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We present the third quantization of Bergmann-Wagoner scalar-tensor and Brans Dicke
solvable toy models. In the first one we used an exponential cosmological term, for the
second one we considered vanishing cosmological constant. In both cases, it is found
that the number of the universes produced from nothing is very large.

1 Introduction

The Wheeler-DeWitt (WDW) equation is a result of quan-
tization of a geometry and matter (second quantization of
gravity), in this paper we consider the third quantization of
a solvable inflationary universe model, i.e., by analogy with
the quantum field theory, it can be done the second quanti-
zation of the universe wavefunction ¢ expanding it on the
creation and annihilation operators (third quantization) [1].
Because in the recent years there has been a great interest
in the study of scalar-tensor theories of gravitation, owing
that of the unified theories [2, 3], we choose to work with
the most general scalar-tensor theory examined by Bergmann
and Wagoner [4, 5], in this theory the Brans-Dicke parameter
w and cosmological function A depend upon the scalar gravi-
tational field ¢. The Brans-Dicke theory can be obtained set-
ting w = const and A = 0.

The WDW equation is obtained by means of canonical
quantization of Hamiltonian H according to the standard ca-
nonical rule, this leads to a difficulty known as the problem
of time [6]. Also, this equation has problems in its proba-
bilistic interpretation. In the usual formulation of quantum
mechanics a conserved positive-definite probability density is
required for a consistent interpretation of the physical prop-
erties of a given system, and the universe in the quantum
cosmology perspective, do not satisfied this requirement, be-
cause the WDW equation is a hyperbolic second order differ-
ential equation, there is no conserved positive-definite proba-
bility density as in the case of the Klein-Gordon equation, an
alternative to this, is to regard the wavefunction as a quantum
field in minisuperspace rather than a state amplitude [7].

The paper is organized as follows. In Section 2 we obtain
the WDW equation. In Section 3 we show third quantization
of the universe wavefunction using two complete set of modes
for the most easy choice of factor ordering. Finally, Section 4
consists of conclusions.

2 Canonical formalism

Our starting point is the action of Bergmann-Wagoner scalar
tensor theory
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where g = det(g,.), @(t) is the conventional real scalar
gravitational field, while [, is the Planck length and A(¢) is
the cosmological term. The quantity R(%) is the scalar cur-
vature of the Friedmann-Robertson-Walker theory, which is
given, according to the theory, by
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The second integral in (1) is a surface term involving the
induced metric h;; and second fundamental form K “J on the
boundary, needed to cancel the second derivatives in R4
when the action is varied with the metric and scalar field, but
not their normal derivatives, fixed on the boundary. Substi-
tuting (2) in (1) and integrating with respect to space coordi-
nates, we have
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where dot denotes time derivative with respect to the time ¢,
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now introducing a new time dr = ¢2dt and the following
independent variables

a= a2¢cosh/ (W)z @,
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where A; and A, are constants, with gauge N = 1, then action
(3) transforms into a symmetric form
1 1
S = 7/ |: (a'2 —ﬁ’2) —+ Ala —+ Azﬁ — k dT, (7)
here prime denotes time derivative with respect to 7. The
Hamiltonian of the system is

1
H =2 = 2nf + (k= Ao — AaB). 8)

After canonical quantization of H, the WDW equation is
82+ Aa~'0, — 05 — BB7'0s +
1
+ Z(Ala—FAZﬁ_k) ¢(a7:6) :0; (9)

where A and B are ambiguity ordering parameters. The gen-
eral universe wavefunction for this model can be given in
terms of Airy functions.

3 Third quantization

The procedure of the universe wavefunction ¢ quantization is
called third quantization, in this theory we consider 1 as an
operator acting on the state vectors of a system of universes
and can be decomposed as

(o, B) = Ci ¢ (o, B) + CT 9, (2, B),

where 1/)24i (a, B) form complete orthonormal sets of solutions
to WDW equation. This is in analogy with the quantum field
theory, where C; and é’j are creation and annihilation opera-
tors. Thus, we expect that the vacuum state in a third quan-
tized theory is unstable and creation of universes from the
initial vacuum state takes place. In this view, the variable
o plays the role of time, and variable 3 the role of space.
¥(a, B) is interpreted as a quantum field in the minisuper-
space.

We assume that the creation and annihilation operators of
universes obey the standard commutation relations

(10)

[C(s),CH(s")] =6(s — &), (11)
[C(s),C(s")] = [CM(s),CM(s)] =0. (12

The vacuum state |0) is defined by
C(s)|o)y for VC, (13)

and the Fock space is spanned by CT(s;)CT(sz)...|0). The
field ¢(«, B) can be expanded in normal modes 15 as
“+ o0

Wep) = [ [C5)0aa,8) + Co)wi(a,0)]ds, (14
—0O0
here, the wave number s is the momentum in Planck units and
is very small.
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3.1 General model

Let us consider the quantum model (9) for the most easy fac-
tor ordering A = B = 0, with A, = 0 and closed universe
k = 1. Then, the WDW equation becomes

1
% -c+ tha-n|wap) =0 a3)
the third-quantized action to yield this equation is
1 1
S:o= / [(aa1//)2_(aﬁ1//)2_4(-/\10‘_1)1//2} dadg, (16)

this action can be canonically quantized and we impose the
equal time commutation relations

[10a%(a,8),%(a,8")] =6(6 - F'), (17)
[40a(, B),10atp(e, )] = O, (18)
[¥(a,8),%(e,5')] = 0. (19)

A suitable complete set of normalized positive frequency
solutions to equation (15) are:

out e'sP . _2 2
¥ (a, B) = W{Al [(200)73(1 - 45> - M| +
+ iBi [(2/\1)—%(1—452 —Ala)]}, (20)
and
yin(a,0) = 220

S x
(16A,)%
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P%¥(a, B) and 2" (a, B) can be seen as a positive frequency
out going and in going modes, respectively, and these solu-
tions are orthonormal with respect to the Klein-Gordon scalar
product

(Ys,%sr) = i/d/s BshdB=06(s—5). (22)

The expansion of ¥(a, 8) in terms of creation and anni-
hilation operators for the in-mode and out-mode is

¥, 5) = / [Cin(s) ¥ (a, B) +

+ Cl(5) 9™ (a, 8)] ds,  (23)
and
W, B) = / [Cout(5) %7 (e, B) +
+ Cla(s) 2 (o, B)] ds.  (24)
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As both sets (20) and (21) are complete, they are related
to each other by the Bogoliubov transformation defined by

Yo (a, B) = / [Cu(s,r) %™ (@, B) +

+ Ca(s,r) P (, B) ] dr,  (25)
and
V™ (a, ) = / [Cy(5,7) 42" (ct, B) +
+ Cas,r) 2" (o, B)] dr.  (26)

Then, we obtain that the Bogoliubov coefficients Cy (s, r)
=6(s —r)Ci(s) and Cy(s,7) = 8(s + 7)Ca(s) are

Ci(s,r) = 6(s — ) —= x

1 7(17452)%
X | -e 341
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(17452)% (27)
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Ca(s,7) =6(s+ 7’)% X

1 _a-a?)3
x| -e 341
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The coefficients C;(s,r) and Cy(s,r) are not equal to
zero. Thus, two Fock spaces constructed with the help of the
modes (20) and (21) are not equivalent and we have two dif-
ferent third quantized vacuum states (voids): the in-vacuum
| 0, in ) and out-vacuum | 0, out ) (which are the states with
no Friedmann Robertson Walker-like universes) defined by

Cin(s)]0,2n) =0 and Cous(s)|0,0ut) =0, (29)
where s € R. Since the vacuum states | 0, ¢n ) and | 0, out )
are not equivalent, the birth of the universes from nothing
may have place, where nothing is the vacuum state | 0,7n ).
The average number of universes produced from nothing, in
the s-tn mode N (s) is

N(s) = (0,in | Cluu(s) Courls) | 0,in ), (30)

as follows from equation (25) we get

1(1  a-a?? a-a23 ’
N(5)=<e W—e M ) €1y

2\2

considering Coleman’s wormhole mechanism [8] for the van-
ishing cosmological constant and the constraint A; < % T x
1072 m2, with |s| < 1, then the number of state N(s) is
3
N(s) = %eﬁ(l—‘“z)? (32)

This result from third quantization shows that the number
of the universes produced from nothing is exponentially large.
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3.2 Particular model

An interesting model derived from Bergmann Wagoner action
(1) with w(¢) = wg = const, A(¢) =0 and N =1 is the Brans-
Dicke theory

S = 112 / V=g {qu(‘*) - w(f) 9" b,ub+20X ()| dt. (33)
p

By means of new variables

z = In(a?¢), y = lnq&%, dt = adrt, (34)
_ _3 : :
where p? = Fwo 73> action (33) transforms into
1 3312 y/2
= [ |5= -2 —1|¢&"d 35
s=3/ [ i } e*dr, (35)
the WDW equation for this model is
A A . €
o0 - 8 - | v =0, Go)

the ambiguity of factor ordering is encoded in the A param-
eter. The third quantized action to yield the WDW equation
(36) is
1 2 2, €7 5

S0 =3 [ |@w2 - 0P+ 5 v?| way. @1

Again, in order to quantize this toy model, we impose
equal time commutation relations given by (17-19), and by
means of normal mode functions 4, we can expand the field
(z,y). A suitable normalized out-mode function with posi-
tive frequency for large scales, is

=5 g® re® o

Yz, y) = e : (38)

1
242
where H (_Qq) is a Hankel function and ¢ = —%|p|. The normal-
ized in-mode function is

ezlnl 7e%

Y (z,y) = — eV, (39)

2sinh? (m|p]) T2
where Jg is a first class Bessel function. In the classically al-
lowed regions the positive frequency modes correspond to the
expanding universe [9]. As both wavefunctions (38) and (39)
are complete, they are related to each other by a Bogoliubov
transformation. The corresponding coefficients are

1
Ci(p,q) :5(P—Q)\/ﬁ, (40)

and 1
Ca(p,q) =0(p + Q)W . (41)

The coefficients C;(p) and C»(p) are not equal to zero
and satisfy the probability conservation condition

|Ci(p) > = | C2(p) > = 1.
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In this way, it can be constructed two not equivalent Fock
spaces by means of (38) and (39). These two different third
quantized vacuum states, the in-vacuum |0, ¢n) and out-
vacuum | 0, out) are defined by (29). The average number
of universes created from nothing, i.e., the in-vacuum in the
p-th N(p), is

N(p) = (0,in | Cl(p) Cout(p) | 0,in) =
= |CQ(P)|2 =
1
= e 1 (42)

This expresion corresponds to a Planckian distribution of uni-
verses.

4 Conclusions

By means of a suitable choice of lapse function and inde-
pendent variables, we have solved the WDW equation in the
Bergmann-Wagoner gravitational theory for a cosmological
function of the form A(¢) = A1 cosh[2y(¢)]+ Az sinh[2y(¢)],
this kind of cosmological term is important because of new
scenario of extended inflation [10]. Also, we have studied
on the third quantization of Bergmann-Wagoner and Brans-
Dicke models, in which time is related by the scalar fac-
tor of universe and the space coordinate is related with the
scalar field. The universe is created from stable vacuum ob-
tained by the Bogoliubov-type transformation just as it is in
the quantum field theory.

One of the main results of third quantization is that the
number of universes produced from nothing is exponentially
large. We calculated the number density of the universes cre-
ating fron nothing and found that the initial state | 0,¢n) is
populated by a Planckian distribution of universes.
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