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The turning point and acceleration expansion of the universe are investigated according
to the standard cosmological theory with a non-zero cosmological constant. Choosing
the Hubble constariiy, the radius of the present univelRg and the density parameter

in matterQy, o as three independent parameters, we have analytically examined the other
properties of the universe such as the density parameter in dark energy, the cosmologi-
cal constant, the mass of the universe, the turning point redshift, the age of the present
universe, and the time-dependent radius, expansion rate, velocity, and acceleration pa-
rameter of the universe. It is shown that the turning point redshift is only dependent of
the density parameter in matter, not explicitly on the Hubble constant and the radius of
the present universe. The universe turned its expansion from past deceleration to recent
acceleration at the moment when its size was abuboBthe present size if the density
parameter in matter is about 0.3 (or the turning point redshift is 0.67). The expansion
rate is very large in the early period and decreases with time to approach the Hubble
constant at the present time. The expansion velocity exceeds the light speed in the early
period. It decreases to the minimum at the turning point and then increases with time.
The minimum and present expansion velocities are determined with the independent
parameters. The solution of time-dependent radius shows the universe expands all the
time. The universe with a larger present radius, smaller Hubble constafdr anshller
density parameter in matter is elder. The universe with smaller density parameter in
matter accelerates recently in a larger rate but less than unity.

1 Introduction curvature of the universe) with a cold dark matter (CDM) and

. ___aconstant dark energy density (i.e., the cosmological cons-
The measurements of type la supernovae to appearfamtert%%_ To explain the measurements of type la supernovae

thus further away than expected have indicated that the Y0 the flat universe model, the density parameters in matter

verse turned its expansion from past deceleration to recentacs qark energyi o andQ, o) at the present timetg) were

celeration [1-4]. The dark energy, a hypothetical form of N&Rosen to be

gative pressure, is generally suggested to be the cause for the 87Gpm(to)

universe to accelerate recently. The Einsteinian cosmological Qmo = T 0.3, (1)
constantA, initially assumed for a static model of the uni- 0

verse, is the simplest candidate of the dark energy [5]. Quin- A

tessence such as the scalar field from the scalar-tensor the- Qpp = Py 0.7, (2

ory or the five-dimensional Kaluza-Klein unification theory is

usually considered as another candidate of the dark energy{fiereG is the gravitational constanty,o is the mass density,

9]. Inthe black hole universe model, proposed recently by thedH, ~ 50— 70 knmys/Mpc is the Hubble constant [18-21].
author, the dark energy is nothing but the accretion of massy a holographic dark energy, the turning point redshift de-
in an increasing time rate from outside space, the mother Usiinds on a free parameter [22]. The turning point redshift is
verse [10-17]. In the black hole universe model, the cosmgs, .~ 0.72 if the free parameter is chosen to be unity. For
logical constant can be representedias 3(M/M)?, where the best fit to the type la supernova data, the free parameter
M is the universe mass ad is the time rate of the universejs around 0.2, which leads to a smaller turning point redshift,
mass. However, when the universe turns or what the redshift . o 28,

of the turning point for the universe to turn its expansion from 14 combine the measurements of type la supernovae with
past deceleration to recent acceleration has not yet been ¢q8-cosmological model, a redshift-luminosity distance rela-

sistently and precisely determined. tion is required. The often used relation is, however, a linearly
The turning point redshiftp was determined to be 0.5 approximate relation,

by combining the redshift and luminosity observations of type
la supernovae with the standard model of cosmology [2, 4]. Z du
The universe was considered to be flat (ikes O with k the d(2) = (1 + Z)fo H(u)’ ®)
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which is only good for nearby objects (see the detail of tte Turning Point and Expansion Characteristics of the
standard derivation given by [23]. Using this approximate Universe

redshift-luminosity distance relation to study the eXpans'W&cording to the standard cosmological theory, the expansion

of the univers_e constra_ined by the mea;urements of YP&ithe universe is governed by the Friedmann equation [25-26,
supernovae with redshift greater than unity, one cannot ac(P

rately determine the turning ppint redshift _[24] (Zhang. an ) R(t) 8iGpu(t) k& A
tan 2007). In Eq. (3)¢ is the light speedZ is the redshift H(t) = RO~ 3 RO + 3 )
of light from the object, andl,_ is the luminosity, which is
usually defined by (Friedmann 1922, 1924, Carroll et al. 1992) where the dot
L refers to the derivative with respect to tin@s the gravita-
= 2’ (4) tional constantyy (t) is the density of matter given by
L

whereL is the luminosity of the object such as a supernéva, om(t) = ,
is the apparent brightness of the object (i.e., the object emis- 4nR3(1)

sion flux measured at the Earth). andk is the curvature of the space given by -1, 0, 1 for the

In this study, we analytically derive the turning point red@jifterse to be open, flat, and closed, respectively. For the flat
only from the cosmological model without combining thg,iverse (i.e.k = 0), Eq. (5) becomes

model with the type la supernova data of measurements and

thus without using the approximate redshift-luminosity dis- 5 R(t) 2GM A

tance relation. The simplest cosmological model that des- H () = Rz_(t) = R3_(t) + 3 (7)

cribes the recent acceleration of the universe is governed by

the Friedmann equation with a non-zero Einsteinian cosmo- The solution of Eq. (7) depends on three independent pa-

logical constant [1-2, 5]. The expansion characteristics of tt@metersRy, M, andA. There are many flierent combinati-

universe described by this constat DM model depend on ons that can be considered as the three independent parame-

three independent parameters. There are mafgreint ways ters such asRp, Ho, A), (Ro, Ho, Qmp). etc. In this study,

or combinations to choose the three independent parametgshave choseRy, Ho, andQu as the three independent

But no matter how to combine, the number of independgrarameters.

parameters is always three. We have chosen the Hubble consTo describe the acceleration of the universe, we define the

tantHo, the radius of the present univeiRg and the density acceleration parameter as

parameter in matteRy o as the three independent parame- . .

ters and have further derived the turning point redshift. The o) = RORY _,  HO (®)

derived turning point redshift is only dependent of the den- R2(t) H2(t)

sity parameter in matte®y o, not dependent of the other two . . )

indye?)endent parametdﬁMgndHo if '§1e universe is flat. Tradltl_onally, a negative sign is inserted in Eq. (8) for the
Exact solutions of the Friedmann equation [25-26] Witgleceleratlon parameter.

the cosmological constant were obtained by [27-28]. T?e ':r(lj'g?:];r:zg wz;llsene?gt(e)(;sztr tggealsthgeengilzt S.?('jf;id
physical solutions, however, have not yet been analyzed with! when it v p ¢

(6)

the recent measurements of the universe, especially Ont&\%het()axpansmn of the universe. The redshift of the light is
turning point redshift. given by R(to)
The objective of this study is to quantitatively study the Zy = RO 1 9

turning point and expansion characteristics of the recent acce-
leration universe through analyzing and numerically solving The recent acceleration universe turned its expansion
the Friedmann equation with a non-zero cosmological cof@m past deceleration to recent acceleration at the moment
tant. First, for each set dflo, Qu0, andRy, we analytically When the acceleration parameter is equal to zero, i.e.,
obtain the turning point redshiftrp and other cosmological
parameters such as the density parameter in dark efisrgy q(tre) = 0.
e e e, Whre s G a he g poit - e me when

X universe neither accelerates nor decelerates. It has been re-

equation to numerically solve the time-dependent expansion, . :
. : nized for r n heoreticall rmined.
rate or Hubble parametét(t), velocity u(t), radiusR(t), and Cdb ed for years but not yet theoretically determined

. . . Differentiating Eq. (7) with r im n
acceleration paramete(t) of the universe. Third, from the erentiating Eq. (7) with respect to time to gé{t) and

. . ) ing the turnin int condition (10), we have the followin
solutions, we determine the age of the present universe. ﬁés\}it?otne turning point condition (10), we have the following
nally, we discuss the significant results and summarize our 3GM

concluding remarks. = ()’ (11)

(10)
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Then, using Eq. (9), we have

3GM [ R¥(to) ) 3GM 3
= = Ztp + 1)°, 12
R3(to) (Rg(tTP) RS (e +1) (12)
where we have replacdR{ty) by Ry and denoted the redshift
of observed light that was emitted at the turning poinZhy
- the turning point redshift. From Eq. (12), the turning point
redshift can be written as

1/3
AR
Zrp=|=—==| -1 13
" [sGM) (13)
At the present timéy, Eq. (7) can be written as [
qol——
1=Quo+Qno0, (14) 0.2 0.4 06 0.8

. . Q
where the density parameters in matter and dark energy a "

defined respectively by
Fig. 1: Turning point redshiffyp versus density parameter in matter

8nGom (t 2GM
QM,O — 7T pl\/;( 0) — —. (15) QMAVO.
3Hg HORS
-~ 15 400
and A § A 300
[oN
Qprp = 32 (16) ~ 10 Z
0 5 & 200
From Egs. (15)-(16), we obtain 25 £ 100
o ~—
AR _1-Qupo = 0 T o0
3GM Qo A7) 0 5 10 15 20 0 5 10 15 20
’ t (10° Years) t (10° Years)
Then, Eq. (13) reduces 3.0 3 Y roren
2.5 ]
1—Qnn\3 0.5
Ztp = (2—““’) -1 (18) _ 2.0
Qwmo © 1.5k {o 0.0

Eqg. (18) is a new result and has not been obtained be g
fore by any one. It is seen from Eq. (18) that the turning . 10 .
pomt redshiftZrp is only quendent of the deq3|ty parame- o 5 10 15 20 o 5 10 15 20
ter in matterQy, not explicitly on another two independent } (10° Years) t (109 Years)
parameteiHy andRy.

Figure 1 plotsZrp as a function of2y. The result indi- rig 2 Expansion characteristics of the universe witgp = 0.3,
cates that, for the universe to be recently turned &e»,> R, = 15 billion light years, antH, = 50,60,70 kmysMpc. (a)

0), the density parameter in matter must®go < 2/3 (or Radius of the universR(t), (b) expansion ratéi(t), (c) expansion
Qa0 > 1/3). For the universe to be turned a1Zrp > 0.5, velocity u(t), (d) acceleration parametaft).

the density parameter in matter must b2 § Qy < 0.4.

WhenQuo = 1, we haveZrp = —1, which implies that the flat

universe will never be accelerated if the cosmological corigeluding the radius(t), expansion ratéli(t), expansion ve-
tant is zero. This is consistent with the gravitational physitggity v(t), and acceleration parametgt).

because gravity always attracts. Figure 2 plots these expansion parameteR(t), H(t),

ConsideringHo, Ry, andQu o as three independent paras(t), andq(t) — as functions of time. We have chosEp =
meters in the flat universe model, we can deternfine M, 50,60, 70 knmysMpc, Quo = 0.3, andRy = 15 billion light
A, andZrp by Eqgs. (14)-(16) and (18). Substituting the derears, which are displayed in Figure 2a. Three types of lines
terminedM and A into Eq. (7), we can numerically solve(dotted-dashed, solid, and dashed) correspond to the results
the expansion parameters of the recent acceleration univevib three diferent Hubble constants. With these three sets

-0.5
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wasfler T ] 400 (b) H(t), o(t), and q(t) as functions of time. In this plot, we
E a 300 have chosen a singldy, = 60 kmysMpc but threeQy =
= 10 N 0.2,0.3,0.4 with the saméry. The three types of lines cor-
o =601 L 200 respond to the results with threefférent density parameters.
o 5 = 004, 008 é 100 ] With these three sets of parameters, we hdve 2.4 x 10°3
= oo 0-oe T T kg, A = 80x 1073 S_Z, QA,O = 0.8,0.7,0.6, andZp =
e O S 0 S 1,0.67,0.5. The results are basically similar to Figure 2. The
0 f5(l O;OYe;rSS) 20 0 t5(1 O;OYe;i) 20 turning point redshift is single in the case of Figure 2 but mul-
tiple in the case of Figure 3. The radius-time curves (Figure
3.0 () 1.0 3a) also bend down relative to the linear relation in the past
2.5 ] 05 and go up recently, which implies that the flat universe was
20 decelerated in the past and accelerated recently. The decre-
L 1.5} o 0.0 asing profiles of expansion raké(t) with time only slightly
> 1.0 » _ different among dierent density parameters (Figure 3b). The
0.5 {703 1 expansion velocity reaches the minimum, at the turning
0.0 - -1.0 . point and approacheg atty (Figure 3c). The acceleration
0 5 10 15 20 0 5 10 15 20 parameter aty is greater if the universe contains more dark
t (109 Years) t (109 Years) energy relative to matter (Figure 3d). For dfdient density
parameter, the turning poitp is different. The acceleration
Fig. 3: Expansion characteristics of the universe Wil = parameter is negative (i.e., deceleration) before the turning

0.2,0.3,0.4 andHy = 60 knysMpc with the sameR,. (a) Radius . . . . . .

of the universeR(t), (b) expansion ratei(t), (c) expansion velocity point and p_OSItNe (e acceleratlor_}) after the turnlr_lg point.

o(t), (d) acceleration parameteft) From Figures 2 and 3, we can find the present time or the
' ' age of the present universe wig = 15 billion light year. For

a differentHo or Qum, the age of the present universe should

of parameters, we hal = 1.7,2.4,33 x 105 kg, A = be diferent. The age of the present universe determined based

55 80,108 X i0’36 2 0 o 07 .a’nd'Z 067 "77 7 onFigures 2 and 3 is plotted as a functiorHyfin Figure 4a

T 12PAD =D PR and as a function of2y o in Figure 4b. It is seen that the

Figure 2a shows thak(t) increases with time t0 appro-yge of the present universe decreases tifandQy o when

ach Ro at the pr_eser_lt timé&. In comparison with a IlnearRO is fixed. ForR, = 15 billion light year,Ho = 50 — 70

relatlor_l, the radius-time curves bend dowr_Rag 3Ru/5 and_ km/sMpc, andQu,o = 0.3, the age of the universe is in the

then slightly go up aR > 3Ry/5. The flat universe turned 'tsrange of~ 13— 19 billion years, slightly less thaﬁal_ The

expansion from past deceleration to recent acceleration at{hferse is elder if it turned earlier (i.e., smalefo) or has
time when the size of the universe was about three-fifth of the 1 51er expansion rate. '

present universe (i.e., &p ~ 2/3) due to the dark energy
or non-zero cosmological constant. Figure 2b indicates tléat
the expansion rate or Hubble parameitit) decreases with
time (orH(t) < 0) to approach the Hubble constaty at the The open or closed universe can also be recently accelerated
present time. The dotted line refersHig = 60 kmysMpc. Fi- by the dark energy. Sindeis not zero, the density parameters
gure 2c shows that the expansion velocity decreases with tiwik be quite diferent in order for the universe to be turned
to the minimum at the turning point and then increases witlom deceleration to acceleration at a similar turning point.
time to approachy = HoRp, which exceeds the light speed irmhe details on the turning point and expansion characteristics
the case oHg = 70 knys/Mpc andR, = 15 billion light years. of the open and closed universes will be studied in future.
In the early period, the expansion velocity can be much grea- Consequently, the turning point and accelerating expan-
ter than the light speed. The minimum expansion velocitydfon of the flat universe has been investigated according to
determined bymin = (2GM)Y/3AY/®. From Figure 2d, that the the cosmological theory with a non-zero cosmological cons-
universe turned its expansion from past deceleration to recgift. Choosing six sets o, Ro, andQy o, we have quanti-
acceleration can be seen in more obviously. The dotted liagvely determinedy o, A, M, Z1p, to, R(t), H(t), v(t), and
refers tog = 0. Each curve of|(t) intersects with the dottedq(t). Analyzing these results, we can conclude the following
line at the turning point. For a fierent Hubble constant, theremarks.
turning pointtrp is different. The acceleration parameter is o turn the expansion from deceleration to acceleration,
negative (i.e., deceleration) before the turning point and pogje flat universe must contain enough amount of dark energy
tive (i.e., acceleration) after the turning point. At the preseqy, , > 1/3. The turning point redshift depends only on the
time, the acceleration parameter is slightly over 0.5. density parameter in matt&fp = [2(1 — Qum0)/Qmol Y3 - 1.
Figure 3 also plots the four expansion paramei(t3, The flat universe will never be accelerated if the cosmologi-

Discussions and Conclusions
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