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In this note, we present a proof to the Smarandache’s Minimum Theorem in the Einstein
Relativistic Velocity Model of Hyperbolic Geometry.

1 Introduction

Hyperbolic Geometry appeared in the first half of the 19"
century as an attempt to understand Euclid’s axiomatic basis
of Geometry. It is also known as a type of non-Euclidean Ge-
ometry, being in many respects similar to Euclidean Geom-
etry. Hyperbolic Geometry includes similar concepts as dis-
tance and angle. Both these geometries have many results in
common but many are different. There are known many mod-
els for Hyperbolic Geometry, such as: Poincaré disc model,
Poincaré half-plane, Klein model, Einstein relativistic veloc-
ity model, etc. Here, in this study, we give hyperbolic version
of Smarandache minimum theorem in the Einstein relativis-
tic velocity model of hyperbolic geometry. The well-known
Smarandache minimum theorem states that if ABC'is a tri-
angle and AA’, BB', CC' are concurrent cevians at P, then

PA PB PC

Pa PE PO 28
and

PA PB PC

pa T petpor =26
(see [1]).

Let D denote the complex unit disc in complex z-plane,
ie.
D={zeC: |z <1}.

The most general Mobius transformation of D is

20+ 2

N ew .
1+ Zo%

=e¥(20 ® 2),

which induces the Mobius addition & in D, allowing the
Mobius transformation of the disc to be viewed as a Mdbius
left gyrotranslation

20+ 2
1+ 29z

Z2—=20Pz=

followed by a rotation. Here 6 € R is a real number, z, zg €
D, and Z; is the complex conjugate of z. Let Aut(D, @) be
the automorphism group of the grupoid (D, ¢). If we define

a@bi 1+ ab
b®da 1+ab

gyr : D x D — Aut(D,®), gyr[a,b] =

)
then is true gyrocommutative law

a® b= gyr[a,b](b® a).

A gyrovector space (G, @, ®) is a gyrocommutative gy-
rogroup (G, @) that obeys the following axioms:
(1) gyr[u,v]a-gyr[u,vlb=a-b for all
a,b,u,v eG.

(2) G admits a scalar multiplication, ®, possessing the fol-
lowing properties. For all real numbers r, 71,72 € R and all
points a €G:

(Gl)1a=a

(G2) (7"1 +r)Ra=r@adra®a

(G3) (rr2) ®a =11 ® (r2®a)

(G4) [55a1 = Fan

(G5) gyr[u,v](r @ a) = r Q gyru, v]a

(G6) gyr[ri @ v,r1 ® v] =1
(3) Real vector space structure (||G||, ®, ®) for the set |G|
of onedimensional “vectors”

1G]l = {*]lall:ac G} CR

points

with vector addition & and scalar multiplication ®, such that
forallr € Rand a,b € G,
(G7) |lr®al = |r[ @ |a]
(G8)[la@b| < [la]| & |b]|
Theorem 1. (Ceva’s theorem for hyperbolic triangles). If
M is a point not on any side of an gyrotriangle ABC' in a
gyrovector space (Vs, ®, ®), such that AM and BC meet in
A’ BM and C A meet in B’, and CM and AB meet in C',
then
Nacr [AC'| ar [BA'| vep OB
Yeer |BC'| yica |CA'| yjap | |AB| 7

where vy, = TR
— 1y

(See [2, p.564].) For further details we refer to the recent
book of A.Ungar [3].

Theorem 2. (Van Aubel’s theorem in hyperbolic geometry).
If the point P does lie on any side of the hyperbolic triangle
ABC, and BC meets AP in D, CA meets BP in E, and
AB meets CP in F, then

Nap[AP] el |BC <7AE| |AE| 1 >+
Y pp| | PD| 2 Yec| |EC| v Bp||BD]
vBe| |BC|

(wm [FA 1 )
2 YFB| [F'B| vcp| |CD|

(See [4].)
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2 Main result

In this section, we prove Smarandache’s minimum theorem
in the Einstein relativistic velocity model of hyperbolic ge-
ometry.

Theorem 3. If ABC is a gyrotriangle and AA', BB',CC’
are concurrent cevians at P, then

Vap| APl P |BP| v cp||CP|
YNea |[PA vpe|PB| vypo |[PC T

and

Yap| |AP|
Ypar |PA|

5P| |BP|
Y pe| |PB|

Ycp| |CP|
Ve |PC| T

Proof. We set

‘A/C‘ =ai, |BA/| = az, |B/A| = bl,

|B'C| = by, |C'B| = ¢y, |C'A| = ca,

Nap| [AP] e [BP| - yop|CP]
Ypa|[PA'l ypp|PB'| v pc|PC’| ’

Yap| |AP|
Ypar |PA|

v 8P| | BP|
YPB’| |PB"

Yep| ICP|

= 5.
Ypcr| |PC|

If we use the Van Aubel’s theorem in the gyrotriangle ABC
(See Theorem 2), then

/
Var||AP| 7o) BO] V\AB’\|AB‘ ) 1
’Y\PA’HPA/‘ 2 'Y‘CB/||CB/‘ 'Y‘BA/HBA/l

!
_i_chMBC\ Yacr|[AC| _ 1
2 ’Y‘BC'HBC/‘ ’Y‘CA’||CAII
_ Yat [Vblbl 1 YerC2 1 } )
2 7b2b2 VYao A2 Ye1 €1 Yay Q1

and

!
Bp|BP| _ vcallCA| 7\BC’||BC| . 1 +
VNpp||PB 2 VNac||ACT v ep|CB]

’
Yeca|lCA| 7\BA’HBA ‘ ) 1
2 'Y‘CA/HCA,l 'Y‘AB/HAB,l

b c 1 a 1
%[%11. 4 Jag02 }’ 2)
2 [YesC2 Yoyb2 Ve a1 Ve, b1
and )
Ycr|CP]  _ vas||AB] VICA’\|CA| ) 1 +
’Y‘Pcz“PC’l 2 ’YlBAlllBA" ’\/lAC/HAC"
YaB||AB]| ’YICB’\|CBI‘ )
2 'Y|AB’HAB/| 'Y\BC/||BC/‘
_ Je€ (7‘11“1 A Tosb2 1 ) (3)
2 \Vaxl2 YeuC2 Vo b1 Ve 1

If we use the Ceva’s theorem in the gyrotriangle ABC' (See
Theorem 1), we have

YNea |[CA'| s |[AB'| vy |BC|

Ypar |BA'| v |CB'| Yac |ACT]
'Yalal . 'Yblbl . '7c101 — 1. (4)
Yas @2 ’7b2b2 Ve €2
From (1) and (4), we have
Yap| |AP _ Yal < Vo, b1YesC2 >
Ypa [PA'T 2 \Yay027p,b27e, 2
Yal ( Yoy b17e,C2 ) _ Yl 29,0176,
2 Va1 4176, b1761 C1 2 Fya2a2ryb2b276202
— rY(la"Ybl b17C282 (5)
Yaz@2Vby b2 Vea €2
Similary we obtain that
YBp| 1BPl bye,€17a,02
- = ; (6)
Y| PB| ‘PB ‘ 7a2a2’7b2b27c202
and
Nep [CP_ yeCya, a1, o
Ve |PC!| Yaya2Vb,b27e, 2
From the relations (5), (6) and (7) we get
P Ya®7b:017e,C2 - Y0Ye, €17a5 02  YeCYar G Voob2 _
(Yaz @276, 027c,¢2)°
b
_ Ya@7Yp07cC (8)
Yaz @27y bZ'VCz C2
and
g — Da®@bi017es €2 + VbYer C1Ya @2 F VeCYay 175,02
Yaz @2V, b2’7¢2 C2
)
Because Vg = Ya,, Vb = Vb, and 7y = ., result
YaVoVe Z Vaz Vb Yes- (10)
Therefore b
Va@7Yp07YcC > (11)

— e e >
Yao @2y b2 Vea €2
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From the relations (8) and (11), we obtain that P > 1. If
we use the inequality of arithmetic and geometric means, we
obtain

§'> 3.4 Ya@P 017, €2 " YbYe, €1Ya302 - VeCay A1V b2 _
> -

(Yaz @276, b27es¢2)°

Ya@VpbycC
Va2 @27b, ba Ve €2

From the relations (11) and (12), we obtain that S > 3. [

(12)

3 Conclusion

The special theory of relativity as was originally formulated
by Einstein in 1905, [8], to explain the massive experimental
evidence against ether as the medium for propagating elec-
tromagnetic waves, and Vari¢ak in 1908 discovered the con-
nection between special theory of relativity and hyperbolic
geometry, [9]. The Einstein relativistic velocity model is an-
other model of hyperbolic geometry. Many of the theorems
of Euclidean geometry are relatively similar form in the Ein-
stein relativistic velocity model, Smarandache minimum the-
orem is an example in this respect. In the Euclidean limit of
large s, s — oo, gamma factor +, reduces to 1, so that the
gyroinequalities (11) and (12) reduces to the

PA PB PC
PA PB PC' T

and
PA L PB PC

+ >

PA" T PR PC' T
in Euclidean geometry. We observe that the previous inequal-
ities are “weaker” than the inequalities of Smarandache’s the-

orem of minimum.

3,
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