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In this work, we attempt to describe the classical physical fields of gravity, electromag-
netism, and the so-called intrinsic spin (chirality) in terms of a set of fully geometrized
constitutive equations. In our formalism, we treat the four-dimensional space-time con-
tinuum as a deformable medium and the classical fields as intrinsic stress and spin fields
generated by infinitesimal displacements and rotations in the space-time continuum it-
self. In itself, the unifying continuum approach employed herein may suggest a possible
unified field theory of the known classical physical fields.

1 Introduction

Many attempts have been made to incorporate the so-called
standard (Hookean) linear elasticity theory into general rela-
tivity in the hope to describe the dynamics of material bodies
in a fully covariant four-dimensional manner. As we know,
many of these attempts have concentrated solely on the treat-
ment of material bodies as linearly elastic continua and not
quite generally on the treatment of space-time itself as a lin-
early elastic, deformable continuum. In the former case, tak-
ing into account the gravitational field as the only intrinsic
field in the space-time continuum, it is therefore true that
the linearity attributed to the material bodies means that the
general consideration is limited to weakly gravitating objects
only. This is because the curvature tensor is in general quad-
ratic in the the so-called connection which can be said to
represent the displacement field in the space-time manifold.
However, in most cases, it is enough to consider an infinitesi-
mal displacement field only such that the linear theory works
perfectly well. However, for the sake of generality, we need
not assume only the linear behavior of the properly-stressed
space-time continuum (and material bodies) such that the pos-
sible limiting consequences of the linear theory can be readily
overcome whenever it becomes necessary. Therefore, in the
present work, we shall both consider both the linear and non-
linear formulations in terms of the response of the space-time
geometry to infinitesimal deformations and rotations with in-
trinsic generators.

A few past attempts at the full description of the elas-
tic behavior of the space-time geometry in the presence of
physical fields in the language of general relativity have been
quite significant. However, as standard general relativity de-
scribes only the field of gravity in a purely geometric fash-
ion, these past attempts have generally never gone beyond
the simple reformulation of the classical laws of elasticity in
the presence of gravity which means that these classical laws
of elasticity have merely been referred to the general four-

dimensional curvilinear coordinates of Riemannian geome-
try, nothing more. As such, any possible interaction between
the physical fields (e.g., the interaction between gravity and
electromagnetism) has not been investigated in detail.

In the present work, we develop a fully geometrized con-
tinuum theory of space-time and the classical physical fields
in which the actions of these physical fields contribute di-
rectly to the dynamics of the space-time geometry itself. In
this model, we therefore assume that a physical field is di-
rectly associated with each and every point in the region of
space-time occupied by the field (or, a material body in the
case of gravity). This allows us to describe the dynamics of
the space-time geometry solely in terms of the translational
and rotational behavior of points within the occupied region.
Consequently, the geometric quantities (objects) of the space-
time continuum (e.g., curvature) are directly describable in
terms of purely kinematic variables such as displacement,
spin, velocity, acceleration, and the particle symmetries them-
selves.

As we have said above, at present, for the sake of sim-
plicity, we shall assume the inherently elastic behavior of the
space-time continuum. This, I believe, is adequate especially
in most cosmological cases. Such an assumption is nothing
but intuitive, especially when considering the fact that we
do not fully know the reality of the constituents of the fab-
ric of the Universe yet. As such, the possible limitations of
the present theory, if any, can be neglected considerably until
we fully understand how the fabric of the space-time contin-
uum is actually formed and how the properties of individual
elementary particles might contribute to this formation.

2 The fundamental geometric properties of a curved
manifold

Let us present the fundamental geometric objects of an n-
dimensional curved manifold. Let w, = gTX; E,=8,X'E;
(the Einstein summation convention is assumed throughout
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this work) be the covariant (frame) basis spanning the n-
dimensional base manifold C* with local coordinates z% =
=z° (X k) . The contravariant (coframe) basis 8° is then given
via the orthogonal projection <9b, wa> = 62, where 6? are the
components of the Kronecker delta (whose value is unity if
the indices coincide or null otherwise). The set of linearly in-
dependent local directional derivatives F; = % = 0; gives
the coordinate basis of the locally flat tangent space T, (M)
at a point z € C*®. Here M denotes the topological space of
the so-called n-tuples h (z) =h (z!,...,z") such that rel-
ative to a given chart (U, 2 (z)) on a neighborhood U of a
local coordinate point, our C*°-differentiable manifold itself
is a topological space. The dual basis to E; spanning the lo-
cally flat cotangent space T (M) will then be given by the
differential elements dX* via the relation (dX*,8;)=¢F.

In fact and in general, the one-forms dX* indeed act as a
linear map T, (M) — IR when applied to an arbitrary Vector
field F € T, (M) of the explicit form F= F* -2 = fa_9 Ereg

X+
Then it is easy to see that F* = ' X* and f® = F'z?, from
which we obtain the usual transformation laws for the con-
travariant components of a vector field, i.e., Fr=9,X" f®
and f*=08;zF", relating the localized components of F to
the general ones and vice versa. In addition, we also see that
<dX",F> =FX*k=FF.
The components of the symmetric metric tensor g =
= gap 0% ® 8° of the base manifold C* are readily given by

Gab = <wa7 wb)

satisfying . ,
Gac g ¢ = 5(1

where g2 = (6%,6°). It is to be understood that the covari-
ant and contravariant components of the metric tensor will
be used to raise and the (component) indices of vectors and
tensors.

The components of the metric tensor

g(zn) = nip dX* ® dX*

describing the locally flat tangent space T,(M
frames at a point )y =z (z®) are given by

) of rigid

nik = (Bs, By) = diag (£1,£1,...,+£1).

In four dimensions, the above may be taken to be the com-
ponents of the Minkowski metric tensor, i.e., 9;x =(F;, Bx)=
=diag(1,-1,-1,-1).

Then we have the expression

Gab = Mik aaXi aka~
The line-element of C* is then given by
ds* = g = gap (8iz% Ok2®) dX* ® dX*

where 6% = 8; z2d X".

Given the existence of a local coordinate transformation
via z* = z* () in C*°, the components of an arbitrary ten-
sor field T € C* of rank (p, ¢) transform according to
8;3:9 8,_.9‘:“ 8da‘:” .. Bha‘:".

T8 =ToP 2 0a2% Bpa’ . ..

Let (5;1;2;1; be the components of the generalized Kro-

necker delta. They are given by

5111 5’2 ip

J1

11 12 ip

111 . 5 6 6
5]1]2 gy =gz g, €= det Jj2 YJz2 o
'il ‘ig ip

6jp 5jp 6jp

gilizip
are the covariant and contravariant components of the com-
pletely anti-symmetric Levi-Civita permutation tensor, re-
spectively, with the ordinary permutation symbols being
given as usual by €;,;, ;. and ehizte  Again, if w is an
arbitrary tensor, then the object represented by

4et (9) €175, and €721 =

where SR

Ko lym L
J1J2---dp — J1J2.- ]p 1122...7p
is completely anti-symmetric.
Introducing a generally asymmetric connection I' via the

covariant derivative
c
Opwa = I'opwe
ie.,

ab = (0%, 8bwa) = T'gp) + Ty

where the round index brackets indicate symmetrization and
the square ones indicate anti-symmetrization, we have, by
means of the local coordinate transformation given by z% =
=z%(z%) in C*®

Opey =TG5, €2 — f‘g)\ eg e,),‘
where the tetrads of the moving frames are given by ej =

=0,Z” and e, = O,z”. They satisfy eg ey’ = 6, and eges =
= Jg. In addition, it can also be verified that

8563:1:‘2 $ F;}Ceaeﬁ,
Oy el _e)\l"aﬁeb e es .

We know that I" is a non-tensorial object, since its com-
ponents transform as

Iy = €5 el + €5, f‘é")\ ef e,),‘ .
However, it can be described as a kind of displacement
field since it is what makes possible a comparison of vectors
from point to point in C*°. In fact the relation Gy w, = I'$, we
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defines the so-called metricity condition, i.e., the change (dur-
ing a displacement) in the basis can be measured by the basis
itself. This immediately translates into

Ve Gab = 0

where we have just applied the notion of a covariant derivative
to an arbitrary tensor field T":

b.. b... b...
VenTeq i = OmTeq i + TpmTea. i + TomTed i +---

g ab...p P ab...g P ab...g
v+ Ppm Ty = TemTpg ' — UamTep.n —

b...
Ty
such that (8, T)%9 = V,,, T4 7.
The condition Vg, = 0 can be solved to give

1
ab = 3 9°* (Bb 9da — Bagab + Ba gra) +
+ Tty — % (9aeTfas) + 9T
from which it is customary to define

[SH—
ab —

1

3 9° (85 9da — Ba Gab + Ba goa)

as the Christoffel symbols (symmetric in their two lower in-
dices) and

Kgb = F[Cab] - ng (gael—‘[edb] + gberfda})

as the components of the so-called cotwist tensor (anti-
symmetric in the first two mixed indices).
Note that the components of the twist tensor are given by

1 _ _
o = 5 o5 (ac e — Opel + TS, — &f Pgb)

where we have set f‘gc = f‘g)\ei‘, such that for an arbitrary
scalar field ® we have

(VaVy — Vo V) & = 2T, V. 8 .

The components of the curvature tensor R of C* are then
given via the relation

(Vq VP - VP vq) Tcadb1:q = Tittz)l:isr chpq cw...r

+ Tab...s Rwdpq +

_,_”'_’_Tab...st _

wb...s pa
cd.. w rpq R wp

aw...s pb
cd...r q Tcd...r R wpqg

ab...w ps w ab...s
e Tcd...r R wpg 2F[pq]v10 Tcd...'r

where

R .= 08,T% — 8. d, + 1 19 — e, 1

ac™ eb a

= Bdabc (A) + ﬁ17 K;lc - ﬁC K:zib + Kchgb - K;bKd

ec?

where V denotes covariant differentiation with respect to the
Christoffel symbols alone, and where

Bdabc (A) = abAgc - aCAgb + AZcAcetb - A;bAcetc

are the components of the Riemann-Christoffel curvature ten-
sor of C*.

From the components of the curvature tensor, namely,
Rdabc, we have (using the metric tensor to raise and lower
indices)

Rap = R,y = Bap (A) + V.KS, —
AV

[ac]

K:ngb -
+2K5 T,

R=R% =B(A)—4g®V,Tfy—

— 29% Ty Mgy — Kab K
where Bgp (A) = BS,, (A) are the components of the sym-
metric Ricci tensor and B (A) = B2 (A) is the Ricci scalar.
Note that Kgpe = goa K, and Ko = gdgbe K2 .

Now since

I, = A, = Ay = 0, (In /det (9))
I, =0, (In 1/det (9)) +2Thy

we see that for a continuous metric determinant, the so-called
homothetic curvature vanishes:

Hay = R°,, = 8, T, — 8T, = 0.

cab —

Introducing the traceless Weyl tensor W, we have the fol-
lowing decomposition theorem:

1
Rdabc = Wfbc"' E (51?Rac+gacRdb - 6gRab _gadeC) +
1

T2

éggab - 5f,i gac) R
which is valid for n > 2. For n = 2, we have

Rdabc = KG (5;)1 Gac — 5? gab)

where )
Ke=-R
¢
is the Gaussian curvature of the surface. Note that (in this
case) the Weyl tensor vanishes.
Any n-dimensional manifold (for which n > 1) with con-
stant sectional curvature R and vanishing twist is called an
Einstein space. It is described by the following simple rela-

tions:
1

d _s£d
- TL(TL — 1) (517 Jac 5.: gab) R:

Ry = *gabR~
n
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In the above, we note especially that
Rdabc = Bdabc (A),
Rap = Bay (1),
R=B(4A).

Furthermore, after some lengthy algebra, we obtain, in
general, the following generalized Bianchi identities:

R%q + R%ap + R = —2(84 Tl + 0y +
+ 0Ty + TeoThg) + Teclay + Tealfg) s

Ve R%q + Ve R%ge + Va R%. =

= 2(]‘—‘{cd] R%fe + F{d,;} R+ F{ec} R%z4)
1
va (Rab _ 5 gabR> — 29ab P[Cda] Rdc + Fﬁ:d] RCdba

for any metric-compatible manifold endowed with both cur-
vature and twist.

In the last of the above set of equations, we have intro-
duced the generalized Einstein tensor, i.e.,

1
Gab = Rab - 5 gabR

In particular, we also have the following specialized iden-
tities, i.e., the regular Bianchi identities:

B%eq + B%ap + B = 0,

Ve B%eq + Ve B%go + Va B%,. =0,

Va (B”” _1 g"bB> =0.
2

In general, these hold in the case of a symmetric, metric-
compatible connection. Non-metric differential geometry is
beyond the scope of our present consideration.

We now define the so-called Lie derivative which can be
used to define a diffeomorphism invariant in C*°. for a vec-
tor field U and a tensor field 7', both arbitrary, the invariant
derivative represented (in component notation) by

LuTe R = On T R U™ + T 5 0:U™ +
+ T8 9 U™ + .. 4+ T2 9, U™ —

mb...qg a am...g b ab..m g
_Tcd...h amU _Tcd....h amU T dedh 6‘mU

defines the Lie derivative of T" with respect to U. With the
help of the twist tensor and the relation

BU® = V,U® — T4U° = G U® — (T§, — 2% )U°

we can write
LyTey 8 = Vn To R U™ + T Ve U™ +
+ T 5 VaU™ + o+ Ty O U™ = T2V U —

- T S TR

+ 2Pﬁnp] T:;.l?:ﬁg U? + 2mep] T:dr.r.l.'f'z' UP +

coF20E L TE I UP — 2T T 5 UP +
ab... ab...

+ 2T Tan S UP — . — 2T Tag 2 UP.

Hence, noting that the components of the twist tensor,
namely, I‘fkl], indeed transform as components of a tensor

field, it is seen that the Ly Ty7 > do transform as components
of a tensor field. Apparently, the beautiful property of the
Lie derivative (applied to an arbitrary tensor field) is that it is
connection-independent even in a curved manifold.

We will need the identities derived in this Section later on.

3 The generalized four-dimensional linear constitutive
field equations

We shall now present a four-dimensional linear continuum
theory of the classical physical fields capable of describing
microspin phenomena in addition to the gravitational and
electromagnetic fields. By microspin phenomena, we mean
those phenomena generated by rotation of points in the four-
dimensional space-time manifold (continuum) S$* with local
coordinates z# in the manner described by the so-called
Cosserat continuum theory.

We start with the following constitutive equation in four
dimensions:

THY _ OKY  DPT _ 1 RV _ lgf“’R
po K 2

where now the Greek indices run from O to 3. In the above
equation, T#¥ are the contravariant components of the gener-
ally asymmetric energy-momentum tensor, Ch, are the
mixed components of the generalized four-dimensional elas-
ticity tensor, Df? are the contravariant components of the
four-dimensional displacement gradient tensor, R*” are the
contravariant components of the generalized (asymmetric)
four-dimensional Ricci curvature tensor, x =— 87 is the Ein-
stein coupling constant (in geometrized units), and R = Ry, is
the generalized Ricci four-dimensional curvature scalar.

Furthermore, we can decompose our four-dimensional
elasticity tensor into its holonomic and anholonomic parts as
follows:

Cuupa’ = A‘u”pa + Bﬂypa

where

Alwpa — A(l“’)

_ MY
(bo) = A" 00

BHVPU _ B[/-"V]

_ pmv
lpo) = B e
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such that
C"“’,,U = C’WW .

Therefore, we can express the fully covariant components
of the generalized four-dimensional elasticity tensor in terms
of the covariant components of the symmetric metric tensor
Juv (satisfying, as before, g,,g#° = 88y as

C;wpa = aGuvFps + ,ng,pgua +Y9uoGvp =
= QGuv9pc +A (gppgua +g;mgup) +w (g,u.pgucr _g;mgup)

where «, G, v, A, and w are constitutive invariants that are not
necessarily constant. It is therefore seen that

A;wpa =agu9ps + A (gppgua + g;wgup)

B;wpa =w (gp,pgua - gp,agup)

An infinitesimal displacement (diffeomorphism) in the
space-time manifold S* from an initial point P to a neigh-
boring point @ is given as usual by

z#(Q) = 2" (P) + ¢*

where £# are the components of the four-dimensional infinite-
simal displacement field vector. The generally asymmetric
four-dimensional displacement gradient tensor is then given
by

Dy =V €.

The decomposition Dy, = D(uy) + Dy and the sup-
plementary infinitesimal point-rotation condition I‘ﬁw}f“ =0
allow us to define the symmetric four-dimensional displace-
ment (“dilation”) tensor by

1 1
®,, = D) = 3 (Vi€ + Viéu) = 5 Le guv

from which the “dilation” scalar is given by
1 v
=% =D¥ = 59“ Le guw =V, €

as well as the anti-symmetric four-dimensional intrinsic spin
(vorticity) tensor by

1
Wyy = D[;w] = 5 (VV gﬂ - v;t gu) .

Let us now decompose the four-dimensional infinitesimal
displacement field vector as follows:

EH = OHF 4 .

Here the continuous scalar function F' represents the in-
tegrable part of the four-dimensional macroscopic displace-
ment field vector while the remaining parts are given by
PH via

YH = ot + ¢pH +2ep*

where o# are the components of the non-integrable four-

dimensional macroscopic displacement field vector, ¢* are
the components of the four-dimensional microscopic (micro-
polar) intrinsic spin vector, € is a constant proportional to the
electric charge, and @* are the components of the electromag-
netic four-potential vector. We assume that in general o#, ¢*,
and @* are linearly independent of each other.

The intrinsic four-dimensional macroscopic spin (“angu-
lar momentum”) tensor is then given by

1
Qu = 5(V,,0“ -V,0,).

Likewise, the intrinsic four-dimensional microscopic (mi-
cropolar) spin tensor is given by

1
Suy = by (W bu— Vi ¢v) .

Note that this tensor vanishes when the points are not al-
lowed to rotate such as in conventional (standard) cases.
Meanwhile, the electromagnetic field tensor is given by

Fo=Vyeo,—V,p,.

In this case, we especially note that, by means of the con-
dition Fﬁ“,} &# = 0, the above expression reduces to the usual
Maxwellian relation

Fu = 0,0, — 0, .
We can now write the intrinsic spin tensor as
Wy = Qv + S +8FL .

Hence the full electromagnetic content of the theory be-
comes visible. We also see that our space-time continuum can
be considered as a dynamically polarizable medium possess-
ing chirality. As such, the gravitational and electromagnetic
fields, i.e., the familiar classical fields, are intrinsic geometric
objects in the theory.

Furthermore, from the cotwist tensor, let us define a geo-
metric spin vector via

Au = Kjp = 2T,

Now, in a somewhat restrictive case, in connection with

the spin fields represented by o#, ¢*, and @*, the selection

Ay =10, + oy + 28c30, = € Yy

ie.,
_aoytcdy +28c3p,

C out .28,

will directly attribute the cotwist tensor to the intrinsic spin
fields of the theory. However, we would in general expect the
intrinsic spin fields to remain in the case of a semi-symmetric
connection, for which A, = 0 and so we cannot carry this
proposition any further.
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At this point, we see that the holonomic part of the gen-
eralized four-dimensional elasticity tensor given by A, 5 is
responsible for (centrally symmetric) gravitational phenom-
ena while the anholonomic part given by B,,;, ., owes its ex-
istence to the (con)twist tensor which is responsible for the
existence of the intrinsic spin fields in our consideration.

Furthermore, we see that the components of the energy-
momentum tensor can now be expressed as

T =agu®+B8Du +7Dy,.
In other words,

Ty = 2 gu® + (B +7) uv,

T[;w] = (IB - 'Y) Wyy -

Alternatively,
1 o 1
Tluv) = 5 2 9ur9™" Le gap + 5 (B +7) Le guv

T[p,u] = (:8 - 7) (Q,LLV + S,uu + éFluV) .

We may note that, in a sense analogous to that of the or-
dinary mechanics of continuous media, the generally asym-
metric character of the energy-momentum tensor means that
a material object in motion is generally subject to distributed
body couples.

We also have

1
T:T"“:(4a+,8+7)§’:—;R.

Let us briefly relate our description to the standard mate-
rial description given by general relativity. For this purpose,
let us assume that the intrinsic spin fields other than the elec-
tromagnetic field are negligible. If we denote the material
density and the pressure by p and p, respectively, then it can
be directly verified that

- _ P~ 4p
da+ B+

is a solution to the ordinary expression

T(;w) = PULUy — PGuv —

1 1

where u, are the covariant components of the unit veloc-
ity vector. This is true whether the electromagnetic field is
present or not since the (symmetric) energy-momentum ten-
sor of the electromagnetic field given by

1 1
Jw = — (FWF"V - ngaﬁF“ﬁ)

is traceless.
At this point, however, we may note that the covariant

divergence
V. T = "V, (ad) + BV, D" +
+ 9V, D"+ DV, B+ DYV, v

need not vanish in general since

1 1
VT ==V, R -~ g"R) =
g K IJ’( 2g )
— 1 v TP o A pov
== (2g“ rf RS+ TR A).

In an isotropic, homogeneous Universe, for which the
constitutive invariants o, 3,7, A, and w are constant, the
above expression reduces to

V, T = aghV, &+ Y, D* +yV, D'*.

If we require the above divergence to vanish, however, we
see that the motion described by this condition is still more
general than the pure geodesic motion for point-particles.

Still in the case of an isotropic, homogeneous Universe,
possibly on large cosmological scales, then our expression
for the energy-momentum tensor relates the generalized Ricci
curvature scalar directly to the “dilation” scalar. In general,
we have

1
R=—-k(da+p0+7)®=-kAd= —5 KAG* Le guy -

Now, for the generalized Ricci curvature tensor, we obtain
the following asymmetric constitutive field equation:

1
R;w =K (T;w - Eg;w T) = K’(eguu +,6D;w +7)
where 1
In other words,

R(;w) = K'(eg;w + (ﬁ + 7) é;w),

R[uu} =k (IB - 7) Wy -

Inserting the value of k, we can alternatively write
1
Ruy) = —87 (991“1 + 5 B+7) L£9w>

R[;w} = -8 (:6 - 7) (Q#V + Sl“’ + EFIW) .

Hence, the correspondence between the generalized Ricci
curvature tensor and the physical fields in our theory becomes
complete. The present theory shows that in a curved space-
time with a particular spherical symmetry and in a flat Min-
kowski space-time (both space-times are solutions to the
equation &, =0, i.e., L¢ g, =0) it is in general still pos-
sible for the spin fields to exist. One possible geometry that
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complies with such a space-time symmetry is the geome-
try of distant parallelism with vanishing space-time curvature
(but non-vanishing Riemann-Christoftel curvature) and non-
vanishing twist.

Now let us recall that in four dimensions, with the help of
the Weyl tensor W, we have the decomposition

R;wpa' = W;wpa +

1

+ 5 (gp,pRua + guaRpp - gpaRup - gl/pRp,a) +

+ é (9uo9vp — Gupdve) R.
We obtain, upon setting & = %ne, ,B = %K,B, ¥=35K7,
and A=2kA
= Wuvpo + 208 (9up Gvo — Guo gup) +
+ B (gup Dys + gvo DW, — Guo Dup — Gup D/w) +

+ ’7 (g/.bp DO’V + Gvo Dpp. - g;tU Dpu - gl/p DO’;L) +

Rp.upa

+ A(Gup Gvo — Juo 9up) &

Therefore, in terms of the anholonomic part of the gener-
alized elasticity tensor, we have

a
Rp.l/pa = Wp,upo’ +2 E B/,uxpcr +
+ B (g;tpDVa + Guo D/J,p - g/.LUDVp - ngD/.LO') +
+ ¥ (9up Dov + 9vo Dpy — Guo Dpv — gup Doy) +

+ A(Gup Gvo — Juo 9up) &

In the special case of a pure gravitational field, the twist
of the space-time continuum vanishes. In this situation our
intrinsic spin fields vanish and consequently, we are left
simply with

R;wpcr = W;wpa +

1,
+ 5 (:6 +7)(g,upDua +gu0'Dp.p _g/.LLTDVp - ngDp,a) +
+ ;(gppgua _g;wgup)cb'

In standard general relativity, this gives the explicit form
of the Riemann-Christoffel curvature tensor in terms of the
Lie derivative L¢ g, = 2%, . For a space-time satisfying the
symmetry Lg¢ g,,, =0, we simply have Ry 00 = Wyppo, i€,
the space-time is devoid of material sources or “empty”. This
condition is relatively weaker than the case of a space-time
with constant sectional curvature, R = const. for which the
Weyl tensor vanishes.

4 The generalized four-dimensional non-linear constitu-
tive field equations

In reference to the preceding section, let us now present, in
a somewhat concise manner, a non-linear extension of the

formulation presented in the preceding section. The result-
ing non-linear constitutive field equations will therefore not
be limited to weak fields only. In general, it can be shown
that the full curvature tensor contains terms quadratic in the
displacement gradient tensor and this gives us the reason to
express the energy-momentum tensor which is quadratic in
the displacement gradient tensor.
We start with the non-linear constitutive field equation

THY — C'LWPU Dpa'+ Kl“’

pOAN

1 1
DPIDA = — (R‘“’— g””R)
K 2

where
Kyuvporn = @1 9uv 9po 9rn + @2 Juv Gpr Gon +
+ a39uv Gon Gox + @4 Gpo Guxr Gun + 5 Gpo Gun Gur +
+ 86 90 Jup Gvo + @7 9xn Juo Jvp + A8 Gur Gvp Gon +
+ Q9 9ur Gvo Gpn + @10 Gun Gvp Jor T @11 Gun Guvo Gpr +
+ a129vA9up Gon + @13 Gur Guo 9pn + @14 Gun Gup Gor +
+ @15 Gy Guo 9o

where the fifteen constitutive invariants a;, asg, ...
not necessarily constant.
We shall set

>, Q15 are

K;wpo‘)\r] = Kpa'/w)\n = K)m,uupa = K;w)\npa .

Letting
K;wpcr)\n = P;wpa)\n + Q;wpa)\r] )
Puvporn = Fluv)(po)(An) »
Quvporn = QLuv]lpo] M) »
we have

P;uxpcr)\rl = Ppap.u)\n = P)\'r//,tupa = Pp.u)\npa )

Qp.upa)w; = on’p.u)\n = anuupa = Q/,w)\rlpa .

Introducing the eleven constitutive invariants b, bs, ..
by1, we can write

.

Kyuvporg = b19uv9podrg + b2guw (gpAga'n + gpn + Goxr

)+
+ b39u0 (9prGon — Gon9or) + baGpo (Gurgvn + Gungur) +
+ b59p0 (9urgvn — Gungun) + b6 Grn (GuoGve + Guogvp) +
+ 7950 (GupGve — Guovp) + b8gur (Gupdon + Gvogpem) +
+ bogux (Gvp9on — Gvoden) + br0gur (Gupgon + Guodpn) +

+ b119u (JupGon — Juagon) -

The energy-momentum tensor is therefore given by
T = (a<1> +b, 32 +2b, .5 PP+ 2b3Wpo w””) Guv +
+ 68Dy +vDyy+2(bs +b6) 22, +
+ 2(bs + br) Pwyy + 205 D7, @y, 4+ 269Dy wy, +
+ 2b10D%, ®p, + 201107, wyp .
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In other words,
Ty = (@@ + 519 + 203% 5 77 + 2b3wWpo w7 ) g +
+ (:6 + 7) q>,uu2 (b4 + be) q><1>w, + (bg + blO) X

X (D"H<I>,,p +D?,%,,)

T[}“’} = (:6 - 7) Wyy +2 (b4 + be) @w#,, +
x (Dpﬂcb”P_Dpuq)#p)

(bg + b1g) x

We also have
T =1 ®+ p2® + ps@py O + pawpw
where we have set

pr=4a+ G+,

f12 = 4by + 2 (by + b)),
tz = 8by + 2 (bg + b1g),
pa = 8b3 +2(bg — b11),

for the sake of simplicity.
For the generalized Ricci curvature tensor, we obtain

R = n{(cli’ + 02®% + c3% 0 @77 + cawpow?’) guy +
+csDyy + 6Dy + 7@y + cgdwp, + c9Dp#§=,,p +

+ C]_on'uwyp + Cllel/@/lP + ClgDpyu}“p}

where
¢ =— 2(2a+,6+'y) cr = 2(bg + be),
cg=—(by+bs+0bs), cg=2(bs+br),
c3 = — (2b2 + bg + b1o), co = 2bg,
ca = —(2b3 +bg — b11), c10=2bg,
=0, c11 = 2byo,
C6 =7, c12 = 2b11,

ie.,

R(p.u) = K {(C1<1> —+ Co @2 —+ C3 CPPO_CPP‘T +
+ cawpew? )gw +(cs +c6) P + 7P P +

1
+ 5 (Cg + cll) (Dp,u <I>,,p + DPV (}NP) +
1

+ 5 (c10 + c12) (D?,wyp + D", Wup)},

R =k {(c5 —C6) Wuy + 3 Pwyu, +

1

+ 5 (Cg + cll) (Dpp @Vp — Dpy CP#F) +
1

+ 5 (Clo—l-clg) (Dpp w,,p — DPV wﬂp)}.

+ (bg +b11)(DpHUJVp+DpVUJMp) y

+ (bg +b11) (D”pw,,p _DPVWHP) .

The generalized Ricci curvature scalar is then
R=r(h1® +hy®® + h3®,, " + hywp w)

where
hy = 4c; +c5 +cq,

h2:4C2+C5,
hs =4c3+co +c11,
h4:4C4+Clo+C12.

Finally, we obtain, for the curvature tensor, the following
expression:

R,uupa = W;wpa +
+ (124 2% + 320 BN + fawng
(B + f5(1>) (gppéua + gua(},up -

(:B + fed ) (gupwva + GuoWpp —

w) x
X (g;tpguzr - g,udgup) +

_guaéu gup )

~ GuoWyp — gvn‘*’w) + '7(9uPDUV + 9voDop —
- g,u,a'Dpu - ngDa',u) + f7 (Dku(i’a)\ Gup +
+ D)‘,u@p)\ Qo — D)\u@p)\ Guo — D)\HCPU)\ gup)+

+ fs (D}\ywa)\gup + DAuwp)\gua - DAyprg;w -
- DAFLWU)\ gup) + f9 (D)‘g' @u)\ Gup + D)\p éuk Gvo —

- DAp (}I/)\ Guo — D)‘a q’u)\gup) + flO (D}\a Wy Gup +

+ D)‘pw,u)\ vo — D)\pwVA Juo — DAg Wy gup)
where
f 5‘ f62687
2 1
=< 3k ) z+6/€07, fr=co,
2 1
=< —3" ) 3+6'€ (co +c11), fs=rcio,
2 1
f4=< g ) 4+6/’~ (ci0 —c12), fo=rcu,
fs=cr fio=rci2.

At this point, the apparent main difficulty lies in the fact
that there are too many constitutive invariants that need to be
exactly determined. As such, the linear theory is compara-
tively preferable since it only contains three constitutive in-
variants. However, by presenting the most general structure
of the non-linear continuum theory in this section, we have
acquired a quite general picture of the most general behavior
of the space-time continuum in the presence of the classical
fields.
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5 The equations of motion

Let us now investigate the local translational-rotational mo-
tion of points in the space-time continuum S*. Consider an
infinitesimal displacement in the manner described in the pre-
ceding section. Keeping the initial position fixed, the unit ve-
locity vector is given by

der _ do

b _ 4
u ds ds ’

_ v
1= guuru”,

such that, at any proper time given by the world-line s, the
parametric representation

dét = ut (2%, s) ds

describes space-time curves whose tangents are everywhere
directed along the direction of a particle’s motion. As usual,
the world-line can be parametrized by a scalar ¢ via s =
= as + b, where a and b are constants of motion.

The local equations of motion along arbitrary curves in
the space-time continuum S* can be described by the quadru-
plet of unit space-time vectors (u, v, w, z) orthogonal to each
other where the first three unit vectors, or the triplet (u, v, w),
may be defined as (a set of) local tangent vectors in the (three-
dimensional) hypersurface ¥ (¢) such that the unit vector z is
normal to it. More explicitly, the hypersurface X () is given
as the time section ¢ = 2° = const of S*. This way, the equa-
tions of motion will be derived by generalizing the ordinary
Frenet equations of orientable points along an arbitrary curve
in three-dimensional Euclidean space, i.e., by recasting them
in a four-dimensional manner. Of course, we will also include
effects of microspin generated by the twist of space-time.

With respect to the anholonomic space-time basis w, =
= wy (22(X*)) = €%, 2, we can write

Baxi’
u=ulw,,
v=vlw,,
w=w'w,,
z=2z*w,,

we obtain, in general, the following set of equations of motion
of points, i.e., point-like particles, along an arbitrary curve £
in the space-time continuum S*:

e
DDv: =Tw* — pu*,
DDu;“ =T1vH +@2#,
Il);: = pw”,

where the operator % =utV, represents the absolute co-
variant derivative. In the above equations we have introduced
the following invariants:

Dut Du¥ 1/2
¢= (QWDS Ds ) ’
T=¢€ u”v”% 27

uvpo Ds )

Dz* Dz¥ \'/?
» = (ngst) .

In particular, we note that, the twist scalar 7 measures the
twist of the curve £ in S* due to microspin.
At this point, we see that our equations of motion describe
a “minimal” geodesic motion (with intrinsic spin) when ¢=0.
In other words, if
Du#
Ds '

Ds

However, in general, any material motion in S* will not
follow the condition ¢ = 0. This is true especially for the
motion of a physical object with structure. In general, any
physical object can be regarded as a collection of points (with
different orientations) obeying our general equations of mo-
tion. It is therefore clear that ¢ # 0 for a moving finite phys-
ical object (with structure) whose material points cannot be
homogeneously oriented.

Furthermore, it can be shown that the gradient of the unit
velocity vector can be decomposed according to

1 —
Vi uy = oy + Buv + Ehwe—i—u,,a#

where

hp.u = Guv — UpUy,
1., 8

Quy = 1 h#h,, (Vaug +Vaug) =

1 05 /e - 1 apppeo

= S hahd (va ug + Vs ua) = 5 Bir K {apyuo s
1. s

ﬁl“’ = 1 h#hy (Va 'U,ﬁ — Vﬁ ua) =

1 3 3 1
— " hopf (va us — Vg ua) e LA AT

4 "+ 2 KV
6 =v,u",
Du,,
Tu Ds
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Note that We then arrive at the following invariant integral:

v v v
hupwu” =ayu’ =Bu,u”" =0,

= /{ T (Vi éuy — @) + T (Vi €p) —wuw) +
Kiap) = g7 (gan PFm] + 98n FFAa]) J S4

A @ P B P
Kfug) = Tfag) R L e

Meanwhile, with the help of the identities + 1 pHY
VAV U, =V, (u)‘VA u#) —(V,uy) (V)‘u#) =
=Vya, — (V,, uy) (quﬂ) ,

1
$,, 77 A 4 Z QM wu,,w"”wA” —

poAn 3 poAn

— @D, AT +uk (V&) (FE - pu”>} =

W (V, Vo = AV,) uy = R, o u® — 2Ff’>\y]u>‘vguw where d¥ = y/det (g) dz°dzdz2dz® is the proper four-
btai dimensional differential volume.
we_o am Writing L = 1/det (g) L and employing the variational
Dg v v ag v i i 1 £ th h
Ds = Vot —(Vuu” ) (Vyut)—Ruufu +21"[W]u“vgu prnciple, we then have
oL 8L oL
for the “rate of shear” of a moving material object with re- 0l = / oTH 0BHY + —— Swh +
! oTHv 8@“’ 8wﬁ“’
spect to the world-line. §4
oL
+5(V,L§l,)}d2 =0.
6 The variational principle for the theory 0(Vué&)

Let us now derive the field equations of the present theory

by means of the variational principle. Considering thermody- / §(V, ) ds / v, ( 5&, ) ds
namic effects, in general, our theory can best be described by 0(V. &) v) 0(V. &)

the following Lagrangian density:

I=Li+La+ Lo /V( va)‘sf”dz_ /V< 79,6756
where
I, = 1 det (g) x since the ﬁrst. term on the right-hand-side of the first line is
K an absolute differential that can be transformed away on the
% ( R* (Y, &, — D,,) — 1 (q, _ Duﬂ) R) , boundary of integration by means of the divergence theorem.
2 Hence we have
_ 0 oL oL
Ly = +/det (g)( C* o Dy D7 + oI = /{GTW STH + EYT §EMY 4+ W(gww -
S4
+Lgm  Dp,,DPDM @D AT) ( oL )
3 pon = uy H ) -V, ———— (55 d¥x =0
] 8(%.6)) "
Ls = +/det (g) u* (V. &) (FE€" — pu”), where each term in the integrand is independent of the others.

where © is a thermal coefficient, AT is (the change in) the We may also note that the variations 6T*", §&+*, dwH, and
8¢, are arbitrary.

temperature, and f is a generally varying scalar entity. Note
L From 2L =0, we obtain
that here we have only explicitly assumed that =V, &r. aTHv ’
Alternatively, we can express L as follows:

<I>l“, = v(ufu) )
- 1 1
L= - det (g) (R’“’ - 29’WR) (Vv &u — D) - Wur = Vi€,

i.e., the covariant components of the “dilation” and intrinsic
spin tensors, respectively.

Hence we have

L= /det(g {T“" (V, & — Dy) + From ;25 = 0, we obtain
+ C V DHVDPU + K“‘ oo DHVDPO'D)\’V] _ T(;LV) _ - (R(p,u) ‘L“/R>
7 K 2
—@DM AT +uk (V, &) (F¢ — pu”)}. =AM 8P 4 PR GPTEM _ @gM AT
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i.e., the symmetric contravariant components of the energy-
momentum tensor.
In other words,

1 1
THY — (R‘“’—g“”R) —
K 2

= Cc",, D" + K"

org D?7 DM — ©gH AT

Finally, we now show in detail that the fourth variation
yields an important equation of motion. We first see that

oL v v v
78(%‘6”) =TH + y# (f£ —pu )
Hence

oL
Vi (am &)

+ futVv, € =V, (pu*)u” — putv,u”.

> =Vu T + Vi (Fur) € +

Let us define the “extended” shear scalar and the mass
current density vector, respectively, via

l: v}t (fu#)’
JH = put.

We can now readily identify the acceleration vector and
the body force per unit mass, respectively, by
Du*
Ds ’

ab =u’'V,a* =

b = %(Z$“+f(1—v,, ) ut).

In the conservative case, the condition V,, J# = 0 gives

D
P_ —pV,ut.

Ds

In the weak-field limit for which u* = (1, uA) (where
A=1,2,3) we obtain the ordinary continuity equation,

Op
E—'—VA (puA) =0.

Finally, we have

/(V,LT’“’ +pb" —pa’) & dn=0
4
i.e., the equation of motion
V., TH =p (a” —b")
or

1
\ (R“"—2g‘“'R> =krp(a” =b").

If we restrict our attention to point-like particles, the body
force vanishes since it cannot act on a structureless (zero-
dimensional) object. And since the motion is geodesic, i.e.,
a* = 0, we have the conservation law

VT =0.

In this case, this conservation law is true regardless of
whether the energy-momentum tensor is symmetric or not.

Let us now discuss the so-called couple stress, i.e., the
couple per unit area which is also known as the distributed
moment. We denote the couple stress tensor by the second-
rank tensor field M. In analogy to the linear constitutive re-
lations relating the energy-momentum tensor to the displace-
ment gradient tensor, we write

MM = J# 1P 4+ H*

po T AN
poAN LP°L

where

J,uupo = E;u/pcr + F,uupa )

Huupa')\n = U,uupo‘)\n + Vp.upa)\n .

These are assumed to possess the same symmetry proper-
ties as Cypo and Ky po0y, respectively, ie., B, .o have the
same symmetry properties as A,y 0, Fluup0 have the same
symmetry properties as By oo, Upvporn have the same sym-
metry properties as P, oxan, and V), 0nn have the same
symmetry properties as @ uypoan-

Likewise, the asymmetric tensor given by

Lyw = L) + Ly

is comparable to the displacement gradient tensor.

Introducing a new infinitesimal spin potential via ¢,,, let
the covariant dual form of the intrinsic spin tensor be
given by

_ 1 1
Wuv = 5 Cuvpo wh? = 2 (Vo du—Vudy) .

Let us now introduce a completely anti-symmetric third-
rank spin tensor via

540 = 2 (B ) €47 6.
As a direct consequence, we see that
V, $4 = (6 — )
In other words,
V, §Hve = Tl _ e = % (R[w] _ Aw)

where
N# =2 (by + bg)  w” + (bg + b1g) X
x (DP®Y, — D"P&* ) + (bg + bg) (DHPw”, — D¥Pwh)

1
AW = Cg‘} wh? + 5 (Cg + cll) (D#P@Vp — DVP@/LP) +

1
+ 5 (Clo + 011) (D“pwl’p — Dupwup) .
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We can now form the second Lagrangian density of our in necessary detail.

theory as Firstly,
— 4/ (g — } [ po o0H v v A o v v
- det (g) M (VVQSM L,Lw) +5J pg-L,uuL + —— = MM —-c Apo SRy 4yt (hd} —Ips )
) 8 (Vudy)
wy oTA ov, A
+ H porn L L7 L7 — € PU’\ (Vy ¢,) 5777 u” + Then we see that
+ut (vmu)(hqs"—fps”)} v (3H> _ v e
"0 (Vudy) g

where h is a scalar function, I is the moment of inertia, and
s¥ are the components of the angular velocity vector.

Letting L) = Xy and Ly, = Z,,, the corresponding +hutV, @Y — IV, (put)s” — IputV, s*
action integral is

o TPl — €¥,  S*HV, u” + Y, (hut) ¢* +

We now define the angular acceleration by

7= / {M”" (Vo by = Xuw) + M (Vi b= Zy) + ot =y, ot = 25
g4 Ds
+ % EHVpo’ X, XP° + F/.w o Zun 2P + and the angular body force per unit mass by
1U/—LV x XPUXM’-F V/—L 7 PO ZAN _ IB"':1 l_qﬁ“—i—hiD(ﬁN—f(v JY) s#
poAn<rpv pon < uv p Ds v
— o (Vo d) SPovur +ut (V) (h” —Ips”)} ds. wherel =V, (hut).
We have
As before, writing H = \/det (g)H and performing the . " N "
variation § J =0, we have /{V# M* — €400 (T[“”]u + SV ) +
84
8H 8H
M:/{aMw 6MW+8XW OXH + +pﬁ”—1pa”}6¢,,d2:0.
g4
8H OH Hence we obtain the equation of motion
+6Z/"V 5Z’“’—Vﬂ(6v) 5(15,,}0{2:0 q
(%) N
with arbitrary variations § M*¥, § X *¥, § Z*¥, and 6 ¢, .
From 6?/1}{““ =0, we obtain % {(T[HP} _ Nﬂp) u’ + SM»‘V)\’U,U} + P( ﬁu)
X,uu = v(u ¢/.L) ) ie.,
Zyy = Vi by - Vu M"Y = €7 wpo
From S22 =0, we obtain % {i (R[MJ] _ AM’) u’ + S“P)‘VAuU} +p(Ia¥ —BY).

M) — E‘“’ . X7+ i e oA X P XA

From 66ZH —0, we obtain 7 Final remarks
M) — puv_ geo | e 700 AT We have seen that the classical fields of physics can be uni-
i poAn fied in a simple manner by treating space-time itself as a
We therefore have the constitutive relation four-dimensional finite (but unbounded) elastic medium ca-
pable of undergoing extensions (dilations) and internal point-
MK =g L7+ HY . LPOLAT rotations in the presence of material-energy fields. In the

present framework, the classical physical fields indeed appear
on an equal footing as they are of purely geometric character.

In addition, we must note that this apparent simplicity still
Vi 0¢,dx =0
/ < u¢u)) Y

Let us investigate the last variation

leaves the constitutive invariants undetermined. At the mo-
ment, we leave this aspect of the theory to more specialized
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attempts. However, it can be said, in general, that we ex-
pect the constitutive invariants of the theory to be functions of
the known physical properties of matter such as material den-
sity, energy density, compressibility, material symmetry, etc.
This way, we have successfully built a significant theoretical
framework that holds in all classical physical situations.

We would also like to remark that once the constitutive
invariants are determined and incorporated into the possible
equations of state, the fully non-linear formulation of the pre-
sent theory should be very satisfactory for describing the dy-
namics of astrophysical objects especially various fluids
which exhibit the characteristics of non-degenerate relativis-
tic and non-Newtonian fluids.

We have seen that the general dynamical behavior of a
material body as determined by the equations of motion given
in Section 35, is intrinsically related to the underlying geome-
try of the space-time continuum which in turn is largely deter-
mined by the constitutive relations given in Sections 3 and 4.
In Section 6, we have also constructed a framework in which
the motion of a point-like particle is always subject to the con-
servation law of matter and energy regardless of the particle’s
intrinsic spin.

We also note that a material body in our continuum
representation of space-time can be regarded as the three-
dimensional boundary of a so-called world-tube such that out-
side the world-tube the region is said to be free or empty. This
three-dimensional boundary can be represented by a time-like
hypersurface. Such hypersurfaces can be seen as disturbances
in the space-time continuum. Furthermore, such disturbances
are equivalent to three-dimensional representations of mate-
rial waves (not necessarily gravitational waves). In this con-
text, one may formulate the dynamic discontinuity conditions
as purely geometric and kinematic compatibility conditions
over the hypersurfaces.

In common with standard general relativity, a region of
the space-time continuum is said to be statical if it can be
covered by a space-time coordinate system relative to which
the components of the metric tensor are independent of time.
It may be that such a region can be covered by one or more
such coordinate systems. As such, material waves are propa-
gated into a fixed (three-dimensional) curved space along tra-
jectories normal to the family of hypersurfaces given by the
successive positions of a material body in the fixed space. In
various cases, such trajectories can be represented as curves
of zero length in the space-time continuum.

The microscopic substructure of the space-time contin-
uum provides us room for additional degrees of freedom. In
other words, there exist intrinsic length scales associated with
these additional degrees of freedom. Correspondingly, one
may define the so-called microrotational inertial field. In fact,
the internal rotation of the points in the space-time contin-
uum is seen as representing the intrinsic spin of elementary
particles. On microscopic scales, the structure of the space-
time continuum can indeed appear to be granular. Due to

possible effects arising from this consideration, it is often not
sufficient to model the space-time continuum itself as contin-
uous, isotropic, and homogeneous. Furthermore, the rather
predominant presence of twisting paths may give rise to par-
ticles exhibiting micropolar structure.

In geometrizing microspin phenomena, we emphasize
that the initial microspin variables are not to be freely chosen
to be included in the so-called elasticity scalar functional of
the space-time continuum which is equivalent to a Lagrangian
density. Rather, one must first identify them with the internal
geometric properties of the space-time continuum. In other
words, one must primarily unfold their underlying geometric
existence in the space-time continuum itself. This is precisely
what we have done in this work.

Finally, we note that geometric discontinuities can also
be incorporated into the present theory. Such discontinuities
can be seen as topological defects in the space-time contin-
uum. Holographic four-dimensional continua with cellular,
fibrous, or foamy structure may indeed represent admissible
semi-classical models of the Universe which can be realized
in the framework of the present theory. In such a case, the
metric must therefore be quantized. It remains to be seen how
this might correspond to any conventional quantum descrip-
tion of the space-time continuum.
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