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Anomalous Magnetic Moment in Discrete Time
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The concept of causal delay in discrete time provides a correction for minimal coupling
in electromagnetic interactions. This correction gives energy scale-dependent changes
to the charge and mass of the elementary particles. As an application example of these
results, this paper attempts to explain the anomaly of the g-factor. In particular, for the
muon, a = 0.001166 is obtained from the approximation of its energy.

1 Introduction

In my last paper [1], I analyzed the effect of causal delay on
the description of a dynamic system from a discrete time per-
spective. As a result, the dynamics system was divided into
two worlds to which fundamentally different dynamical prin-
ciples were applied, namely, type 1 and type 2. In the case of
free particles, type 1 corresponds to ordinary matter that sat-
isfies the existing relativistic quantum mechanics, and type 2
has properties similar to dark matter.

In this paper, I will discuss the interactions of type 1 parti-
cles, especially electromagnetic interactions. To do this, first,
it is necessary to know the meaning of the result of type 1
in the case of free particles. In the case of free particles, the
spinor state of type 1 satisfies the following equation

(xµ + ∆xµ) Ψ (x) − xµΨ (x + ∆x) = ∆xµe−i∆xαPαΨ (x) . (1)

The left side of (1) means the sum of contributions from
x − ∆x and x + ∆x at x if the second term is translated by
−∆x. The right-hand side means that the spinor change is
only in phase, that is, the spinor forms a plane wave. There-
fore, the above equation means that the sum of contributions
from x−∆x and x + ∆x forms a plane wave, that is, harmonic
oscillation.

These facts require a new perspective on the matter field.
In the existing field theory, especially quantum field theory,
the field is based on the ontological basis of the statistical-
mechanical analogy of the gathering of harmonic oscillators.
From this point of view, harmonic oscillation is a property in-
herently immanent in the field. On the other hand, the matter
field implied by (1) does not assume the property of harmonic
oscillation inherent in nature. That is, harmonic oscillations
are simply “formed” by the sum of contributions from the
past and future of ∆td. If we look at harmonic oscillations
from this point of view, it can be said that interactions “de-
form” harmonic oscillations.

In the next section, I will discuss interactions in relativis-
tic quantum mechanics with this new perspective on the mat-
ter field.

2 Modified Dirac equation

First, I will try to find the evolution operator equation for in-
teracting particles corresponding to the evolution operator (1)

for free particles. If the momentum at x and x + ∆x is p and
p+∆p, and the spinor state is Ψ (x, p) and Ψ (x + ∆x, p + ∆p),
respectively, the difference of cause-effect vector is as follows

(xµ + ∆xµ) Ψ (x, p) − xµΨ (x + ∆x, p + ∆p)
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−xµ
∞∑

m,n=0

1
m!

(
∆Pα ∂

∂Pα

)m 1
n!

(
∆xα

∂

∂xα

)n

Ψ (x, p)

= (xµ + ∆xµ) Ψ (x, p)−

−e∆P ∂
∂P xµ

1 + ∆xα
∂

∂xα
+

∞∑
n=2

1
n!

(
∆xα

∂

∂xα

)n Ψ (x, p)

=

(
∆xµ − xµ∆x

∂

∂x

)
Ψ −

(
e∆P ∂

∂P − 1
) (

xµ + xµ∆x
∂

∂x

)
Ψ−

−e∆P ∂
∂P xµ

∞∑
n=2

1
n!

(
∆x

∂

∂x

)n

Ψ

=

{
∆xµ − e∆P ∂

∂P

(
xµ + xµ∆x

∂

∂x

)
+ xµ

}
Ψ−

−e∆P ∂
∂P xµ

∞∑
n=2

1
n!

(
∆x

∂

∂x

)n

Ψ

=

{
xµ + ∆xµ − e∆P ∂

∂P (xµ + ∆xµ) − e∆P ∂
∂P

[
xµ,∆x

∂

∂x

]}
Ψ−

−e∆P ∂
∂P

xµ,
∞∑

n=2

1
n!

(
∆x

∂

∂x

)n Ψ

=
{
(xµ + ∆xµ)

(
1 − e∆P ∂

∂P

)
− e∆P ∂

∂P

[
xµ, e∆x ∂

∂x

]}
Ψ (x, p)

=
{
(xµ + ∆xµ)

(
1 − e∆P ∂

∂P

)
+ e∆P ∂

∂P ∆xµe−i∆x·P
}
Ψ (x, p) . (2)

The right-hand side of (2) is the evolution operator of in-
teracting particles. If we apply operator e−∆P ∂

∂P to both sides
of (2) to get a simpler expression, it is as follows

(xµ + ∆xµ) Ψ (x, p − ∆p) − xµΨ (x + ∆x, p)

=
{
∆xµe−i∆x·P + (xµ + ∆xµ)

(
e−∆P ∂

∂P − 1
)}

Ψ (x, p) .
(3)

In (3), the first term on the right side is the evolution op-
erator of a free particle and the second term is the interaction
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term. Since interaction is a local phenomenon, x in the inter-
action term can be set to ∆x. And if

e−∆P ∂
∂P ei∆x·P = e−i∆p·∆xei∆x·P (4)

is used, the final evolution operator O becomes

OΨ (x, p) =
{
e−i∆x·P + 2

(
e−i∆x·∆p − 1

)}
Ψ (x, p) . (5)

A little trick is needed here. Although not in practice, it
is assumed that Ψ is analytic in order to maintain the conven-
tional dynamics view. Then evolution operator O also needs
to be defined as a locally continuous variable. What we need
here is ∆x = x. Therefore, the evolution operator O is equal
to

O = e−ix·P + 2
(
e−ix·∆p − 1

)
. (6)

The evolution operator of free particles satisfies the Dirac
equation. Therefore, the modified Dirac equation that the in-
teraction evolution operator (6) must satisfy can be put as(

iγµ∂µ − m + A
) {
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(
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)}
Ψ (x, p) = 0 .

(7)
By finding A in (7), the following modified Dirac equation

can be obtained

DmΨ =
(
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µ∆pµ

)
Ψ = 0 (8)

where
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In (9), the 1/3 factor is introduced under the condition that
the sum of the coefficients in (8) is 0, that is f1r + f2r = 1. Now
let’s find the Hamiltonian using γµpµ = m. From (8),

HΨ = i∂0Ψ

=
(
−i~α · ~O + f1rβm + f2rβγ

µ∆pµ
)
Ψ

=
{
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}
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(10)

Comparing the meaning of (10) with Hamiltonian H0 =

~α · ~p + βm of free particles, it means that when there is a
change in momentum and energy due to interactions, correc-
tion by − f2r∆~p and − f2r∆E is required, respectively. Accord-
ing to the existing minimal coupling theory, when a charge
q interacts with an electromagnetic field, the momentum and
energy become ~p − q~A and E − qφ. Here, it can be inferred
that the momentum change ∆~p and the energy change ∆E are
−q~A and −qφ. Therefore, the combined momentum and en-
ergy of minimal coupling and causal delay are ~p−q~A + f2rq~A
and E − qφ + f2rqφ. Rewriting, the resulting Hamiltonian is

H − (1 − f2r) qφ = ~α ·
{
~p − (1 − f2r) q~A

}
+ β f1rm . (11)

Comparing (11) with the existing minimal coupling Ha-
miltonian, mass and charge can be newly defined as shown in
(12) below. That is, the causal delay gives a modified mass
and charge concept dependent on the energy scale:

m′ = f1rm

q′ = (1 − f2r) q .
(12)

3 Anomalous magnetic moment

The discovery of the Dirac equation made it possible to un-
derstand the property of spin of elementary particles, and pre-
dicted that the g-factor was 2. But, as a result of the measure-
ment, anomaly exists, which was explained by a completely
different paradigm of quantum field theory. However, accord-
ing to the discussion in the previous section, considering the
change in charge and mass due to the effect of causal delay,
there is a possibility that the anomaly can be explained from
the perspective of modified relativistic quantum mechanics.

When a particle with mass m′ and charge q′ is placed in
an external field Aµ =

(
φ, ~A

)
, the equation for calculating the

magnetic moment is as follows

(H − q′φ)2 =
(
~p − q′ ~A

)2
+ m′2 − q′~Σ · ~B. (13)

where

Σ j =

(
σ j 0
0 σ j

)
.

If q′ = −e′ = − (1 − f2r) e, the nonrelativistic limit of (13)
is obtained as follows
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e

2m
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Then, under the condition of p � ∆p, the g-factor and the
anomalous magnetic moment are as follows

g

2
=

1 − f2r

f1r
= 3 − 2cos (x · p)

a =
g

2
− 1 = 2 − 2cos (x · p) .

(16)

Previously local variable x = ∆x. Then the phase value is

∆x · p = E ∆t − ~p · ∆~x = ∆t
(
E −

~p2

m

)
. (17)

In (17), ∆t is the causal delay time. If ∆t = 0, i.e. contin-
uous time, there is no anomaly. Now let’s define the physical
meaning of ∆t as follows.
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Assumption: For a particle, the causal delay is the time it
takes for light to pass through the particle’s reduced Compton
wavelength

∆t ≡
oc

c
=
~

mc2 . (18)

The Compton wavelength of a particle is a certain “re-
gion” of that particle. Therefore, the time it takes for light
to pass through the region is the difference in time between
cause and effect in the interaction between the particle and
light.

Equation (18) is related to the “Penrose clock” [5]. Ac-
cording to him, any individual stable massive particle plays
a role as a virtually perfect clock. And since E = mc2 = hν,
the frequency becomes ν = m

(
c2/h

)
. This can be said to be

the same as (18). Since ∆t = 1/ν, the frequency becomes
ν/2π = m

(
c2/h

)
. Therefore, it can be said that the causal de-

lay time of massive particles plays the role of a fundamental
clock that exists in nature.∗

By the definition of ∆t, the phase value of (17) can be cal-
culated, and consequently the anomalous magnetic moment
can be determined. An easy way to do this is the anomalous
magnetic moment of the muon. In the case of the muon, at
the so-called “magic momentum” p0 = 3.094 GeV/c, the ef-
fect of the applied electric field for confinement of the muon
is negligible. This means that the potential term in the energy
value of (17) can be neglected. Therefore, the phase value of
(17) is as follows
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µ
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(19)

Therefore, the anomalous magnetic moment of the muon
is

aµ = 2 − 2 cos
1
γ
. (20)

Using (20) to find aµ, γ corresponding to E = 3.094 GeV
is 29.28, so

aµ = 0.001166 . (21)

Meanwhile, the value of aµ recently announced by Fermi-
lab is as follows.

aµ (FNAL) = 0.00116592040 (54) . (22)

The value of (21) is only calculated as an approximation
of the muon energy. Thus, how accurately (20) predicts aµ
depends on the determination of γ, which is possible as an
independent measurement of the cyclotron frequency ωc =

eB/mγ.
∗Except for (18) and this paragraph, the rest use natural units.

4 Conclusions

Type 1 has a different view from the existing ones on the con-
cept of field. It is that the harmonic oscillation of the field is
formed by the sum of contributions from the past and future
by ∆t, not inherent in nature. And the interactions deform
these harmonic oscillations. The result of analyzing the in-
teraction from this point of view shows that it is more than
the description of the interaction of the existing relativistic
quantum mechanics.

The causal delay effect in discrete time corrects the ex-
isting minimal coupling theory, which leads to the result that
the charge and mass of elementary particles change depend-
ing on the energy scale. As an example of such a result, it is
partially shown that the anomalous magnetic moment of the
muon can also be explained from this new perspective.
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