July, 2010

PROGRESS IN PHYSICS

Volume 3

Smarandache’s Cevian Triangle Theorem in The Einstein Relativistic Velocity
Model of Hyperbolic Geometry

Catalin Barbu

“Vasile Alecsandri” College — Bacdu, str. Tosif Cocea, nr. 12, sc. A, apt. 13, Romania. E-mail: kafka_mate @yahoo.com

In this note, we present a proof of Smarandache’s cevian triangle hyperbolic theorem in
the Einstein relativistic velocity model of hyperbolic geometry.

1 Introduction

Hyperbolic geometry appeared in the first half of the 19 cen-
tury as an attempt to understand Euclid’s axiomatic basis for
geometry. It is also known as a type of non-Euclidean geom-
etry, being in many respects similar to Euclidean geometry.
Hyperbolic geometry includes such concepts as: distance, an-
gle and both of them have many theorems in common.There
are known many main models for hyperbolic geometry, such
as: Poincaré disc model, Poincaré half-plane, Klein model,
Einstein relativistic velocity model, etc. The hyperbolic ge-
ometry is a non-Euclidian geometry. Here, in this study, we
present a proof of Smarandache’s cevian triangle hyperbolic
theorem in the Einstein relativistic velocity model of hyper-
bolic geometry. Smarandache’s cevian triangle theorem states
that if A} B1C is the cevian triangle of point P with respect to
the triangle ABC, then ,%{*l - ;;g L BC - _ABBCCA 119

Let D denote the complex unit disc in complex z - plane,
ie.

D={zeC:|z < 1}.

The most general Mobius transformation of D is
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which induces the M&bius addition @ in D, allowing the Mo-
bius transformation of the disc to be viewed as a Mobius left
gyrotranslation
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followed by a rotation. Here 6 € R is a real number, z, 79 € D,
and 7o is the complex conjugate of zo. Let Aut(D, ®) be the
automorphism group of the grupoid (D, ®). If we define

a@b_ 1+ab
b&a 1+ab’

gyr : DX D — Aut(D,®), gyrla,b] =
then is true gyrocommutative law
a®b=gyrla,b](b®a).

A gyrovector space (G,®,®) is a gyrocommutative gy-
rogroup (G, ®) that obeys the following axioms:

(1) gyr[u,v]a-gyr[u,v]b = a-b for all points a,b,u, v € G;

(2) G admits a scalar multiplication, ®, possessing the fol-
lowing properties. For all real numbers 7, r1, r, € R and
all points a € G:

Gl 1®a=a,

G2 (n+mn®a=r®adrnea,
G3 (rnrn)®a=r ®(rna),

G Il®@a _ a

[lr@all — lall”
G5 gyr[u,v](r®a) = r®gyr[u,vla,

G6 gyr[ri®v,ri®v] =1,

(3) Real vector space structure (||G||, ®, ®) for the set ||G]|
of onedimensional “vectors”

IGIl = {=[lall :a€ G} c R

with vector addition & and scalar multiplication ®, such
that for all r € R and a,b € G:

G7 lIr@all = |rl®lall,
G8 lla@ bl < llall @ [Ibl|.

Theorem 1 The Hyperbolic Theorem of Ceva in Einstein
Gyrovector Space Let a;, a;, and a3 be three non-gyrocolli-
near points in an Einstein gyrovector space (V,®,®). Fur-
thermore, let a3 be a point in their gyroplane, which is off
the gyrolines a;a,, aas, and aza,. If aja ;3 meets ara; at as,
etc., then

793163312 ||ea] @ a12” . 79326)323 ”eaz @ 323”
'}’eazeaalz ”632 2] 312” 7633692\23 ”933 52 323”

Yoaaay; 1023 @ Azl
7931@3]3 ||eal @ a13”

(here yy = —L ~
-2

is the gamma factor). (See [2, pp.461].)
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Theorem 2 The Hyperbolic Theorem of Menelaus in Ein-
stein Gyrovector Space Let a;, a,, and az be three non-gyro-
collinear points in an Einstein gyrovector space (V, ®, Q). If
a gyroline meets the sides of gyrotriangle a;a,a; at points
app,a;3, a3, then
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(See [2, pp.463].) For further details we refer to A. Ungar’s
recent book [2].

2 Main result

In this section, we present a proof of Smarandache’s cevian
triangle hyperbolic theorem in the Einstein relativistic veloc-
ity model of hyperbolic geometry.

Theorem 3 If A B|C is the cevian gyrotriangle of gyropoint
P with respect to the gyrotriangle ABC, then

YiealPAl  YipglPBl Y ipqlPC YuglAB| * Yisq|BC| * Y icallCA|

YiealPAil Yipwy IPBil Yipey IPCL Viag,IABIL ™ Yjncy IBC1 ™ Ve, ICAI

Proof If we use a theorem 2 in the gyrotriangle ABC (see
Figure), we have

Yine, JACH" Y s 1BAHY e, ICBI =Yg B Yy BET Y ey €A (1)

If we use a theorem I in the gyrotriangle AA| B, cut by the
gyroline CC, we get

Yine, JACH VioclBE" Vi APl = ViaplAPL* Y a1 €L Yy 1BC1- (2)

If we use a theorem 1 in the gyrotriangle BB, C, cut by the
gyroline AA |, we get

7|BA]||BA|| *YicalCA| .’y\glp||B|P| = Y\sp|BP| '7|BIA|\B|A| '7|CA]|\CA||' (3)

If we use a theorem 1 in the gyrotriangle CC1A, cut by the
gyroline BB1, we get

Yics,ICB11 " YuslABl“ Yic, wIC1PL = YienlCPL " Yic, wIC1BI " Y ja, 4Byl (4)

We divide each relation (2), (3), and (4) by relation (1),
and we obtain

Y pallPA| _ Y501 BCI ] 7|B]A||BIA| )
Y‘I’A|||PA1| Y|BA]|\BA1| Y|BIC||BIC\ ’
Y \pelPB| YicalCAl Yic,5IC1B] ©)

7'[)51"1)31‘ 7|CBI||C31| 7|C1A||C1A|

YipellPCI YunlaB  Yia,qlAiCl
Yire PGl Viae, JACIT Vg, pylA1 Bl

Multiplying (5) by (6) and by (7), we have

(N

Y pallPAI Y\p5|PBI Y \pcilPCI

ylPAll‘PA“ 7|PB]||PBI| 7|PC]||PCI|

. ) 3
Y\ag1ABI" Y 5c||BCI" Y |calCAl y|31A||B]A| ,y|C13|‘CI Bl )/|A1C|‘A'C| ®)

7|A15||AIB|'7|31C||3|C|'7|C1A|\CIA\ ’ylA]BllAlBr’le]CllBlC\ '7|C1A||C|A|

From the relation (1) we have

TP A Yiey OB Vil ©)

Vsl aB " Y1y clBICL" Y g ICrAl
SO

YiealPAl  YipulPBl  YpqlPC YunlAB| * YisalBCl * YicallCA|

’y|pAl‘|PAl‘ Y|p5]||PBl| y|PC|||PCl| y|AB]|‘ABl| ’ y|BCl||BCl| : ’y‘CAl||CAl|
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