gravitational force %, so that the f* are of the same value
as the acting gravitational inertial force F*, but acts in the
opposite direction. Looking at definition (4.1), given by the
theory of physical observable quantities for the gravitational
inertial force F'*, we see that in this case the non-gravitational
force f* acts on a resting particle only if at least one of the
following factor holds:

ow )
oz? 70;
2. Non-stationarity of the vector of the space rotation

linear Velocity sz #0.

If neither factor holds, F*=0 and hence f* =0, in which
case both interacting particles, which are at rest with respect
to each other and the observer, behaviour like free particles:
their connecting force $* does not manifest. Looking at the
well-known metric (5.7) that describes weak plane gravita-
tional waves, we see there that F* =0, A;z =0 and hence
v; = 0. Therefore:

1. Inhomogeneity of the gravitational potential

Weak plane gravitational waves described by the met-
ric (5.7) cannot be registered by a solid-body detect-
or of the resonance kind (a Weber detector).

Writing the relationship (2.13) in chr.inv.-form, we obtain

d ([¢—inv') o fint
" T = , (8.8)
1— Ve mc
c2

where again, ¢ = \/7707 and n* =n® are chr.inv.-components

goo
of the relative deviation world-vector n®.

From this we see that the angle between the vectors U,
and 7 is a variable depending on many factors, including
the velocity v* of the particles. At speeds close to that of
light c, the angle increases. At v =c formula (8.8) becomes
senseless: the denominator on the left side becomes zero.

If both particles are at rest, formula (8.8) becomes

dp  fin* Fn'

= = 8.9
dr moc c ’ (8.9)

so that in the case of interacting rest-particles, in contrast to
free ones, there is the time observable component ¢ of the
relative deviation vector n®. This implies that there are not
only relative spatial displacements of the particles, but also a
deviation between measurements of time made by the clocks
of both particles. The “time deviation” ¢ can be found by
integrating (8.9). We obtain
1 i

p = E/Fin + const, (8.10)
so the value of the “time deviation” ¢ increases with time.
It Note that 57?:0 only if the vector F* (and hence, in

this case, also f*) is orthogonal to the vector n?, so that

T __ 1 T
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The integral (8.10) is the solution to the chr.inv.-time
component of the world-lines deviation equation (8.3). This
solution for ¢ itself, being a chronometric invariant, is a
physically observable quantity.

We are now going to obtain solutions to the remaining
three chr.inv.-equations with respect to n<:

1 d?n* 1dn° 1 dn
2T, U° + 21, U°+
c2 dr? +2 cdr + Oc dr
aF oIt 8% (8.11)
1
00 0770 O 00 0770 k o
U°uy U°uy —
* 520 * Bzk moc? 8z° |

— the chr.inv.-spatial components of the world-lines deviation
equation (8.3), in the case of two rest-particles ds = cdt.

In the left side of (8.11) we substitute the formulae for
the quantities T3, I'y,, U°, 7°, given on page 53, and also
derivatives of the quantities. Then we transform the right part
of (8.11) as follows

o _ 0f
©9z0

0%

ofi
oz

ozk

*af’L
E_ ¥
T c ot * o2k

*afz

e, (812)

where we use the definitions of the chr.inv.—derivative oper-

L1 0 o _ 8 ,1,*
ators (see page 40): Bt~ \/goo OF and 32 Dy + Vigs-
The initial equation (8.11) becomes
d?nt dnk 2dp . 2 _

2 A — T @ kF’Li
d2+( Jrk)d cdr +02 kT (8.13)
_@TOF COF' . 1 (p'0f "OF' \

c Ot ozk mo\c Ot Ozk

Owing to the particular conditions (8.7) and (8.9), derived
from the requirement that the particles are at rest (v* =0),
formula (8.13) becomes much more simple

dnt
dr

d2

dr? =0

+2(Dy+Ax) (8.14)
which is the final form for the chr.inv.-spatial deviation eq-
uation for two rest-particles, connected by a non-gravitational
force.

Equation (8.14) is like the chr.inv.-spatial deviation equa-
tion for two free rest-particles (7.30) — the chr.inv.-spatial

part of the Synge general covariant equation The difference

d F 6t,while (7.30)
This difference is derived from the fact that
(7.30) is applicable to gravitational fields where F; =0, the
9 _ o while (8.14)
describes the relative deviation of two particles located in
gravitational fields where F; #0.

The required condition F; # 0 implies:

is that (8.14) contains derivatives

contains Q.

potential w is neglected and hence

1. In this region the gravitational potential is w0, hence,
because the interval of physical observable time is

L. Borissova. Gravitational Waves and Gravitational Inertial Waves:

dr = ( 1
at different points inside the region. In particular, if
v; =0, synchronization of clocks located at different
points cannot be conserved. In the more general case

where v; # 0, clocks located at different points cannot
be synchronized [42, 43];*

2. If the gravitational inertial force field F* is vortical,

% 0

Let us get back to the chr.inv.-spatial equation for two
particles connected by a non-gravitational force (8.14). There
are quantities D;, and A;g, so relative accelerations of the
particles can be derived from both the space deformations
and rotation. In this problem statement, w implies that the
gravitational potential of a distant source of gravitational
radiations. So in a gravitational wave experiment we should
specify the acting gravitational field as weak ﬂz ~ 0, hence in

%) dt— c% v;dz?, the time flow differences

the space rotation is non-stationary

the experiment the chr.inv.-gravitational inertial force vector

, L Ow _Ov; _ 08
F; (4.1) becomes Now ot =5

We solve equatlon (8.14) in two cases, aimlng t0 find
what kind of gravitational field fluctuations were registered
by Weber and his colleagues.

. There are as well d

First case: A;x =0, D;x #0.
In this case equation (8.14), with zv—g ~ 0, is the same as the

chr.inv.-world-lines deviation equation for two free particles
(7.30). As it was shown in §7, with solutions of equation
(7.30) considered, a gravitational wave can affect the system
of two free particles only if the particles are in motion at the
initial moment of time. In that case a gravitational wave can
only augment the initial motion of the particles. If they are at
rest gravitational waves can have no effect on the particles.

*To realize the condition w # 0 it is not necessary to have a wave
gravitational field. In particular, w # O is true even in stationary gravitational
fields derived from island masses (like Schwarzschild’s metric). Moreover,
the phenomenon of different time flow in the Earth gravitational field is
well-known from experimental tests of the General Theory of Relativity:
a standard clock, located on the terrestrial surface, shows time which is
~10~9sec different from time measured by the same standard clock, located
in a balloon a few kilometers above the terrestrial surface (the difference
increases with the duration of the experiment). But such corrections of time
are not linked to the presence of gravitational waves.

There time corrections can also be registered, the origin of which are
wave changes of the gravitational potential w. They can be interpreted as
waves of the gravitational inertial force field F’*. In this case corrections to
standard clocks, located at different points, should bear a relation to wave
changes of w.

The presence of the space rotation v; # 0 changes the time flow as well.
Experiments, where a standard clock was moved by a jet plane around the
world [49, 50, 51, 52], showed differential time flow with respect to the
same standard clock located at rest at the air force base. Such difference
of measured time, called the desynchronization correction, depends on
the flight direction — with or opposite to Earth’s rotation. Although such
corrections are derived from the Earth rotation (the reference space rotation),
in the “background” of such corrections there could also be registered
additional tiny corrections derived from the rapid stationary rotation field of
a massive space body, located far from the Earth.

A Theory and Experiments 57



Volume 2

PROGRESS IN PHYSICS

July, 2005

When A;i =0 the chr.inv.-world-lines deviation equation
(8.14), describing a Weber detector, coincides with equation
(7.30), and we conclude:

A Weber detector (a solid-body detector of the reson-
ance kind) will have no response to a falling gravita-
tional wave of the pure deformation kind, if the par-
ticles of which the detector is composed are at rest
at the initial moment of measurements (the situation
assumed in the Weber experiment).

Second case: D;;, =0, A;x #0.

We assume that the space rotation has a constant angular
velocity w around the a: axis, while the linear velocity of
this rotation is v* = w;*z* < c. For the background metric,
following the class1cal approach [14, 15], we use the Min-
kowski line element, where the gravitational waves are super-
imposed as tiny corrections to it. Then the components of v*

are

1 2 2

v = —wz?, =0, (8.15)

and the space metric in its expanded form is
ds? = 2dt? + 2w (z?dz! — z'dz?)dt -

— (dz')? — (dz?)? — (dz (8.16)

3)2,
This metric describes the four-dimensional space of a
uniformly rotating reference frame, whose rotational linear

velocity is negligible with respect to c.

Components of the tensor A are
At =w)l = —w, Af=w?=w, AP=0. (817)

Substituting (8.17) into the chr.inv.-world-lines deviation
equation (8.14) we obtain a system of deviation equations

827’]1 87)2

627’]2 67]1

5z t2wa =0, (8.19)
32773

which commonly describe behaviour of two neighboring rest-
particles in a uniformly rotating reference frame.
Equation (8.20) can be integrated immediately

n° =gy + Moyt (8.21)

where 77?0) and 7'7?0) are the initial values of the relative
displacement and velocity of the particles along the =3 axis.
In integrating equations (8 19) and (8.20), we introduce
ont _

on?
the notation v =z and 8 7

z—2wy=0
y+2wz =0 .

=y. Then we have

(8.22)

We differentiate the first equation with respect to ¢

Z=2wy (8.23)

and substitute ¥ =%/2w into the second one. We obtain a
harmonic oscillation equation

& +4w’z =0, (8.24)

with respect to the relative velocity = 68 n of the particles.

The solution to (8.24) is
ant

= —— = (7 cos 2wt + Cysin 2wt ,

o (8.25)

where C; and C; are integration constants, which can be
obtained from the initial conditions. Thus we obtain

8171_(8771> cos2wt—|—1<82 l) sin 2wt , (8.26)
ot ot ) o 02 ) o)

where terms marked with zero are the initial values of the
relative velocity and acceleration of the particles. Integrating
(8.26), we obtain

1_ (0)

sin 2wt — cos 2wt + By,
w 4w

i
(o)

5 (8.27)
where B; is an integration constant. Obtaining B; from the

initial conditions, we obtain the final formula for 7!

( )

(0) sin 2wt —
2 4w?

) cos 2wt + gy + (0). (8.28)

In the same fashion we obtain a formula for n?
22

n
= —~sin 2wt — ()

4w?

By the exact solutions (8.21), (8.28), (8.29), obtained
for the world-lines deviation equation taken in chr.inv.-form
(8.14), it follows that:

Stationary rotations of the space cannot force two
neighbouring particles to initiate relative motion, if
they are at rest at the initial moment of time.

) cos 2wt + gy + (0). (8.29)

In common with the result obtained in §7, where we
discussed gravitational wave detectors built on free masses,
we arrive at a final conclusion for the possibilities of gravita-
tional wave detectors:

Behaviour of both a gravitational wave detector built
on free masses and a sold-body detector (a Weber
pig) are similar. The only difference is that a solid-
body detector can register both the time observable
component and spatial observable components of the
relative deviation vector, while a free-mass detector
can register only spatial observable deviations. De-
formations and stationary rotation of the space do not
affect detectors of either kind.
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Thus neither deformations nor stationary rotation of the
space can not induce relative motion in the butt-ends of a
Weber detector, if they are at rest. However Weber and his
teamregistered signals. The question therefore arises:

What signals did Weber register, and why, during the
past 30 years, have his signals remained undetected
by other researchers using superior detectors of the
Weber kind?

We assume that the signals registered by Weber and
his team, were much more than noise, and beyond doubt.
Therefore, according to our theoretical analysis of the beha-
viour of solid-body detectors in weak gravitational waves,
we make the following suppositions:

1. Weber registered signals which were an effect made in
the pig by a vortex of the gravitational inertial force
field. In other words, the origin of the signals could be
rapid non-stationary rotation of a distant object in the
depths of space;

2. The particles of the aluminium cylindrical pig, used by
Weber, had substantial thermal motions. In this case
parametric oscillations could appear as an effect of a
falling gravitational wave. But in order to get such
a real effect, the “background thermal oscillations”
should be substantial;

3. The signals were registered only by Weber and his
team. Not one signal has been registered by other
experimental physicist during the subsequent 30 years,
using superior detectors of the Weber kind. Either
Weber registered gravitational waves derived from a
non-stationary rotating object in the Universe, which
occurred as a unique and short-lived phenomenon, or
his original detector had a substantial peculiarity that
made it differ in principle from the detectors used by
other scientists.

We consider Weber’s theory, aiming to ascertain what he
registered with his solid-body detector.

9 Criticism of Weber’s theory of detecting gravitational
waves

In his book in 1960 [16], Weber propounded his theoretical
arguments for the detection of gravitational waves by means
of a solid-body detector of the resonance kind. He built
his theory on the world-lines deviation equation for two
particles, connected by a non-gravitational force (a spring, for
instance). This is equation (2.12), being a modification of the
well-known deviation equation for two free particles deduced
by Synge (2.8), is known as the Synge-Weber equation. We
considered both equations in detail above.

There is no doubt that the Synge-Weber equation is valid.
Our main claim here is that Weber himself, in his analysis
of the equation in order to build the theory for detecting
gravitational waves, introduced a substantial assumption:

L. Borissova. Gravitational Waves and Gravitational Inertial Waves

Weber’s assumption 1 A falling gravitational wave should
produce relative displacements of the butt-ends of a
cylindrical pig.

So he obtained the same principle that he introduced, pre-

cluding himself from any possibility of obtaining anything

else.

This line of reasoning constitutes a vicious circle. It
would be been more reasonable and honest to have solved the
world-lines deviation equation. Then he would have obtained
exact solutions to the equation as was done in the previous
sections herein.

In detail Weber’s assumption 1 leads to the fact that,
having a system of two test-particles connected by a spring,
the resulting distance vector between them should be [16]

n% =r% 4+ £%, re > €%, (9.1)

where the initial distance vector r* is the such that
Dre
ds
He supposed as well that n® — r in the ultimate case
where the friction rises infinitely or the Riemann-Christoffel
curvature tensor becomes zero R, 5 =0 [16].

Taking the main supposition (9.1) into account, Weber
transforms the Synge-Weber equation (2.12) into

D2€a
ds?

=0. (9.2)

1
™moc2

+ R UPU (17 + ) = —— f%, (9.3)
where f¢ is the difference between non-gravitational forces
of the particles’ interaction. Weber assumes f< the sum of
the elasticity force f¥=—K%£ that restores the particles,

D—EU, where

and the oscillation relaxing force f§'=—cDg
K% and DZ are the elasticity and friction coefficients, re-
spectively. Then (9.3) takes the form
D¢~ 1 D¢e 1
D(X
ds? + moc 7 ds +

= —R%; UPU® (" +¢7) .

’Ca g —
moc? -t (9.4)

Weber introduced additional substantial assumptions:
Weber’s assumption 2 The whole detector is in the state
of free falling;

Weber’s assumption 3 The reference frame in his labor-
atory is such that the Christoffel symbols can be as-
sumed zero.

Because of these assumptions, and the condition |7| > [¢],
Weber writes equation (9.4) as follows

L7 1

d?¢e 1
JR— P _|_
mo dt

dt? +

o K& ¢% = —c2R%,;57r%. (9.5)

Looking at the right side of Weber’s equation (9.5) we
see his fourth hidden assumption:

: A Theory and Experiments 59



Volume 2

PROGRESS IN PHYSICS

July, 2005

Weber’s assumption 4 Particles located on two neighbour-
ing world-lines in the Weber experimental statement
(the butt-ends of his cylindrical pig) are at rest at the
initial moment of time, so U* =0.

In §7, where we considered chr.inv.-equations of motion
for two particles connected by a non-gravitational force (8.4)
and (8.5), we came to the conclusion: a reference frame
where interacting particles (®* # 0) are at rest (v* = 0) can-
not be in astate of free fall. Really, the free fall condition is
F*=0. Equation moF* = — f* (8.7), which is the chr.inv.-
form of spatial equations of motion of the interacting partic-
les, implies that when F* =0, f* =0. Therefore:

The Weber assumption 2 is inapplicable to his exper-
imental statement.

Moreover, a reference frame where the Christoffel sym-
bols are zero can be applicable only at a point, it is unap-
plicable to a finite region. At the same time, in the Weber
experimental statement, the detector itself is a system of
two particles located at the distance 7 from each other.
In a Riemannian space the Riemann-Christoffel curvature
tensor is different from zero, so the Riemannian coherence
objects (the Christoffel symbols I'z.) cannot be reduced to
zero by coordinate transformations. We can merely choose
a reference system where, at a given point P, the coherence
objects are zero (I'g, ) p = 0. Such a reference frame is known
as a geodesic reference frame [37]. Therefore:

The Weber assumption 3 is inapplicable to his exper-
imental statement.

Thus if we retain the rest-condition U* =0 and the free
fall condition in the Weber equation (9.4), there must still be
the non-gravitational force * =0. So the Weber equation
becomes the free particles deviation equation, which in
chr.inv.-form is (7.30).

If we reject free fall in the Weber equation (9.4), but
retain U*=0, it takes the same form as (8.14), which is
not a free oscillation equation, in which case weak plane
gravitational waves can act on the particles only if they are
in motion at the initial moment of time.

Collecting these results we conclude that:

The Weber equation (9.4) is incorrect, because the
free fall condition in common with the rest-condition
for two neighbouring particles, connected by a non-
gravitational force, lead to the requirement that this
force should be zero, thus contradicting the initial
conditions of the Weber experimental statement.

It is evident that in aiming to determine the sort of effects
a falling gravitational wave has on a free-mass detector or
a Weber detector, it would be reasonable to consider a case
where the particles are in motion U? # 0. In this case, before
solving the deviation equation (2.8) for two free particles or
(2.12) for two interacting particles (depending on the type of
detector used), we should solve the equations of motion for
free particles (2.6) or forced particles (2.11), respectively.

It should be noted that the main structure of motion is
determined by the left (geometrical) side of equations of
motion, while the right side introduces only an additional
effect into the motion.

In my previous articles [74, 75, 76] common exact sol-
utions to the geodesic equations and the deviation equation
had been obtained in the field of weak plane gravitational
waves, described by the metric (6.12). The exact solutions
had been obtained in general covariant form.

The solutions to the equations of motion for a free partic-
le, equations (2.6), in a linear polarized harmonic wave
a=Asin %(ct +z1), b=0 are as follows

U° 4 U' =& = const, (9.6)
1 2w 1
Ul = i |:(U(20))2 g2Asin 29 (cttz )_|_ (9 7)
+ (U(So))2 g 2Asin %(Ctiml)] + U(lo) )
a
U2 _ U2 Asin ¥ (ct+z?) 9.8
=Y e € ) (9-8)
US — U(BO) eAsin %(ct:l:a:l)’ (99)

where U(lo), U(QO), U(B’O) are the initial values of the particle’s
velocity along each of the spatial axes.

From the solutions two important conclusions follow:

1. A weak plane gravitational wave, falling in the z?
direction, acts on free particles only if they have non-
zero velocities in directions z2 and z3 orthogonal to
the wave motion.

2. The presence of transverse oscillations in the plane
(z?, z3) leads also to longitudinal oscillations in the
direction z?.

The solutions to the free-particles deviation equation
(2.8) in the field of a weak plane gravitational wave are

, A%~ )]
2€2

n (77(10) + 77(10)t) X

AL
X sing(ctj:zl)—}—z—cosg(ctj:ml) +
c Ew c (9.10)

.1 _
+ {%) 2e?

'A'U2O . 1 w
s( ){77(10) [t— ,, cos E(ct:l::rl)} - (9.11)
w o)
11 1 1
_ (77(0)+77(0)t) cos Z(ct:ﬁ:m )+ " +17(0)},

60 L. Borissova. Gravitational Waves and Gravitational Inertial Waves: A Theory and Experiments



July, 2005

PROGRESS IN PHYSICS

Volume 2

) A w A .
n° = k) [t—; cos — (Ctixl)} +"7?0)+;"7(30) -

AU? 1
(0) -1 _ = E V| _ 9.12
+— {77(0) [t 08 c(ct:i:m )} (9.12)

-1
. w Mo
- (77(lo)+77(10)t) cos E(Ctiml)* ((0)77(10)},

where
1
U
772 22 3 23 _ 10 [rrr3 \2 2 \2
L=Ulhyiito) = Utoyiey = —o> | (Ui = (UR))']- (0:13)
The solutions 1, 2, n® are the relative deviations of two
free particles in directions orthogonal to the direction of the
wave’s motion. The deviations are actually generalizations
of the solutions (7.41) and (7.42), where the particles were
at rest. The only difference is that here (9.10-9.12) there are
additional parts, where the particles’ initial velocities U(20)

and U(30) are added.

Here we see that, besides regular harmonic oscillations,
the term ¢ cos % (ct +z) describes oscillations with an am-
plitude that increases without bound with time. Another
substantial difference is that, in contrast to solutions (7.35),
(7.42), (7.43) given for rest-particles, the solutions (9.10),
(9.11), (9.12) contain longitudinal oscillations — they are
described by solution (9.10). Both harmonic oscillations
and unbounded-rising oscillations exist there only if, at the
initial moment of time, the particles are in motion along z2
and z3 (orthogonal to the z* direction of the wave’s motion).

So, we come to our final conclusions on both free-mass
detectors and solid-body detectors of gravitational waves:

The greater the velocities of particles (atoms and
molecules) in a gravitational wave detector (built on
either free masses or of the Weber kind), the more
sensitive is the detector to a falling weak plane gravi-
tational wave. In current experiments researchers cool
the Weber pigs to super low temperatures, about 2 K,
aiming to minimize the inherent oscillations of the
particles of which they consist. This is a counter-
productive procedure by which experimental phys-
icists actually reduce the sensitivity of the Weber
detectors to practically zero. We see the same vicious
drawback in current experiments with free-mass det-
ectors, where such a detector consists of two satellites
located in the same orbit near the Earth. Because the
observer (a laser range-finder) is located in one of the
satellites, both satellites are at rest with respect to each
other and the observer. All the current experiments
cannot register gravitational waves in principle. In a
valid experiment for discovering gravitational waves,
the particles of which the detector consists must be
in as rapid motion as possible. It would be better
to design a detector using two laser beams directed
parallel to each other, because of the light velocity of
the moving particles (photons). The indicative quanti-
ties to be observed are the light frequency and phase.
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