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The equations of gravitation together with the equations of electromagnetism in terms
of the General Theory of Relativity allow to conceive an interdependence between the
gravitational field and the electromagnetic field. However the technical difficulties of
the relevant problems have precluded from expressing clearly this interdependence.
Even the simple problem related to the field generated by a charged spherical mass
is not correctly solved. In the present paper we reexamine from the outset this problem

and propose a new solution.

1 Introduction

Although gravitation and electromagnetism are distinct enti-
ties, the principles of General Relativity imply that they affect
each other. In fact, the equations of electromagnetism, con-
sidered in the spacetime of General Relativity, depend on the
gravitational tensor, so that the electromagnetic field depends
necessarily on the gravitational potentials. On the other hand,
the electromagnetism is involved in the equations of gravita-
tion by means of the corresponding energy-momentum ten-
sor, so that the gravitational potentials depend necessarily on
the electromagnetic field. It follows that, in order to bring out
the relationship between gravitation and electromagnetism,
we must consider together the equations of electromagnetism,
which depend on the gravitational tensor, and the equations of
gravitation, which depend on the electromagnetic potentials.
So we have to do with a complicated system of equations,
which are intractable in general. Consequently it is very dif-
ficult to bring out in explicit form the relationship between
gravitation and electromagnetism. However the problem can
be rigorously solved in the case of the field (gravitational and
electric) outside a spherical charged mass. The classical solu-
tion of this problem, the so-called Reissner-Nordstrom met-
ric, involves mathematical errors which distort the relation-
ship between gravitational and electric field. In dealing with
the derivation of this metric, H. Weyl notices that “For the
electrostatic potential we get the same formula as when the
gravitation is disregarded” [5], without remarking that this
statement includes an inconsistency: The electrostatic poten-
tial without gravitation is conceived in the usual spacetime,
whereas the gravitation induces a non-Euclidean structure af-
fecting the metrical relations and, in particular, those involved
in the definition of the electrostatic potential. The correct so-
lution shows, in fact, that the electrostatic potential depends
on the gravitational tensor.

In the present paper we reexamine from the outset the
problem related to the joint action of the gravitation and elec-
tromagnetism which are generated by a spherical charged
source. We assume that the distribution of matter and charges
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is such that the corresponding spacetime metric is S©(4)-
invariant (hence also ©(4)-invariant), namely a spacetime
metric of the following form [3,4]

ds® = fzda:(z) + 2f f1(zdz)dzo — Zfdxz +
eZ _ZQ
+< 1p2 +ff>(xdm)2,
(where f = f(zo,|z]]), f1= fi(zo,llzl), €1 =41 (=0, ||zl])

£=L(zo, ||z[[), p = ||z
It is useful to write down the components of (1.1):

(1.1)

goo = f%, Goi =g =2iff1,

e2_e2
gii:—e%+< 1p2

+ff>fr?,

e-e o o
gij: T+f1 1131;(13]', (21]:17213;2;&])1

the determinant of which equals — f2£2£}. Then an easy com-
putation gives the corresponding contravariant components:

goozw Oi:gioz.'r'i
fe2 tfe
i 1 1(1 1)2
9 == ——\m =%
g pp\£2 E)r
i 1/1 1 . o
I :_Piz ﬁ_ﬁ LiTj, ('Lv]:1,2’3’z;t])'
1

Regarding the electromagnetic field, with respect to
(1.1), it is defined by a skew-symmetrical S©(4)-invariant
tensor field of degree 2 which may be expressed either by its
covariant components

> Vapdza ® dzp, (Vap = —Vpa),

or by its contravariant components

Zvaﬁi ® i’

af _ _y/Ba
0z Ozg v Ve
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2 Electromagnetic field outside a spherical charged
source. Vanishing of the magnetic field

According to a known result [2], the skew-symmetrical
S©(4)-invariant tensor field ) Vogdzs, ® dzg is the direct
sum of the following two tensor fields:

(a) A ©(4)-invariant skew-symmetrical tensor field

(2o, |Iz||)(dzo ® F(z) — F(z) ® dzo),
3
(F(a:) = indm) ,

which represents the electric field with components

}; 2.1

(b) A purely SO(4)-invariant skew-symmetrical tensor
field

g1(zo, ||z]|) [$1(d$2 ® dzs — dzs ® dzo) +
+$2(d$3 ® d$1 — d(l?]_ ® dmg) +

Vo1 = —Vio = qz1, Vo2 = —V2o = qz2,
Vos = —V30 = qz3.

+z3(dz; @ dzo —dzo ® dﬂvl)] )

which represents the magnetic field with components

} . (22)

Since the metric (1.1) plays the part of a fundamental ten-
sor, we can introduce the contravariant components of the
skew-symmetrical tensor field ) V,gdzo ® dzg with respect
to (1.1).

Proposition 2.1 The contravariant components of the S©(4)-
invariant skew-symmetrical tensor field Y Vopdro @ dzg are
defined by the following formulae:

Vaz =
Vig =

~Vao=qz1, Va1 = —Viz = qz2,

Vo1 = quzs.

01 _ 10_ 971 02 _ 20 _  9Z2
Vi=-v __fzzz’ =-V __fzzz’
03 _ 30_ 49%3
ETVT = he
V23— 32 — ‘hfl , V3l — _y13 = Q1f2 ’
4 4
12 _ 21 _ 91Z3
Ve =-V* = 7
1

Proof. The componets V0! and /23, for instance, result from
the obvious formulae

VoL — nggmvaﬁ = (g%g" — ¢® g1V, +
4 (92912 — g92g10Y Vo, + (g%0g1% — g%2g10) Vs +
4 (929" — g% g12) Vs + (g% — g%1g %) Vs, +
+ (g% g2 — g%2g1 )V,
92

and

_ Zgzagsﬁvaﬁ = (g%¢% — ¢*1 %)V, +

4 (920932 _ 922930)%2 + (920933 _ 923930)%3 4
4 (922933 _ 923932)%3 + (923931 _ 921933)%1 +
+(8°'9% — g7 ¢*" )12

after effectuating the indicated operations.

Proposition 2.2 The functions g = gq(zo, p), g1 = ¢1(zo, p),
(zo=ct, p=]||z||), defining the components (2.1) and (2.2)
outside the charged spherical source are given by the
formulae

_ &ft _a
_pse%a Q1—p37

(e = const, €; = const.)

(The equations of the electromagnetic field are to be con-
sidered together with the equations of gravitation, and since
these last are inconsistent with a punctual source, there exists
a length o > 0 such that the above formulae are valid only
forp > a.)

Proof. Since outside the source there are neither charges nor
currents, the components (2.1), (2.2) are defined by the clas-
sical equations

WVap = OVay
_l’_
Oz Oz,

($0:Ct’ (a,ﬁ,’)’)E{(O, 1, 2)1 (Ov 2, 3)a (O)Sv 1)’ (1) 2v3)}),
0

B
(¢=0,1,2,3; G=—f2£%41).

| Vi

= 23
925 0, (2.3)

(2.4)

(@V“ﬁ) —0,

Taking (o, 3, v) = (0, 1, 2), we have, on account of (2.3),

9(gz1) 4 0(q123) _ 9(gz2) -0
6$2 81170 81131
and since 5 5
q q; .
= —=— =1,2
8$1/ ap p ) (z b) 73) )
we obtain
6] a 15}
$1$287;!J — $2$187Z + 123875:; = 0,

8
whence a—ql = 0, so that g; depends only on p, g1 = g1(p).
T

0
On the other hand, taking (o, 5,7) = (1, 2, 3), the equa-
tion (2.3) is written as

O(qrz3)  O(qiz1)  O(qiz2)
81133 + 31131 + 8.’132

whence 3g; + pq} =0, so that 3p%q; + p3¢; =0 or (p3q1)' =0
£

=0,

and p3gq; = &, = constor q; = 3
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Consider now the equation (2.4) with &« = 1. Since G =
— f2£2£4
1

qz; 12 _

vit=o0, V¥ = =
fzzz’ e‘%

we have

0 (ed N2 (uft )0 (aft)
Bz \ fL ° dzy \ 2 %) Bzy \ 22

Because of
O (auft | _ 23T a1 fe 9 (aft
azy \ 2 7P p ap 2 ) b\ £

1:2) )

we obtain
q42
83:0
so that = 2t L depends only on o _ (p)
Fg dep yonp: =, = w(p)

Now the equation (2.4) with o« = 0 is written as

s (@10(p) + 5 (@9(p)) + 5 (@39(p)) =0,

whence 3p(p) + p¢'(p) = 0 and 3p%¢p(p) + p*¢'(p) = 0 or
(P*p(p))' = 0. eft
3
Consequently p°p(p) = € = const and ¢ = Tk
poLT

The meaning of the constants € and €1:

Since the function ¢ occurs in the definition of the electric
field (2.1), it is natural to identify the constant ¢ with the
electric charge of the source. Does a similar reasoning is
applicable to the case of the magnetic field (2.2)? In other
words, does the constant £; represents a magnetic charge of
the source? This question is at first related to the case where
€ = 0, 1 # 0, namely to the case where the spherical source
appears as a magnetic monopole. However, although the ex-
istence of magnetic monopoles is envisaged sometimes as a
theoretical possibility, it is not yet confirmed experimentally.
Accordingly we are led to assume that £; = 0, namely that
the purely S©(4)-invariant magnetic field vanishes. So we
have to do only with the electric field (2.1), which, on account

of g = £t
q_ pgegv

Weyl’s assertion).

depends on the gravitational tensor (contrary to

3 Equations of gravitation outside the charged source
We recall that, if an electromagnetic field

Z Vaﬁdxcx ® d(IZﬁ, (chﬁ = _Vﬁa)

is associated with a spacetime metric

Zgaﬁd:ca ® dzg,
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then it gives rise to an energy-momentum tensor

> Wapdza ® dzg

defined by the formulae

1
Wap = 4ﬂ( Gop D VasV7 = VasVj ) (3.1)

In the present situation, the covariant and contravariant com-
ponents V,s and V74 are already known. So it remains to
compute the mixed components

2= Ve == Vg = -

Taking into account the vanishing of the magnetic field,
an easy computation gives

V0= p;gl Vgt = —%, (k=1,2,3),
Vk-O——Zz;QZflquk, (k=1,2,3),
V" —3{% " (k=1,2,3),
Vy? —% Tozy = V2,
V3'1 —% z3T1 = Vi,
Vl'z —% T1To =V, L
It follows that

Z 4% v = _2;222’22 )

> VesVg = _ngz ,

Z VosVy % = _pszg;]z z1,

> VsV’ = P;Zﬁqzmm,

Y iyt = £ ;2/;]012 g°z3,

and then the formula (3.1) gives the components Woyg, Wo1,
W11, Wia of the energy-momentum tensor. The other com-
ponents are obtained simply by permuting indices.

Proposition 3.1 The energy-momentum tensor associated
with the electric field (2.1) is a ©(4)-invariant tensor defined
by the following formulae

Woo = Eoo
Wii = B11 + 22Ess,

Woi = Wig = z;Ep1,
Wi; = Wyi = ziz;B2a
(i’j = 1,2’3; iij)’
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2
v
where Q1 + gjz% =0, (3.3)
1 1
Eoo = g/’zfQE Eo1 = gpszlE )
1 1 Qi1+ p*Q22 + 7 (-2 +h%) =0 (3.4)
By =—pliE, Eyp=_—(-8-C+pf)E
1= ool 22 87r( 1 +p7f1)
with 5 5 4 Stationary solutions outside the charged spherical
=4 _ ¢ source
202 p2gt

Regarding the Ricci tensor Ry, we already know [4] that
it is a symmetric ©(4)-invariant tensor defined by the func-

tions
Qoo = Qoo(t, ), Qo1 = Qoi(t,p),
Q11 = Qui(t,p), Q22 = Qa2(t,p)

as follows
Roo = Qoo, Roi = Rio = Qo17i,
Rij = Rjs = 2;2;Q2, (1,7 =1,

So, assuming that the cosmological constant vanishes, we
have to do from the outset with four simple equations of grav-
itation, namely

Rii = Q1+ 1??@22 )
2,3;1#7).

Qoo—*fQ‘F@EOO_O
Qo1 — J;ffl‘i‘Sk 1=0,
Q11+R12 84kE11:0»
Qu1+p°Q22 — g(pzflz_ez) + 8:Tk(Ell +p"Bx) = 0.

An additional simplification results from the fact that the
mixed components of the electromagnetic energy-momentum
tensor satisfy the condition W2 = 0, and then the equations
of gravitation imply (by contraction) that the scalar curva-
ture R vanishes. Moreover, introducing as usual the functions

h = pfi1, g = pf1, and taking into account that g = 203 we

322’
obtain
2 2 g2
€ e” f e ff
B = 1 Eoo = 10 01 = 41 )
P?g 81 g T 8r g
2 2 2 2 2
e 4 5 g? (—€° + h?)
=——=, E Eypy=—>—" 7
1= e P + p" H22 pym 7 )

so that by setting

we get the definitive form of the equations of gravitation

2
v
Q00+gjf2:0, (3.1

2
Qm+%¢h=0 (3.2)

94

In the case of a stationary field, the functions Qog, Qo1, @11,
@22 depend only on p and their expressions are already
known [3,4]

f// flel 2f/gl
sz( L , “.1)
o0 27 B 2g
h
Qo1 = — Qoo 4.2)
pf
1 gl2 ggll Zlggl f/ggl
= 14+ = — 4.3
Qu=— ( + 2 + 2 3 + e ) (4.3)
11 i ZI 2el / h2
Qu1+p sz_L+i_f7_ Qoo. (4.4)

fgféégfz

On account of (4.2), the equation (3.2) is written as

2
<Q00+;f2>h:

so that it is verified because of (3.1).

Consequently it only remains to take into account the
equations (3.1), (3.3), (3.4).

From (3.1) we obtain

v2 _ Qoo
¢ P
and inserting this expression into (3.4) we obtain the relation
Q11+ P°Q22) — (= + h?)Qo0 = 0

which, on account of (4.1) and (4.4), reduces, after cancela-
tions, to the simple equation

n ! el
g_fr. ¢t
g f !
which does not contain the unknown function A and implies
fl=cg', (c=const). 4.5)
Next, from (3.1) and (3.3) we deduce the equation
Q
Qu — %zi =0 (4.6)

which does not contain the function h either.
Now, from (4.5) we find

!

_ <
f_f
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and inserting this expression of f into (4.6), we obtain an
equation which can be written as

d [ F
— =) =0
dp \ 2¢’

with ) 1o
pop2 9 g
= 7
It follows that
F=2A,9g— Ay, (A;=const, Ay = const),

and " 4
g% =10 (1 -y j) . (4.7)
g g

On account of (4.5), the derivative g’ does not vanish. In
fact g’ =0 implies either f =0 or £ =0, which gives rise to
a degenerate spacetime metric, namely a spacetime metric
meaningless physically. Then, in particular, it follows from

(4.7) that

24,
1—7+72>0.
g

The constant A;, obtained by means of the Newtonian
approximation, is already known:

km
AIZT:/J'
C

In order to get Ao, we insert first

LI B gll el

g ¢
into (4.3) thus obtaining

12 1 ! !
2 _ g 299" 2lgg
PQ11——1+Z7+ 2 B

(4.8)

Next by setting

we have

v e (%)

¢ g
and inserting these expressions of g’ and g” into (4.8), we find

A
P2Q11 = —% .
g

The equation (3.3) gives finally the value of the con-
stant Ajy:
k 2
A2 = 1/2 = i‘l .
c
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It follows that the general stationary solution outside the
charged spherical source is defined by two equations, namely

d
f1=cY. (4.9)
dp
2
a _, 1_2i+’iz, (4.10)
dp g g

km VE v?
(/J':) V:T|8|) 1_+2>0>
c g g
The interdependence of the two fields, gravitational and
electric, in now obvious: The electric charge €, which defines

the electric field, is also involved in the definition of the grav-
itational field by means of the term

vk (e
@ ct\g/)

On the other hand, since

_eft _cedg
C P35 pg?dp’

the components of the electric field:

Voo = —Voo = qz3 =

8 (e
Vos = —Vao =qz3 = —c— ()

result from the electric potential:

5 3

g g(p)

which is thus defined by means of the curvature radius g(p),
namely by the fundamental function involved in the definition
of the gravitational field.

Note that, among the functions occurring in the space-
time metric, only the function h = pf; does not appear in the
equations (4.9) and (4.10). The problem does not require a
uniquely defined h. Every differentiable function A satisfy-
ing the condition |k| < £ is allowable. And every allowable
h gives rise to a possible conception of the time coordinate.
Contrary to the Special Relativity, we have to do, in General
Relativity, with an infinity of possible definitions of the time
coordinate. In order to elucidate this assertion in the present
situation, let us denote by p; the radius of the spherical sta-
tionary source, and consider a photon emitted radially from
the sphere ||z|| = p; at an instant 7. The equation of motion
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of this photon, namely dial coordinate. This is why the Reissner-Nordstrom metric
is devoid of geometrical and physical meaning.
f(p)dt + h(p)dp = £(p)dp
Submitted on February 05, 2008

implies Accepted on February 07, 2008
dt_ —h(p) + £(p)
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it is not bounded by a barrier as in Special Relativity. In the
limit case where the allowable h equals £, this velocity be-
comes infinite.

This being said, we return to the equations (4.9) and
(4.10) which contain the remaining unknown functions f, £,
g. Their investigation necessitates a rather lengthy discussion
which will be carried out in another paper. At present we
confine ourselves to note two significant conclusions of this
discussion:

(a) Pointwise sources do not exist, so that the spherical
source cannot be reduced to a point. In particular the
notion of black hole is inconceivable;

(b) Among the solutions defined by (4.9) and (4.10), par-
ticularly significant are those obtained by introducing
the radial geodesic distance

p
6= /Z(u)du.
0

Then we have to define the curvature radius G(8) =
= g(p(6)) by means of the equation

aG 1 24 N v

s G G2
the solutions of which need specific discussion accord-
ingas v? —pu?>00rv? —p?2=0o0rv? — pu? <0. The
first approach to this problem appeared in the paper [1].
We note finally that the derivation of the Reissner-Nord-
strom metric contains topological errors and moreover iden-
tifies erroneously the fundamental function g(p) with a ra-
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