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The Interacting Boson Approximation model, IBA-1, has been used in studying the nu-
clear structure of 154,156Dy. The excited positive and negative parity states, potential
energy surfaces, V(β, γ), electromagnetic transition probabilities, B(E1), B(E2), back
bending, staggering effect, ∆I = 1, and electric monopole strength, X(E0/E2), were
calculated successfully. The calculated values are compared to the available experi-
mental data and show reasonable agreement. The energy and electromagnetic transition
probabilities ratios as well as the contour plot of the potential energy surfaces show that
the 156Dy nucleus is an X(5) candidate.

1 Introduction

The nuclear shape and shape phase transitions in the rare
earth dysprosium isotopes have been investigated by many
authors theoretically and experimentally. Theoretically, an-
alytical solution of the Bohr Hamiltonian derived with the
Titz-Hua potential [1] as well as Bohr-Mottelson Hamilto-
nian [2,3] were used in calculating energy levels, spin, parity
and electromagnetic ratios. The effect of the nuclear struc-
ture on the α-decay are investigated by many authors [4-6]
and found that the shape and deformation has an effect on
the branching ratio as well as the change in the half-life of
α-emission. Experimentally, the low-lying positive and nega-
tive parity states were produced in the 148Nd (12C,4n), 155Gd
(3He,4n), E= 37.5 MeV, 122Sn (36S,4n), E= 165 MeV and
114Cd (48Ca,6n), E= 215 MeV [7-9] reactions. The levels’
energy, spin, parity, γ-bands, branching ratios, level energy
differences between the positive and negative parity bands,
octupole deformation, γ-γ coincidences and angular distribu-
tion were measured. Conversion electrons were detected by
mini-orange spectrometer, E0 transitions were observed and
the strength of the electric monopole transitions were calcu-
lated [10].

X(5) is the critical point symmetry of phase transition be-
tween U(5) and SU(3) nuclei. The aim of the present work is
to:

1. Calculate the potential energy surfaces, V(β, γ);

2. Calculate the levels’ energy and electromagnetic tran-
sition rates B(E1) and B(E2);

3. Show X(5) symmetry to 156Dy;

4. Calculate the back bending;

5. Calculate the staggering effect, and

6. Calculate the electric monopole strength,
X(E0/E2).

2 Interacting Boson Approximation model IBA-1

2.1 Levels’ energy

The IBA-1 Hamiltonian [11] employed on 154,156Dy, in the
present calculation, is:

H = EPS · nd + PAIR · (P · P)

+
1
2
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1
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and nd is the number of d bosons; P · P, L · L, Q · Q, T3 · T3
and T4 ·T4 represent pairing, angular momentum, quadrupole,
octupole and hexadecupole interactions respectively between
the bosons; EPS is the boson energy; and PAIR, ELL, QQ,
OCT , HEX are the strengths of the pairing, angular momen-
tum, quadrupole, octupole and hexadecupole interactions re-
spectively, Table 1.
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nucleus EPS PAIR ELL QQ OCT HEX E2SD(eb) E2DD(eb)
154Dy 0.6240 0.000 0.0084 −0.0244 0.0000 0.0000 0.1510 −0.4467
156Dy 0.4450 0.000 0.0084 −0.0244 0.0000 0.0000 0.1274 −0.3769

Table 1: Parameters used in IBA-1 Hamiltonian (all in MeV).

nucleus E4+1
/E2+1

E6+1
/E2+1

E8+1
/E2+1

E0+2
/E2+1

E6+1
/E0+2

E0+3
/E2+1

BE2(4+1 − 2+1 )/BE2(2+1 − 0+1 )
154Dy 2.09 3.12 4.86 2.12 1.46 2.95 1.91
156Dy 2.86 5.36 8.43 6.15 0.87 8.78 1.56

X(5) 3.02 5.83 9.29 5.65 1.53 6.03 1.58

Table 2: Energy and transition probability ratios.

2.2 Transition rates

The electric quadrupole transition operator employed is:

T (E2) = E2SD · (s†d̃ + d†s)(2) +

+
1
√

5
E2DD · (d†d̃)(2) .

(7)

E2SD and E2DD are adjustable parameters.
The reduced electric quadrupole transition rates between

Ii → I f states are given by:

B (E2, Ii − I f ) =
[< I f ∥ T (E2) ∥ Ii >]2

2Ii + 1
. (8)

3 Results and discussion

3.1 The potential energy surfaces

The potential energy surfaces [12], V(β, γ), as a function of
the deformation parameters β and γ are calculated using:
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×
{
kNνNπ[4 − (X̄πX̄ν)β cos 3γ]

}
+

+

{
[X̄πX̄νβ2] + Nν(Nν − 1)

(
1
10

c0 +
1
7

c2

)
β2

}
,

(9)

where

X̄ρ =
(

2
7

)0.5
Xρ , ρ = π (proton) or υ (neutron) , (10)

and ζd : the energy of d bosons.
The calculated potential energy surfaces, V(β, γ), are pre-

sented in Figs. 1, 2. Fig. 1 shows that 154Dy is a vibration-
al-like nucleus, U(5), while 156Dy nucleus is deviated from
vibrational-like to rotational-like with slight prolate deforma-
tion, SU(3), Fig. 2. The levels’ energy, transition probability
ratios presented in Table 2, as well as the potential energy sur-
faces, are in favour to consider 156Dy as an X(5) candidate.

I+i I+f B (E2) I−i I+f B (E1)

21 01 0.4744 11 01 0.0282
22 01 0.0100 11 02 0.1336
22 02 0.3040 31 21 0.1683
31 21 0.0198 31 22 0.0658
41 21 0.9074 32 21 0.0069
31 22 0.2666 32 22 0.0235
42 41 0.1409 32 23 0.1520
42 21 0.0017 51 41 0.3035
42 22 0.5520 51 42 0.0698
61 41 1.1581 71 61 0.4380
62 41 0.0005 71 62 0.0665
62 42 0.8200 91 81 0.5734
81 61 1.2916 91 82 0.0610
81 62 0.0700 92 81 0.1750
81 63 0.0641 92 82 0.3501
82 62 0.9584 92 83 0.2144
101 81 1.3384 111 101 0.7103
101 82 0.0579 111 102 0.0543

Table 3: Calculated B(E2) and B(E1) in 154Dy.

3.2 Energy spectra and electric transition rates

The energy of the positive and negative parity states of iso-
topes 154,156Dy are calculated using computer code PHINT
[11]. A comparison between the experimental spectra [13,14]
and our calculations, using values of the model parameters
given in Table 1 for the ground state, β1, β2, γ1 and γ2 bands
are illustrated in Figs. 3, 4. The agreement between the cal-
culated levels’ energy and their corresponding experimental
values are fair, but they are slightly higher especially for the
higher excited states. We believe this is due to the change of
the projection of the angular momentum which is due mainly
to band crossing. Fig. 5 shows the position of X(5) and E(5)
between the other types of nuclei.
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Fig. 1: Potential energy surfaces for 154Dy.

Fig. 2: Potential energy surfaces for 156Dy.

I+i I+f B (E2) I−i I+f B (E1)

21 01 0.7444 11 01 0.1309
22 01 0.0023 11 02 0.0696
22 02 0.4652 31 21 0.2353
31 21 0.0169 31 22 0.0854
41 21 1.1073 32 21 0.0481
31 22 0.0026 32 22 0.0092
42 41 0.0356 32 23 0.0110
42 21 0.0016 51 41 0.3934
42 22 0.0041 51 42 0.0778
61 41 1.2446 71 61 0.5149
62 41 0.0007 71 62 0.0675
62 42 0.9083 91 81 0.6377
81 61 1.3003 91 82 0.0585
81 62 0.0410 92 81 0.0129
81 63 0.0162 92 82 0.3474
82 62 0.9817 92 83 0.2687
101 81 1.3025 111 101 0.7631
101 82 0.0332 111 102 0.0507

Table 4: Calculated B(E1) and B(E2) in 156Dy.

Fig. 3: Experimental[13] and calculated levels’ energy.

Fig. 4: Experimental[14] and calculated levels’ energy.

Unfortunately there is no available measurements of elec-
tromagnetic transition rates B (E2) for 154,156Dy nuclei. The
only measured values of B (E2, 2+1 → 0+1 ) for 154,156Dy [15]
are used in normalizing our calculated values presented in
Tables 3, 4. Also, there is no experimental data available
for B (E1, I−→ I+) for normalization. Parameters E2SD and
E2DD displayed in Table 1 are used in the computer code
FBEM [11] for calculating the electromagnetic transition ra-
tes. No new parameters are introduced for calculating elec-
tromagnetic transition rates B (E1) and B (E2) of intraband
and interband.

3.3 Staggering effect

The presence of positive and negative parity states has en-
couraged us to study the staggering effect [16] for 154,156Dy
isotopes using staggering functions (11) and (12) with the
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Fig. 5: Triangle showing the position of X(5) and E(5).

Fig. 6: Staggering effect on 154Dy and 154Dy.

help of the available experimental data [13,14].

S t (I) = 6∆E (I)− 4∆E (I − 1)− 4∆E (I + 1)+

+∆E (I + 2) + ∆E (I − 2) ,
(11)

with
∆E (I) = E (I + 1) − E (I) . (12)

The calculated staggering patterns are illustrated in Fig. 6
and show an interaction between the positive and negative
parity states for the ground state band of 154,156Dy.

3.4 Back bending

The moment of inertia J and energy parameters ℏω are calcu-
lated using (13) and (14):

2J
ℏ2 =

4I − 2
∆E(I → I − 2)

, (13)

(ℏω)2 = (I2 − I + 1)
[
∆E(I → I − 2)

(2I − 1)

]2

. (14)

The plots in Fig. 7 show forward bending for 154Dy at
I+ = 18 and upper bending at I+ = 22 for 156Dy. Bending in
higher states may be explained as due to band crossing.

Fig. 7: Back bending 154Dy and 156Dy.

I+i I+f I+′ f
154Dy 156Dy

02 01 21 0.0778 0.3526
03 02 22 0.2455 0.0285
03 01 22 0.0108 6.9000
04 03 23 0.1403 0.0000
04 02 23 0.0363 1.7686
04 01 23 0.0247 0.1903
22 21 02 2.4500 1.3870
23 21 02 0.2679 0.0454
23 22 02 0.1114 2.2727
43 41 23 0.0434 0.0785
43 42 23 0.0193 1.4117
44 41 23 0.0303 0.3177
44 42 23 5.3636 0.254
42 41 22 0.2384 0.0027
62 61 42 0.2422 0.1347
82 81 62 0.0609 0.0173
102 101 82 0.0337 0.0134

Table 5: Xi f ′ f (E0/E2) ratios in 154,156Dy.

3.5 Electric monopole transitions

The electric monopole transitions, E0, are normally occurring
between two states of the same spin and parity by transferring
energy and zero unit of angular momentum. The strength of
the electric monopole transition, Xi f ′ f (E0/E2) [17] can be
calculated using (15) and (16) and are presented in Table 5

Xi f ′ f (E0/E2) =
B (E0, Ii − I f )
B (E2, Ii − I′ f )

, (15)

where Ii = I f=0, I′ f=2 and Ii= I f,0, I f = I′ f .

Xi f ′ f (E0/E2) = (2.54 × 109) A3/4
E5
γ(MeV)

ΩKL
×

×α(E2)
Te(E0, Ii − I f )
Te(E2, Ii − I′ f )

,

(16)
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A : mass number;
Ii : spin of the initial state where E0 and E2 transitions are
depopulating it;
I f : spin of the final state of E0 transition;
I′ f : spin of the final state of E2 transition;
Eγ : gamma ray energy;
ΩKL : electronic factor for K, L shells [18];
α(E2) : conversion coefficient of the E2 transition;
Te(E0, Ii − I f ) : absolute transition probability of the E0 tran-
sition between Ii and I f states; and
Te(E2, Ii − I′ f ) : absolute transition probability of the E2 tran-
sition between Ii and I′ f states.

Unfortunately, there is no experimental data available for
comparison with the calculated values.

3.6 Conclusions

The IBA-1 model has been applied successfully to 154,156Dy
isotopes and:

1. Levels’ energy are successfully reproduced;

2. Potential energy surfaces are calculated and show vib-
rational-like characteristics to 154Dy and slight prolate
deformation to 156Dy;

3. Electromagnetic transition rates B (E1) and B (E2) are
calculated;

4. Bending has been observed at I+= 18 for 154Dy and at
I+= 22 for 156Dy ;

5. Staggering effect has been calculated and beat patterns
observed which show an interaction between the posi-
tive and negative parity states;

6. Strength of electric monopole transitions Xi f ′ f (E0/E2)
are calculated; and

7. The potential energy surfaces, transition probability ra-
tes and energy show that 156Dy has the X(5) symmetry.
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