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General Relativistic metric tensors for gravitational fields exterior to homogeneous
spherical mass distributions rotating with constant angular velocity about a fixed di-
ameter are constructed. The coeflicients of affine connection for the gravitational field
are used to derive equations of motion for test particles. The laws of conservation of
energy and angular momentum are deduced using the generalized Lagrangian. The law
of conservation of angular momentum is found to be equal to that in Schwarzschild’s
gravitational field. The planetary equation of motion and the equation of motion for a
photon in the vicinity of the rotating spherical mass distribution have rotational terms

not found in Schwarzschild’s field.
1 Introduction

General Relativity is the geometrical theory of gravitation
published by Albert Einstein in 1915/1916 [1-3]. It unifies
Special Relativity and Sir Isaac Newton’s law of universal
gravitation with the insight that gravitation is not due to a
force but rather a manifestation of curved space and time,
with the curvature being produced by the mass-energy and
momentum content of the space time. After the publication
of Einstein’s geometrical field equations in 1915, the search
for their exact and analytical solutions for all the gravitational
fields in nature began [3].

The first method of approach to the construction of ex-
act analytical solutions of Einstein’s geometrical gravitational
field equations was to find a mapping under which the metric
tensor assumed a simple form, such as the vanishing of the
off-diagonal elements. This method led to the first analyti-
cal solution — the famous Schwarzschild’s solution [3]. The
second method was to assume that the metric tensor contains
symmetries — assumed forms of the associated Killing vec-
tors. The assumption of axially asymmetric metric tensor led
to the solution found by Weyl and Levi-Civita [4-11]. The
fourth method was to seek Taylor series expansion of some
initial value hyper surface, subject to consistent initial value
data. This method has not proved successful in generating
solutions [4-11].

We now introduce our method and approach to the con-
struction of exact analytical solutions of Einstein’s geomet-
rical gravitational field equations [12, 13] as an extension of
Schwarzschild analytical solution of Einstein’s gravitational
field equations. Schwarzschild’s metric is well known to be
the metric due to a static spherically symmetric body situated

in empty space such as the Sun or a star [3, 12, 13]. Schwarz-
schild’s metric is well known to be given as

2GM

goo =1— a2y (1.1
2GM]

gun=-—|1- 2 , (1.2)

g2z = -7, (1.3)

g3z = —r?sin0, (1.4)

guv = 0 otherwise, (1.5)

where r > R, the radius of the static spherical mass, G is the
universal gravitational constant, M is the total mass of the
distribution and c is the speed of light in vacuum. It can be
easily recognized [12, 13] that the above metric can be writ-
ten as

2f(r
goo =1+ f(2 ) ) (1.6)
c
2f(r)] 7"
911 = — [1 +— } ) (1.7)
c
g22 = —7“2, (1.8)
g33 = —r?sin6, (1.9)
guv = 0 otherwise, (1.10)
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where
GM

flr) = (1.11)
T

We thus deduce that generally, f(r) is an arbitrary func-
tion determined by the distribution. In this case, it is a func-
tion of the radial coordinate r only; since the distribution and
hence its exterior gravitational field possess spherical symme-
try. From the condition that these metric components should
reduce to the field of a point mass located at the origin and
contain Newton’s equations of motion in the field of the
spherical body, it follows that generally, f(r) is approximate-
ly equal to the Newtonian gravitational scalar potential in the
exterior region of the body, ®(r) [12,13].

Hence, we postulate that the arbitrary function f is solely
determined by the mass or pressure distribution and hence
possesses all the symmetries of the latter, a priori. Thus, by
substituting the generalized arbitrary function possessing all
the symmetries of the distribution in to Einstein’s gravitation-
al field equations in spherical polar coordinates, explicit equa-
tions satisfied by the single arbitrary function, f(¢,r,8,¢),
can be obtained. These equations can then be integrated ex-
actly to obtain the exact expressions for the arbitrary func-
tion. Also, a sound and satisfactory approximate expression
can be obtained from the well known fact of General Relativ-
ity [12,13] that in the gravitational field of any distribution of
mass;

2
goo ~ 1+ = &(t,r,0,0). (1.12)
It therefore follows that:
f(ti’r’ 91 ¢) % é(tir)ei ¢) (1'13)

In a recent article [13], we studied spherical mass distri-
butions in which the material inside the sphere experiences
a spherically symmetric radial displacement. In this article,
we now study general relativistic mechanics in gravitational
fields produced by homogeneous mass distributions rotating
with constant angular velocity about a fixed diameter within
a static sphere placed in empty space.

2 Coefficients of affine connection

Consider a static sphere of total mass M and density p. Also,
suppose the mass or pressure distribution within the sphere
is homogeneous and rotating with uniform angular velocity
about a fixed diameter. More concisely, suppose we have
a static spherical object filled with a gas say and the gas is
made to rotate with a constant velocity about a fixed diame-
ter. In otherwords, the material inside the sphere is rotating
uniformly but the sphere is static. Such a mass distribution
might be hypothetical or exist physically or exist astrophys-
ically. For this mass distribution, it is eminent that our arbi-
trary function will be independent of the coordinate time and

azimuthal angle. Thus, the covariant metric for this gravita-
tional field is given as

2f(r,0
goo = 14 200 @.1)
c
2f(r, 6 -t
gn:—{u ftr )] , (2.2)
c
922 = —7“2, (2.3)
g3z = —r2sin’f, 2.4)
Juv = 0 otherwise, (2.5)

where f(r, @) is an arbitrary function determined by the mass
distribution within the sphere. It is instructive to note that
our generalized metric tensor satisfy Einstein’s field equa-
tions and the invariance of the line element; by virtue of their
construction [1, 12]. An outstanding theoretical and astro-
physical consequence of this metric tensor is that the resul-
tant Einstein’s field equations have only one unknown func-
tion, f(r,8). Solutions to these field equations give explicit
expressions for the function f(r,#). In approximate gravita-
tional fields, f(r, #) can be conveniently equated to the grav-
itational scalar potential exterior to the homogeneous spher-
ical mass distribution [1, 12—14]. It is most interesting and
instructive to note that the rotation of the homogeneous mass
distribution within the static sphere about a fixed diameter is
taken care of by polar angle, 8 in the function f(r, 8). Also, if
the sphere is made to rotate about a fixed diameter, there will
be additional off diagonal components to the metric tensor.
Thus, in this analysis, the static nature of the sphere results in
the vanishing of the off diagonal components of the metric.
The contravariant metric tensor for the gravitational field,
obtained using the Quotient Theorem of tensor analysis [15]

is given as
2f(r,0)] "
o = {1 il )] : 2.6)
c

2f(r, 6

gt =- {1 + 20 )] : @7)
c

g% =-r7 (2.8)
¢33 =— (r2 sin26)_1 , 2.9)
g"¥ = 0 otherwise, (2.10)

It is well known that the coefficients of affine connection
for any gravitational field are defined in terms of the metric
tensor [14, 15] as;

1
Z)\ = 5 ga-u (g,uu,)\ + Gua,u — g;t)\,l/) ) (211)
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. 2 of(r,8) ., 1 2 1 of(r,8) ., 2 2 “Laf(r,8) .
7+ {1—|—c2 f(r,@)} 5 t -2 1—|—C2 f(r,6) o T2 1—|—C2 f(r,0) 50 70—
2 2 2 9f(r,0) G
_ Bl 12 _ pooin? il r 2
r[l—i—cQ f(r,@)}@ 7 sin 9{14—62 f(r,@)] 0 ¢° =0

where the comma as in usual notation designates partial dif-
ferentiation with respect to *, z# and z¥. Thus, we construct
the explicit expressions for the coefficients of affine connec-
tion in this gravitational field as;

1 2 ~1 8f(r,6)
0 — 10 _ )
I =T% =3 [1 +5 f(r,e)] 5 (212
1 2 1 8f(r,0)
0 —mn0 __ )
I =T% =3 [1 +5 f(r,e)] o 213
. 1 2 af(r,6)
I'oo = 2 1+ 2 f(r,0) ar (2.14)
b1 " 9f(r,6)
Iy = =2 1+ 2 f(r,6) ar (2.15)
1 2 1 8f(r,6)
1 —nl __ - - )
=T =—7 [1 + 2 f( ;9)} 8 (2.16)
1 2
I'pg=—r |14+ ) f(r,0)|, 2.17)
2 2 8f(r,6)
1 _ =2 “ )
I'33 = —rsin“d {1 + 2 f(r,e)} 50 (2.18)
1 8f(r,6)
Too =55~ op @19
1 2 8f(r,8)
Pil T p2e2 |:1 + 072 f( ,9):| 90 ) (2.20)
M, =r3=>r3,=r3,=--, (2.21)
2 1.
I's3 = —7 sin 20, (2.22)
s, =1, =coth (2.23)
23 — +32 — ) .
FZA = 0 otherwise, (2.24)

Thus, the gravitational field exterior to a homogeneous
rotating mass distribution within regions of spherical geome-
try has twelve distinct non zero affine connection coefficients.
These coefficients are very instrumental in the construction of
general relativistic equations of motion for particles of non-
ZEero rest mass.

3 Motion of test particles

A test mass is one which is so small that the gravitational field
produced by it is so negligible that it doesn’t have any effect
on the space metric. A test mass is a continuous body, which
is approximated by its geometrical centre; it has nothing in
common with a point mass whose density should obviously
be infinite [16].

The general relativistic equation of motion for particles of
non-zero rest masses is given [1,12-14,17] as

d?zH dz? dz?

+ Ty — ] =0,
dr? dr dr
where 7 is the proper time. To construct the equations of
motion for test particles, we proceed as follows

Setting 1 = 0 in equation (3.1) and substituting equations
(2.12) and (2.13) gives the time equation of motion as

3.1)

.2 2 “Laf(r,6) ..
2 2 ~1 8f(r,6) G2
7, ol

where the dot denotes differentiation with respect to proper
time. Equation (3.2) is the time equation of motion for parti-
cles of non-zero rest masses in this gravitational field. It re-
duces to Schwarzschild’s time equation when f(r, §) reduces
to f(r). The third term in equation (3.2) is the contribution
of the rotation of the mass within the sphere; it does not ap-
pear in Schwarzschild’s time equation of motion for test par-
ticles [1, 12—14, 17]. It is interesting and instructive to realize
that equation (3.2) can be written equally as

d . d 2
%(lnt) +o {ln <1+czf(r,9))} =0. (3.3)
Integrating equation (3.3) yields
-1
t=A (1 + %f(r, 9)) , (3.4)
c

where A is the constant of integration (as t — 7, f(r,8) — 0
and thus the constant A is equivalent to unity). Equation (3.4)
is the expression for the variation of the time on a clock mov-
ing in this gravitational field. It is of same form as that in
Schwarzschild’s gravitational field [1, 12—-14,17].

Similarly, setting 4 = 1 in equation (3.1) gives the radial
equation of motion as formula (3.5) on the top of this page.
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For pure radial motion 6 = ¢ = 0 and hence equation
(3.5) reduces to

T 04(r,6) L2 _

The instantaneous speed of a particle of non-zero rest
mass in this gravitational field can be obtained from equa-
tions (3.5) and (3.6).

Also, setting 4 = 2 and p = 3 in equation (3.1) gives the
respective polar and azimuthal equations of motion as

T+ [14— czzf(r,e)]

. 10f(r8) ., 1 2 -
6+ = fg; )t2+ 3 {1+2f(r,9)} X
7 r2c c 3.7
O0f(r6) o 2.5 1 20 . o)
X g T +Tr9 2(¢) sin20 =0
and

<}5+§f¢+2é¢cot9:o. (3.8)
It is instructive to note that equation (3.7) reduces satis-
factorily to the polar equation of motion in Schwarzschild’s
gravitational field when f(r, ) reduces to f(r). Equation
(3.8) is equal to the azimuthal equation of motion for parti-
cles of non-zero rest masses in Schwarzschild’s field. Thus,
the instantaneous azimuthal angular velocity from our field
is exactly the same as that obtained from Newton’s theory of
gravitation [14] and Schwarzschild’s metric [1,12, 13, 17].

4 Orbits

The Lagrangian in the space time exterior to any mass or pres-
sure distribution is defined as [17]

1
a B\ 2
de? do ) —0. 4.1y

1
L==(—0ug ——
c(gﬁdT dr

Thus, in our gravitational field, the Lagrangian can be
written as

Lot ay _ (Y]
¢ doo ar g11 ar
1
1 de \? dop\|°
—C[gzz<d7_) — 333 <d7'>] =0.

Considering motion confined to the equatorial plane of
the homogeneous spherical body, § = 7 and hence df = 0.
Thus, in the equatorial plane, equation (4.2) reduces to

1 dt \?
L:cl‘goo (dT) -
dr \? do\?
— 911 (d’l’) — 933 (d’?’)

-

4.2)

4.3)

=

Substituting the explicit expressions for the components
of the metric tensor in the equatorial plane of the spherical
body yields

L= % {— (1+ ;f(r,ﬁ)) t’2r+

1
+ —
c

)

1 2 0 71-2 232
+§f(r,) r +’I"¢

where the dot as in usual notation denotes differentiation with
respect to proper time.

It is well known that the gravitational field is a conserva-
tive field. The Euler-lagrange equations of motion for a con-
servative system in which the potential energy is independent
of the generalized velocities is written as [17]

8L d [ 6L
2%~ ar (a) ! (4-5)
but oL oL

by the time homogeneity of the field and thus from equation
(4.5), we deduce that
L
— = constant. 4.7
ot

From equation (4.4), it can be shown using equation (4.7)
that

<1+c22f(r,9)>i:k, k=0 (4.8)
where % is a constant. This the law of conservation of en-
ergy in the equatorial plane of the gravitational field [17]. It
is of same form as that in Schwarzschild’s field. Also, the La-
grangian for this gravitational field is invariant to azimuthal
angular rotation (space is isotropic) and hence angular mo-
mentum is conserved, thus

oL

op
and from Lagrange’s equation of motion and equation (4.4) it
can be shown that

0, (4.9)

=1, i=o0, (4.10)
where [ is a constant. This is the law of conservation of an-
gular momentum in the equatorial plane of our gravitational
field. It is equivalent to that obtained in Schwarzschild’s grav-
itational field. Thus, we deduce that the laws of conservation
of total energy and angular momentum are invariant in form
in the two gravitational fields.

To describe orbits in Schwarzschild’s space time, the La-

grangian for permanent orbits in the equatorial plane [17] is
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given as;
| 2GM) (dt o
c2r dr
1 1_2GM_1dl2+T2 @2 3
c2 cr dr dr '

For time-like orbits, the Lagrangian gives the planetary
equation of motion in Schwarzschild’s space time as

L =
11)

&y GM _GM
E TV e T3

e = 4.12)

where u = % and A is a constant of motion. The solution
to equation (4.12) depicts the famous perihelion precession
of planetary orbits [1, 14, 17]. For null orbits, the equation
of motion of a photon in the vicinity of a massive sphere in
Schwarzschild’s field is obtained as

d’y GM ,

u=3——u”".

o > (4.13)

A satisfactory theoretical explanation for the deflection of
light in the vicinity of a massive sphere in Schwarzschild’s
space time is obtained from the solution of equation (4.13).

Itis well known [17] that the Lagrangian L = ¢, withe =1
for time like orbits and € =0 for null orbits. Setting L =¢
in equation (4.4) and squaring yields the Lagrangian in the
equatorial plane of the gravitational field exterior to a rotating
mass distribution within regions of spherical geometry as

e = ciz [— <1 + szf(r,e)> iﬂ +

1
e

(4.14)

1 2 2 71-2 212
+C72f(r,) r +’I"¢

Substituting equations (4.8) and (4.10) into equation
(4.14) and simplifying yields

l2

P+ (1 + cif(r,e)) 2

— 262 f(r,0) = *e* + k2.

(4.15)

In most applications of general relativity, we are more in-
terested in the shape of orbits (that is, as a function of the
azimuthal angle) than in their time history [1, 14, 17]. Hence,
it is instructive to transform equation (4.15) into an equation
in terms of the azimuthal angle ¢. Now, let us consider the
following standard transformation

1
r=r(¢) and u(¢)= @)’ (4.16)
then L g
. U

Imposing the transformation equations (4.16) and (4.17)
on (4.15) and simplifying yields

Iodt\’ 2 )
(rws) (14 &)=
2 flu,0)  2e + k2
—2¢ 2 = B .

(4.18)

Equation (4.18) can be integrated immediately, but it
leads to elliptical integrals, which are awkward to handle [14].
We thus differentiate this equation to obtain:

d? d
—u—2u(1—|—u2) —u—l—u(l—i-uz)z X
d¢? d¢

) 02 ) of (4.19)

_[2€ u N2
X (1+c2f(u’9)>_<l2_c2> (1+u?) R
For time like orbits, equation (4.19) reduces to;
d? d
—u—2u(1—|—u2) —u+u(1+u2)2><
d¢? do
(4.20)

2 2 u? of
X (1+czf(u,9)>:<l2—1;) (1—1—112)2 0

This is the planetary equation of motion in the equato-
rial plane of this gravitational field. It can be solved to ob-
tain the perihelion precision of planetary orbits. This equa-
tion has additional terms (resulting from the rotation of the
mass distribution), not found in the corresponding equation
in Schwarzschild’s field. Light rays travel on null geodesics
and thus equation (4.19) yields;

2
% —2u (1+u2) Z—Z—i—u(l—l—ug)zx

) ) 4.21)
u
x (1+cgf(u, 9)) =—— (1+%)

208
ou’

as the photon equation of motion in the vicinity of the ho-
mogeneous rotating mass distribution within a static sphere.
The equation contains additional terms not found in the cor-
responding equation in Schwarzschild’s field. In the limit of
special relativity, some terms in equation (4.21) vanish and
the equation becomes

——Zu(l—l—uz) Z—u—l—u(l—i—uz)2 =0.
¢

The solution of the special relativistic equation, (4.22),
can be used to solve the general relativistic equation, (4.21).
This can be done by taking the general solution of equation
(4.21) to be a perturbation of the solution of equation (4.22).
The immediate consequence of this analysis is that it will pro-
duce an expression for the total deflection of light grazing the
massive sphere.

(4.22)
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5 Conclusion

The equations of motion for test particles in the gravitational
field exterior to a homogeneous rotating mass distribution
within a static sphere were obtained as equations (3.2), (3.5),
(3.7) and (3.8). Expressions for the conservation of energy
and angular momentum were obtained as equations (4.8) and
(4.10) respectively. The planetary equation of motion and the
photon equation of motion in the vicinity of the mass where
obtained as equations (4.19) and (4.20). The immediate theo-
retical, physical and astrophysical consequences of the results
obtained in this article are three fold.

Firstly, the planetary equation of motion and the pho-
ton equation have additional rotational terms not found in
Schwarzschild’s gravitational field. These equations are
opened up for further research work and astrophysical inter-
pretations.

Secondly, in approximate gravitational fields, the arbi-
trary function f(r, 8) can be conveniently equated to the grav-
itational scalar potential exterior to the body. Thus, in approx-
imate fields, the complete solutions for the derived equations
of motion can be constructed.

Thirdly, Einstein’s field equations constructed using our
metric tensor have only one unknown function, f(r,#8). So-
lution to these field equations give explicit expressions for
the function, f(r, #), which can then be interpreted physically
and used in our equations of motion. Thus, our method places
Einstein’s geometrical gravitational field theory on the same
footing with Newton’s dynamical gravitational field theory;
as our method introduces the dependence of the field on one
and only one dependent variable, f(r,8), comparable to one
and only one gravitational scalar potential function in New-
ton’s theory [12, 13].
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