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The twin universes hypothesis was initially proposed by A.D. Sakharov followed by
several astrophysicists in order to explain some unsolved questions mainly the current
dark matter issue. However, no one could provide a physical justification as to the origin
and existence of the second universe. We show here that general relativity formally
yields two coupled field equations exhibiting an opposite sign, which lends support
to Sakharov’s conjecture. To this end, we use Cartan’s calculus, in order to derive
the differential form of Einstein’s field equations. This procedure readily leads to a
particular representation whereby the Einstein’s field equation is classically inferred
from the “Landau-Lifshitz superpotential”. Since this superpotential is a fourth rank
tensor (density-like), a second field equation naturally arises from the derivation, a result
which has been so far totally obscured and overlooked in all classical treatments.

Notations

Space-time Greek indices «, 8 run from 0, 1, 2, 3 for local
coordinates.

Space-time Latin indices a, b run from 0, 1, 2, 3 for a general
basis.

Space-time signature is —2.

Einstein’s constant is denoted by .

We assume here that ¢ = 1.

1 Differential calculus
1.1 The field equations in GR (short overview)

In General Relativity, the line element on the 4-dimensional
pseudo-Riemannian manifold (M, g) is given by the interval
ds> = gu,dx*dx". By varying the action S = Lg d*x with
respect to g, where the Lagrangian density is given by

Le= " V= ([} = el ) M
one infers the symmetric Einstein tensor
Gab =Ry — %gab R, (2)
where, as is well-known,
Roc = Ba{'e} = Oc () + {5} ) ~ (2l {ed @

is the (symmetric) Ricci tensor whose contraction gives the
curvature scalar R, and { h} denote the Christoffel symbols of

the second kind. ‘
The source free field equations are

1
Gab:Rab_EgabR"’Agab:O» 4

where A is usually called the cosmological constant. The sec-

ond rank tensor G, is symmetric and is only function of the
metric tensor components g, and their first and second order
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derivatives. Due to the Bianchi’s identities the Einstein tensor
is conceptually conserved

V,Gi=0, (5)

where V,, is the Riemann covariant derivative.
When a massive source is present, the field equations be-
come

(6)

If p is the matter density, T, is here the tensor describing
the pressure of a free fluid

1
GabzRab_Egab(R_zA):%Tub-

(M

Tab =pUgip .

1.2 The general structures on a manifold

Let us now consider a 4-manifold M referred to a vector basis
eq- A locally defined set of four linearly independent vector
fields, determined by the dual basis 67 of the local coordinates

6F = af dx“ ®)

is called a tetrad field or vierbein [1].

On this manifold, it is well known that the connection
coefficients I“gﬁ can be decomposed in the most general sense
as

Yy _ v Y y
T2y = {0} + KL+ @Ts, )
where KZ[; is the contorsion tensor which is built from the

; Y _ 17 y
torsion tensor T}, = 5 (I, =T 7)), and

1
(r;,ﬂ)s = E g)’# (Dﬁ Gau + D, 9pu — D,u gaﬁ) (10)

is the segment connection formed with the general covariant
derivatives of the metric tensor (denoted here by D instead of
the Riemann symbol V)

Dy gaﬁ = By gaﬁ — Fayﬁ - l"ﬁm * 0. (11)
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The connection (F;/B)S characterizes a particular property
of the manifold related to a second type of structure, called
the segment curvature. This additional curvature results from
the variation of the parallel transported vector around a small
closed path.

In a dual basis 6, the following 2-forms can be associated
with any parallel transported vector along the closed path:

— arotation curvature form

Q= %R‘*ﬁwm A 6O, (12)
— atorsion form

Q= % TS07 A 6°, (13)
— a segment curvature form

Q:-lRayémAeé. (14)

2 [0
These are the maximum admissible mathematical struc-
tures defining a general manifold.
1.3 The Cartan structure equations

We now introduce the Cartan procedure. This is a powerful
coordinate calculus extensively used in the foregoing.
Let us first define the connection forms

i =l 0"
The first Cartan structure equation is related to the torsion
by [2, p. 40]

15)

1
Q“:ET3597A05=d9“+r3/\97. (16)
and the second Cartan structure equation is [2, p.42]
a 1 @ o a a B
QﬁzzR[M@V/\H =dlg + T AT a7

and R‘;%/ s are here the components of the curvature tensor in
the most general sense.

Within the Riemannian framework alone (torsion free),
R?; 5 reduces to the Riemann curvature tensor components
and the first structure equation (16) becomes

6 = -T2 A6, (18)

We shall now define the absolute exterior differential D of
a tensor valued p-form of type (7, s)

k ity _
1Hjl A ¢k

fedy _ 0.l i kiy..i, _
(D) =de; f AT NG+ Jois

Ji-Js

As a simple example, the Bianchi identities can be simply
written with the exterior differential as

DQ* = Qg A 6#  (1st Bianchi identity),

DQ‘ﬁ' =0 (2nd Bianchi identity).
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2 The differential Einstein equations
2.1 The Einstein action

We first recall the definition of the Hodge star operator for an
oriented n-dimensional pseudo-Riemannian manifold (M, g),
wherein the volume element is determined by g

n=vV=g6°A0' AO> A B3,
Let Ax(E) be the subspace of completely antisymmetric
multilinear forms on the real vector space E. The Hodge star
operator * is a linear isomorphism A;(M) — A, (M), where

k<n If{0° 6, 62, 63} is an oriented basis of 1-forms, this
operator is defined by

O NG AL 0% =
V-9 . N A
= (n _ k)' Ejycin g]”] ce g]klk G/ AL NG,
With this preparation, the Einstein action simply reads

*R=Rn. (19)

To show this, we express this action in terms of tetrads. With

n* =*(6* A 6”) and taking into account (17) we have

1
Moy A QP = 2 g, R”, 64N 0",

1
(0" N O") = 5 pyop 97707 N 6",
i.e., we have
1
Tlﬁ’)/ = 5 Uﬁytrp 90- A GP. (20)

Thus, we have

1
Moy NO*N O = 2 gy 07 A OPNOMN O = (S48~ Sy 53

1 :
gy A QP = 5(5;5;—5’;5;)Rﬁzvn=Rn= R.

Taking also into account (20), we compute the absolute
exterior differential D1, = % D (18y0p 07 A 6°). In an ortho-
normal frame 7z, is constant and D #gy, =0. This mani-
fests the fact that in the Riemannian framework (metric con-
nection), orthonormality is preserved under parallel transfer.
Therefore, D1jgy, = 13y0p D7 A 6°.

Now, keeping in mind that the basis 6 is a tensor 1-form
of the type (1,0), the first structure equation reads

DH(T — Q(T
D1gy = Ngyop QA0 = Q7 A1y -

The latter equation is zero for the Riemannian connection
D g, = 0. In the same way, we can show that

s 5
D = dn®y +T5 AnQ + T8 Anfy =T Anf) =0 (1)
with 7”7 = *(0P A 07 A 6,) (all indices are raised or lowered

with gos from g = g,5 0% ® 6F).
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2.2 The Einstein field equations
From (20), we infer that

Tgys = Tpysa 0. (22)

Under the variation 66# of the orthonormal tetrad fields
0”8, we have

§ gy N QFY) = 6, A QPY + 11,5 A 6QPY.

Now, using (20) and (22) yields

1 i
onpy = 5 6 (Mgysa 0° A 0% = 560° A NBys -
Hence, applying the varied second structure equation
6QPY = dsTPY + 6T AT + T8 A 6T,

we obtain

8§ (py A QPY) = 60° A (15,5 A QPY) +d (g, ASTHY) -

; ; (23)
—dngy ASTH + g, A (STE AT +TE A ST™),

and from the second line we extract dnjgy + ng, A () + Tgy),
which is just D,

However, we know that D1, = 0, and finally, the varied
Einstein action is

S8 (gy A QPY) = 60PN (g,s A Q) +d (s, ASTPY) +
(24)
+ (exact differential).

The global Lagrangian density £ in the presence of matter
is written as

1
L=~ R+ Lmatter .
2%

Setting up *Tj as the energy-momentum 3-form for bare
matter we have the Lagrangian density for the varied matter

0 Lmatter = — 56”7 A *T,B

and taking into account (24), the global variation is
1
6L =—060P A (2— Ngys A QY +*Ty| + (exact differential).
%

We eventually arrive at the field equations in the differen-

tial form

1

=5 s A QT =% Ty, (25)

where T, is related to the energy-momentum tensor T,z by
To = Top6P.

In the same manner, we can obtain G, = Gug 08 for the
Einstein tensor G, (see Appendix A).

Patrick Marquet. Twin Universes Confirmed by General Relativity

2.3 The energy-momentum tensor

It is well known however, that G, is intrinsically conserved
while the massive tensor T, is not. This is because the grav-
itational field is not included in T,z3. To restore conservation
for the energy-momentum tensor, we start by reformulating
(25) in the form
1 By * :
~3 Qg A =n"Ty. (25bis)
Then, we use the second structure equation under the follow-
ing form

Qpy =dlg, - ﬂﬁ/\l“f (26)
so that we obtain
dUg, A% = d(Tg, A7PL) +Tgy AL 27
Then, using (21) in (26), we infer
dTg, AnP% =d[Ts, ApP0) +
By By (28)

O )
+Tgy A (-T2 AR =T AP +T8 A7),

Adding the second contribution of (26) to (28), we obtain
the Einstein field equations in a new form, which is

1 * *
— 5 d(Tgy A 10 = % Ty + 1), (29)
where we denote
1
“ta = = 5Ty A (Ta A n?° T An®)y,  (30)

and the quantity *#, is interpreted as the energy-momentum
(pseudo-tensor) of the gravitational field generated by this
distributed matter.

Equation (29) readily implies the conservation law

d(Ty+71,)=0. (31)

Writing

to = tap 0P, (32)

we see that 7,5 describes the gravitational field, which can be
expressed, for example, by the Einstein-Dirac pseudo-tensor
[3, p.61].

From (30) we verify that #,5 is not symmetric. To cor-
rect this problem, we shall not apply the Belinfante symmetri-
zation procedure [4]. Instead, we will modify the field differ-
ential equations. We first revert to the field equations (25) in
which we insert n% = %7 §5. With (26) this yields

1 o
-3 N7 05 A (dTgy —Tug ATY) =T (33)
leading to
1 s Ak *
—Eqdﬁy‘sd(rﬁywﬁ)z;ﬂ( T+ %1%, (34)
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where
1
e — _ 3 an P ATY AOs —Tp, ATuis AO*). (35)

We see that *¢“ is unaffected by the exterior product terms
in the bracket, therefore #,3 is now symmetric. In that case,

we idendify “#* with the Landau-Lifshitz 3-form *#" | , which
yields the corresponding pseudo-tensor tl‘f L

3 The 4th rank tensor equation

3.1 The first set of Einstein’s field equations

Multiply (34) by v=¢. Then, taking 7,sy5 = — 3 V=0 €apys

into account, we find a new form for the field equations
—d(\N=gnP"° T, Abs) =2u=g(T*+"17,)  (36)

or
d(=gT» An%) =2v=g (T +"1 ).

From these equations follows immediately the differential
conservation law

(37

d[V=gCT"+"1 )| =0. (38)
A tedious calculation eventually shows that
1 apy
d(N=g TP An%,) = = M (39)
where
HPY = -g(g"g" - "9 (40)

is the “Landau-Lifshitz superpotential” [5, eq. 101.2]. There-
fore the field equations read here

HP =25 [-g(T™ + 7)) (41)
Explicitly, we have
HP = 0{0, 199" —¢”g"}. 42

Remark: It is essential to note that the quantities ¢, do
not represent a true tensor. Indeed, the gravitational field can
be transformed away at any point and its energy is not local-
izable. This is why the left hand side of (41) and (42) exhibits
ordinary derivatives instead of covariant ones.

The 4th rank tensor H* Wﬁ can be regarded as a special
choice of R* — the Ricci ténsor, where all first derivatives
of the metric tensor cancel out at this given point.

The Landau-Lifshitz pseudo-tensor has the form

1 P
Gl ﬂ{ #gaTA A #gafﬂ g+

1
av # 10 #_pu Op # ad # vu
+597907°9" 9" g+ 99" 99", -

2 (43)

_ (gaﬂgﬂg #gv?p #gH{J/l + gv/lgﬂe #gm?p #gﬂ/’J/l) +

(027

1
*3 29"'g™ = g™ g¥)2 ggp g5r — Gps gor) 97", Tg” ‘f,,},
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where ig® = \/=g g®".
When velocities are low and the gravitational field is weak
(42) reduces to

H = 0;{0;1-9(4"g"7 - g"°9""1},

(44
where i, j,... = 1,2,3 are the spatial indices. We can write
this equation in mixed indices by lowering one of the space
indices

HY, = 8,0;(-99™5)). (45)

When i = j, the Newton law is retrieved through the weak
potential g% = 1 + 24 as (45) reduces to the Laplacian

9;0;9% = Ay, (46)

so that we obtain the well-known Poisson equation
Ay =Gp,

where G is Newton’s constant.
Therefore, at the Newtonian approximation, we can write
the generalized Poisson equation, which has the form

HY =25 \=g (T +1° ), (47)

where the Newtonian pseudo-tensor #° | reads

1
(-9) ’80714 = Z{#90(?]( #gkrfn _ #gmfk#goyfn +

1
00 # kr #_I 1# 0k # Ok
+>9 99 9 tIud 9.9~

2 (48)
_ ( Okgnr #gOT’I #gn{k + gOkgnr #gof[ #gn{k) +

+ % (2 gOkgOn - googkn)(2grl gsm — Yis grm) #grnjk #gls,n}'

Unlike the classical Newtonian theory, the static bare
mass density generally produces a gravitational field, which
is described by #° at the considered point.

ReMARrk: A slightly variable cosmological term L term
induces a stress energy tensor of vacuum which restores a
conserved property of the r.h.s. of equation (6) thus avoiding
the use of the ill-defined gravitational field pseudo-tensor as
shown in [6,7].

3.2 The second set of Einstein’s field equations

The second rank tensor field equations have been inferred
from a fourth rank tensor density like. It is then natural to
consider a second set of field equations which is contained in
the former.

A close inspection of the “Landau-Lifshitz superpoten-
tial” (40) leads to the obvious choice for this second field
equation

L
AT M) = = H Dy (49)
HP, = 20~=g(T? + 1)) (50)
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Note that (41) and (50) are linked using a common index.
Furthermore, each set of field equations differ from a sign.
Proor: Let us label the “negative” equation as
COHP = 0.{0y -9 9" —g"g"1}. (5D

Now in the same manner as for (44), equation (51) reduces to

OH, =0,{0,1-9(4"" - g"g"}. (52
Lowering one of the space indices we obtain
OH | =81(0;99"5)). (53)

which is just the opposite to Hoio{'ij =0;0; (—ggooé,j) (45).
Had we set i = j, we would have found

OAy = -Ay. (54)

As a consequence, the right member of the Poisson equation
(in our orthonormal frame) should also reverse sign

“(Gp)=-Gp. (55)

Since the Einstein constant is here a common factor, we infer
that mass densities of each field equations differ from a sign
as well as the gravitation potential .

Therefore, in the framework of the Newtonian approxi-
mation we find two opposite field tensors which induce two
opposite energy density tensors which we label as

D0+ 00) and OT0+2). (56)

3.3 Two antagonist manifolds

Conservation properties lead to the following evident corre-
sponding equivalences

H™ = OG™ = 1|1 + 7). (57)

HP = OGP =@ +4)] . (58)

Hence, the field equation (57) can be regarded as being
defined on a “positive” manifold with respect to the “nega-
tive” manifold on which is defined the field equation (58).

ReMARK: One should always bear in mind that both VG
and /'GP are coupled through the 4th rank tensor Hpgqy,,
which necessarily imposes that indices must keep their re-
spective label. The “intertwined” metrics are then

Wds? = Dy, dxdx, Cds? = Dgg,dxPdx’,  (59)
and, in the “vierbein” (tetrad) formalism, we have
Do =eGeina,  Tgp=egelna,  (60)

where 1, is the Minkowski tensor.
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One thus writes the Pfaffian metrics as

Dds? = naPnint,  Ods* =5, 00%°0,  (61)

Mg = et dx®, Oga = eg dx”, (62)
The common basis 1-form % = e? dx” outlines the cou-
pling between the metrics.
Obviously, in a flat space-time, Vg,, and Tgg, coincide
with 7,, meaning that the twin universes emerge from curva-
ture.

Conclusions and outlook

The twin universe hypothesis recently saw a revived interest.

Several astrophysicists conjectured that it could provide
an appropriate explanation to the puzzle of the dark energy
and dark matter issues and other unsolved observational data
questions [8—15]. However, all these theories do not justify
the origin of the double universe which remains a pure arbi-
trary statement, not relying on any sound physical grounds.
In here we showed that General Relativity formally confirms
the existence of two coupled Einstein’s field equations char-
acterizing two co-existing antagonist manifolds.

General Relativity further shows that there exists at most
two such field equations [16].

We hope that this formal demonstration will help to sub-
stantiate the current research in astrophysics.

Appendix. Classical Einstein tensor retrieved from the
differential equations

Using (12), the field equations

—%nﬁyﬁAQWi:x*Tﬁ (AD)
can be written in the form
—% Moty 07 ANOR”, 5 = # Topn”. (A2)
We first use the following relations
n* A9, (A3)
1 1
e =57 (apys 0° A O7 A 0°) = 3 0P ATlap . (A4)

Then, applying the following Riemannian identities
68 Ao = Som,
07 Alag = 8110 — S0 1p
0% A fapy = 6i Nap + 62, Mya + 05 Ny s

0¢ A Napys = 52 Napy — 6?, Nsap T 5[‘3 Nysa — (33 NBys »
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