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IN MEMORIAM OF NIKIAS STAVROULAKIS

On the Field of a Spherical Charged Pulsating Distribution of Matter

Nikias Stavroulakis®

In the theory of the gravitational field generated by an isotropic spherical mass, the
spheres centered at the origin of R? are non-Euclidean objects, so that each of them
possesses a curvature radius distinct from its Euclidean radius. The classical theory
suppresses this distinction and consequently leads to inadmissible errors. Specifically,
it leads to the false idea that the field of a pulsating source is static. In a number of
our previous publications (see references), we have exposed the inevitable role that
the curvature radius plays and demonstrated that the field generated by a pulsating not
charged spherical course is dynamical. In the present paper we prove that the curvature
radius plays also the main role in the description of the gravitational field generated by

a charged pulsating source.

1 Introduction

The manifold underlying the field generated by an isolated
spherical distribution of matter is the space R x R?, consid-
ered with the product topology of four real lines. In fact, the
distribution of matter is assumed to be located in a system
represented topologically by the space R and moreover to
every point of R? there corresponds the real line described by
the time coordinate 7 (or rather ct). In the general case, the in-
vestigation of the gravitational field by means of the Einstein
equations is tied up with great mathematical difficulty. In or-
der to simplify the problem, we confine ourselves to the case
when the spherical distribution of matter is isotropic. The
term “isotropic” refers classically to the action of the rota-
tion group SO(3) on R? and the corresponding invariance of
a class of metrics on R3. But in our case we have to deal with
a space-time metric on R X R3, so that its invariance must be
conceived with respect to another group defined by means of
SO(3) and acting on R X R3. This necessity leads to the in-
troduction of the group S®(4), which consist of the matrices
1 0Oy
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0
with 0y = (0,0,0), Oy = [ 0 )andA € SO®3). It is also
0

convenient to introduce the larger group ®(4) consisting of
the matrices of the same form for which A € O(3).

From the general theory [10] of the S®(4)-invariant and
O(4)-invariant tensor fields on R x R3, we deduce the explicit
form of an S®(4)-invariant space-time metric to be

ds® = [f (¢ IlxlD dt + fi (4 11xll) (ed) P = 2, lxlDdx® -

Pl = B (@ )

e (xd?

and the condition I(¢,0) = [;(¢,0) is satisfied, which is also
®(4)-invariant. The functions that appear in it, result from
the functions of two variables

lt,uw), hLtu),

f(t’u)9 f](t,bt),

assumed to be C* on RX [0, +ool, if we replace u by the norm

= 24 24,2
lIxll = fx7 + x5 + x3.

However, since the norm ||x|| is not differentiable at the
origin of R3, the functions

F@lixl, A, 1@ lxdD, L )

are not either. So, without appropriate conditions on these
functions in a neighborhood of the origin, the curvature ten-
sor and hence the gravitational field, will present a singularity
at the origin of R®, which would not have any physical mean-
ing. In order to avoid the singularity, our functions must be
smooth functions of the norm in the sense of the following

definition:

. On the Field of a Spherical Charged Pulsating Distribution of Matter



October, 2010

PROGRESS IN PHYSICS

Volume 4

Definition 1. Let ¢(¢,u) be a function C* on R X [0, oof.
(This implies that the function ¢ (z, ||x]|) is C* with respect to
the coordinates 7, X1, X, X3on RX[R3 x (R* - {(0, 0, 0)})].)
Then the function ¢(¢, u) will be called smooth function of
the norm, if every derivative

al’o+l71+pz+p3 ¢ (l‘, ”x”)
3tPodxt 9x2 xb?

at the point (¢, x) € R? x (R3 —{(0, 0, 0)}) tends to a definite
value, as (x, x2, x3) — (0, 0, 0).

The following Theorem characterizes the smooth func-
tions of the norm:

Theorem 1. Let ¢(¢, u) be a C* function on R X [0, co[. Then
¢ (t,]|x|]) is a smooth function of the norm if and only if the
right derivatives of odd order

623+1¢ (t, I/l)

25+1
ou u=0

vanish for every value of 7.

We will not need this theorem in the sequel, because we
confine ourselves to the gravitational field outside the spher-
ical source, so that we have to do exclusively with functions
whose restrictions to a compact neighborhood of the origin of
R3 are not taken into account.

This is why we also introduce two important functions on
account of their geometrical and physical significance. Na-
mely:

(e, 11l = Nlxll fr @ lixdD

and
g @& IxID) = x| 1y (2, [1x[])

although, considered globally on R x R?, they are not smooth
functions of the norm. Then if we set ||x|| = p, we can conve-
niently rewrite the space-time metric in the form

2
ﬂ(%) ](xdx)2 (1)

under the condition |k| < [, as explained in [4]. We recall,
[2], that with this metric, the field generated by a spherical
charged, pulsating in general, distribution of matter, is deter-
mined by the system of equations

2 h ’ 9 ’ |1
ds*=|fdt+—(xdx)| —|=] dx -
Y P

P

2

v
Q00+;f2=0, (2)
v fh
Q01+?%=0, 3)
v
Q11+W—0, @

2
U
O +p°0n + ;(—lz +h*) =0, ®)

where v? = % &%, £ being the charge of the source.

Regarding the function Qgo, Qoi, Q11, Q2 , they occur
in the definition of the Ricci tensor R, related to (1) and are
given by:

Roo = Qoo,  Roi = Rio = Qo1 xi»
2
Rii = Q11 + Onx;, Rij= 0xnxixj,

where i, j=1,2,3 and i # j.

This been said, before dealing with the solutions of the
equations of gravitation, we have to clarify the questions re-
lated to the boundary conditions at finite distance.

Let S,, be the sphere be the sphere bounding the mat-
ter. S, is an isotropic non-Euclidean sphere, characterized
therefore by its radius and its curvature-radius, which, in the
present situation, are both time dependent. Let us denote
them by o(f) and {(7) respectively. Since the internal field
extends to the external one through the sphere S, the non-
stationary (dynamical) states outside the pulsating source are
brought about by the radial deformations of S,,, which are
defined by the motions induced by the functions o () and
{(t). Consequently these functions are to be identified with
the boundary conditions at finite distance.

How is the time occurring in the functions o (f) and ()
defined? Since the sphere S, is observed in a system of ref-
erence defined topologically by the space R?, the time ¢ must
be conceived in the same system. But the latter is not known
metrically in advance (i.e., before solving the equations of
gravitation) and moreover it is time dependent. Consequently
the classical method of special relativity is not applicable to
the present situation. It follows that the first principles re-
lated to the notion of time must be introduced axiomatically
in accordance to the very definition of S®(4)-invariant met-
ric. Their physical justification will be sought a-posteriori on
the basis of results provided by the theory itself.

This been said, the introduction of the functions o(¢) and
{(?) is implicitly related to another significant notion, namely
the notion of synchronization in S,,. If S| denotes the unit
sphere

Si={aeR® | |al=1},

the equation of S, at each distance t is written as
x=ao(t).

So the assignment of the value ¢ at every point of S, de-
fines both the radius o(¢) and the “simultaneous events”

{[t, ac(®] |

a€eS;}.

What do we mean exactly by saying that two events A
and B in S, are simultaneous? The identity of values of time
at A and B does not imply by itself that we have to do with
simultaneous events. The simultaneity is ascertained by the
fact that the value of time in question corresponds to a definite
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position of the advancing spherical gravitational disturbance
which is propagated radially and isotropically according to
the very definition of the S®(4)-invariant metric.

If o’(f) = '(¥) = 0 on a compact interval of time [#, 1;],
no propagation of gravitational disturbances takes place in the
external space during [#, #,] (at least there is no diffusion of
disturbances), so that the gravitational radiation outside the
matter depends on the derivatives o”'(¢) and ’(¢) . It follows
that we may identify the pair [o”(f), {'(f)] with the gravi-
tational disturbance emitted radially from the totality of the
points of S, at the instant . We assume that this gravitational
disturbance is propagated as a spherical wave and reaches the
totality of any of the spheres

3
Sp={xeR’ | |xll=p>0c()}
outside the matter, in consideration, at another instant.

2 Propagation function and canonical metric

A detailed study of the propagation process appears in the
paper [2]. It is shown that the propagation of gravitation from
a spherical pulsating source is governed by a function n(z, p),
termed propagation function, such that

on(t, p)
op

on(t, p)
ot

>0, <0,

p=o(), nlt,o®]=t.

If the gravitational disturbance reaches the sphere
Sp={xeR’ | Ixll=p>0®)

at the instant 7, then
T =n(t,p)

is the instant of its radial emission from the totality of the
sphere S .

Among the infinity of possible choices for 7(z, p), we dis-
tinguish principally the one obtained in the limit case where
h = 1. Then n(z, p) reduces to the time coordinate, denoted
by 7, in the sphere that bounds the matter and the space-time
metric takes the so-called canonical form

(xdx)]2 ~
P

ds* = [ f(t,p)dt + I(t, p) (6)

_Hg(r,p)rdxz+[lz(ﬁp)_[g(np)r
p p

Any other ®(4)-invariant metric is derived from (6) if we
replace 7 by a conveniently chosen propagation function
n(t,p). It follows that the general form of a ®(4)-invariant
metric outside the matter can be written as follows:

(xdx)?
Pl

ds* = [f [7(t, ), p] aﬂgt’p) dt +
on(t, dx) P
+ (f [7(t,0),p] ﬂgt p) + l[n’(t,p),p]) (xpx)] - @)

2
_[(M) A +
e

gln(t,p).pl )2] (xdx)? }

+ [lz[n(r,m,p] - ( >
P P

We do not need to deal with the equations of gravitation
related to (7). Their solution follows from that of the equa-
tions of gravitation related to (6), if we replace in it 7 by the
general propagation function 7(t, p). Each permissible prop-
agation function is connected with a certain conception of
time, so that, the infinity of possible propagation functions
introduces an infinity of definitions of time with respect to
(7). So, the notion of time involved in (7) is not quite clear.

Our study of the gravitational field must begin necessarily
with the canonical form (6). Although the conception of time
related to (6) is unusual, it is easily definable and understand-
able. The time in the bounding the matter sphere S, as well
as in any other sphere §, outside the matter is considered as a
time synchronization according to what has been said previ-
ously. But of course this synchronization cannot be extended
radially. Regarding the time along the rays, it is defined by
the radial motion of photons. The motion of a photon emitted
radially at the instant 7 from the sphere S, will be defined by
the equation 7 = 7. If we label this photon with indication 7,
then as it travels to infinity, it assigns the value of time 7 to
every point of the corresponding ray. The identity values of
7 along this ray does not mean “synchronous events”. This
conception of time differs radically from the one encountered
in special relativity.

3 The equations related to (2.1)

Since h = [ the equations (2), (3), (4) and (5) are greatly
simplified to:

2

Qoo+(%f2=0, ®)
v2
pQOl‘*‘;fl:O, (©)]
2 v’
pOu+—=0, (10)
g
Q1 +p°0»n =0. (11)

Regarding the functions Qg, Qo1, Q11 and Oy, they are
already known, [3], to be:

oV PE FRF 0L 27
0= 10t0p [2Op?> Potdp g or?

FOLAL goral 2 dlag 2405y
Bordp DPopdp Pgordp [Pgdpdp
_20fog 20l0g 20f0g 10f0f
fgoror lgdrdr lgdpdr flordp’
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2 P9 20fdg
299 299
+g8‘r()p lg 6p 6p’( 3)

Sl op | 9p

d1aUn] o (10f
[ (lﬁp)

PQoFE

2g 62g

flotdp 12 Hp*
2
gdlog 1(6@) L9

Bopdp I\op

P70 =

(14)

011 +p°0n = P

2
2[Fg_dg )

From (8) and (9) we deduce the equation
1Qoo — fp Qo1 =0, (16)
which is easier to deal with than (8) on account of the identity

22,
g 012

2f 8l dg 21 df dg

1000 — =
Qoo — fp Qoi lg 0t dp  fg ot Ot

7)

2 01 dg

g ot ot

20fdg 2f &g

gopdr g Otdp

which follows from (12) and (13).
On account of (15), the equation (11) gives

9 (Lag)_,
ap\flop)

whence L a
]Tlé = = function of 7
and, more explicitly,
dg(z,p)
o =B f@ ().

‘We contend that the function (1) cannot vanish. In fact,
if B(1p) = O for some value 7 of 7, then

99(t0.p) _

0
dp

from which it follows that
g(10,0) = constant .

This condition is un-physical: Since a photon travel-
ing radially to infinity, assigns the values of time 7 to every
point of a ray, this condition implies that the curvature radius
g(79, p) is constant outside the matter at the instant 79. Con-
sequently B(7) # 0, so that

either B(t) >0 or B(r) <0 forevery valueof 7.

But, since f(r,p) > 0 and I(t,p) > 0, the condition
B(r) < 0 implies
99(t.p) _
dp
and so the curvature radius g(7,p) is a strictly decreasing
function of p. This last conclusion is also un-physical.
Consequently 8(t) > O for every 7, so that we can define
the positive function

0

1
a=a(t) = ——
( B(T)
and write 5
g
l=a—
fl=ag)
and so 5
a og
=—-—. 1
f I 3p (18)
Consequently
of adldg adg
e etk AT it 1
30 Popdp 109 (19)

and inserting this expression into (14) we obtain

2g Pg

2 9p?

289 290139 1 (dg\’
op)

adr P dpdp e

On account of (10), we can deduce that

v*\ dg
0= P2Q11+—)—=
( g%/ dp
_99 _299g" 298’909 20999 _
dp adtdp 2 0p*dp adrdp

2 3 2
_290(og)" 1 (dg) v g
B op\dp dp

_0|_,_ 2999 g(d) o
Cdp a0t P\op gl
whence
2 o
__Q@Jrﬂ %9 —U—:—szfunctionofr
a dor PP\op g
and so

. (20)

2 2
@:g_1+2_,u_v_+l@
or 2 g g* P\op
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To continue our discussion we need the following deriva-
tives obtained by direct computation:

g _m_g+£@_1ﬁ(@)2 Lagdg|
0tdp g*0p g*0p PBop\op] P opop*|
o, [n())_ny 30 o) 2oy
dtdp? dp) g*dp? dp)  g*dp?
+3(ﬁ) (3_9) 1 & (‘99)2_iﬁﬂ32
#\op) \op] B op2\ap) B apapap?

(22)

9%g\’
lz(é‘p)Jr

1998
2 8p 8p3

Consider now the equation (9). Since
g P9 _ Pg ¥y
dp 90> ~ Bp? Irdp

Tagn] o (5
ar fl 9 | ar 6Z B (a_g)Z
ap

by taking into account (21) and (22), we find after some com-

putations
Lo _ Joudg 30dg 3 a1\ ag
(91 fl dp g op g*dp P\dp| dp
3000%g 1 6% dg . 1 8g°
Bdpdp* PBop*dp [I28p?

On the other hand (19) leads to the relation

alrar] [3(ay
ap | 10p ’“7‘*(%)

Moreover by (21)

dg 13*dg 33ldPg 1&g

dp PBop*dp Popap® I2op®

2 9%g 3
g dtdp

2 g d%g

2g dp Hp?

2,u(9g+21)28g 2 0l 6g 2
g3 dp g* dp Pgap

7 ap

and

2 dg 0%g

g dp dp?

20f0g _ [ 2 o (99}
lgdpdp g dp \dp

Inserting these expressions into (13) we find, after cance-
lations,

v? 0
9
pQo = -« o 9p
so that
2 2 2
v:-dg v° dg
pOn+—fl=-a——+—a—=0.
gt g*dp g* Op
Consequently the equation (9) is verified.
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It remains to examine the equation (16), which amounts
to transform the expression (17). In principle, we need the
derivatives

af

or

d%g
or?
expressed by means of / and g.

2
First we consider the expression of Z—TZ resulting from the
derivative of (20) with respect to 7 and then replace in it the

% and %, given by their expressions (20) and (21). We get:
d 2 2
_da) 2 v 6g
dr g g* 12 ap
|20 2+2du
13 ot \ap

gdr
242 3 3u (o9 v ot
+a2{ﬁz_i3+ o __#(_g) B
9 9 g dp

3
32 (d9)_2 (dg)" 0L, 2 (dg)" i
(9p P\op)] dp P \dp| 0p?

g 9
On the other hand taking the derivative of

0? 0g _
or?

f—7$

with respect to T and then, in the resulting expression, replace

the expression of & given by equation (21), we obtain

H‘rap
of dal@g a 0l dg

ot  drldp Pordp
| udg v*og 10l ag 1 dg 0%g
—_ + _____ + _——
| 280 ¢dp Bop\dp) PLap 6,02
af of &g

So, we have already obtained f, 77, 77, 775> 07 by

means of [ and g. Inserting them into (21), we get after some
computations and several cancelations the relation

2al d,
1Qo0 — fpQou = _2_,u’
g’ dt
so that the equation (16) is written as
2al dp
=0
2 dr
which implies
du
F_o
dr

and so y is a constant.
Later on we will prove that this constant is identified with
the mass that produces the gravitational field. .. "
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*At this point, Professor Dr Nikias Stavroulakis laid the pen down for
good, before writing the proofs of this latter important assertion and some
of the claims found in the abstract and thus completing this very interesting
work. — I. M. Roussos.
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