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Gödel Time Travel: New Highlights
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The history of fascinating idea of time travel can be traced back to Kurt Gödel who
found a solution of Einstein’s field equations that contains closed time-like curves
(CTCs). Those make it theoretically feasible to go on journey into one’s own past. In
what follows, we establish a realistic way to provide the required conditions to achieve
this time displacement. After having given Gödel’s model a physical meaning, we as-
sign an object to move along a closed time-like curve using the warp drive technique.
Provided the object bears circulating charges interacting with a surrounding electro-
magnetic field, it is possible to extract a negative energy necessary to sustain the warp
drive without resorting to the hypothetical “exotic matter”. In addition, this field/charge
interaction has the virtue to drastically reduce the amount of required negative energy.
Lastly, the entropy of the system is shown to be negative during the time journey into
the past.

Notations
Space-time indices are: µ, ν = 0, 1, 2, 3.
Spatial indices are: a, b = 1, 2, 3.
The space signature is −2 (unless otherwise specified).
Newton’s constant is G.

1 The generalized Gödel metric

The classical Gödel line element is generically given by the
interval [1]

ds2 = a2
(
dx2

0 − dx2
1 + dx2

2
1
2

e2x1 − dx2
3 + 2 ex1 dx0dx2

)
, (1)

or equivalently

ds2 = a2
[
−dx2

1 − dx2
3 − dx2

2
1
2

e2x1 + (ex1 dx2 + dx0)2
]

(2)

expliciting x0

ds2 = a2
[
c2dt2 +

1
2

e2xdy2 − 2excdtdy − dx2 − dz2
]
, (2bis)

where a > 0.
In the cylindrical coordinates (t, r, ϕ) with the transforma-

tions
ex = cosh 2r + cosh ϕ sinh 2r ,

yex =
√

2 sinh ϕ sinh 2r ,

tan
1
2

[
ϕ +

(
ct −

2 t ′

2
√

2

)]
= e−2r tan

ϕ

2
,

the metric reads

ds2 = 4a2
[
(dt ′)2 − dr2 +

(
sinh4r − sinh2r

)
dϕ2 +

+ 2
√

2 sinh2r dϕ dt ′
]

(3)

(the inessential coordinate z is here suppressed).

In its original formulation, the Gödel universe describes
a set of masses (such as galaxies, stars and planets) rotating
about arbitrary axes.

The metric (3) exhibits a rotational symmetry about the
axis r = 0 since we clearly see that the components of the
metric tensor do not depend on ϕ.

For r ⩾ 0, we have 0 ⩽ ϕ ⩽ 2π If a curve rG is defined
by sinh r = 1 that is rG = log

(
1 +
√

2
)
, then for any curve

r > rG we have sinh4r − sinh2r > 0. Such a curve which
materializes in the “plane” t = const is a closed time-like
curve (CTC). The radius rG referred to as the Gödel radius,
induces a light-like curve or closed null curve where the light
cones are tangential to the plane of constant t. With increas-
ing r > rG, the light cones continue to keel over and their
opening angles widen until their future parts reach the nega-
tive numerical values of t.

As a consequence a spacecraft can move in such way that
its chronological order with the positive cosmic time is re-
versed.

In order to make his metric compatible solution to Ein-
stein’s field equations, Gödel is led to introduce the cosmo-
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logical constant Λ as

Gµβ =
8πG

c4 ρc2uµuβ + Λgµβ . (4)

To achieve this compatibility he then further sets

a−2 =
8πG

c2 ρ ,

Λ = −
1
2

R = −
1

2a2 = −
4πG

c2 ρ .

Finetuning the hypothetical cosmological constant with
the (mean) density of the universe and the Ricci scalar R, ap-
pears as a rather dubious physical argument.

In our publication [2], we assumed that a is slightly space-
time variable and we set

a2 = e2. (5)

As a result, the Gödel metric tensor components are con-
formal to the real Gödel metric tensor gµν

(gµν)′ = e2Ugµν , (gµν)′ = e−2Ugµν.

The exact Gödel metric reads now

ds2 = e2U
[
c2dt2 +

1
2

e2xdy2 − 2excdtdy − dx2 − dz2
]

(6)

or

ds2 = 4e2U
[
(dt ′)2 − dr2 +

(
sinh4r − sinh2r

)
dϕ2 +

+ 2
√

2 sinh2rdϕdt ′
]
. (7)

This implies that this metric is a straightforward solution
of the field equations describing a peculiar perfect fluid [3–5]

Gµβ =
8πG

c4

[(
ρc2 + P

)
uµuβ − Pgµβ

]
. (8)

The model is now likened to a fluid in rotation with mass
density ρ and pressure P with an equation of state ρ = f (P).

The positive scalar U is shown to be

U (xµ) =
∫

dP
ρc2 + P

. (9)

From (7) one formally infers that the flow lines of matter
of the fluid follow conformal geodesics given by

s ′ =
∫

eUds . (10)

The 4-vector Kν = ∂νU is regarded as the 4-acceleration
of the flow lines [6]. The hallmark of the theory is the sub-
stitution (5). With this new definition,the Gödel space-time is
no longer the representation of a cosmological model but it is

relegated to the rank of an ordinary metric where its physical
properties could allow for a possible replication.

Rotation of the model and closed curves now depend on
the fluid characteristics.

To this effect consider the metric

ds2 = c2 (dt ′′)2 −
(dr ′′)2

1 + (r ′′/2eU)2 −

− r ′′
[
1 − (r ′′2eU)2

]
dϕ2 + 2(r ′′)2 c

√
2 eU

dϕdt ′′. (11)

As easily verified it is equivalent to the metric (7) if we
set [7]

r ′′ = 2eU sinh r , t ′′ =
2eU t ′

c
. (12)

In this new representation, we see that when r ′′ = 2eU ,
the coefficient in front of dϕ2 vanishes. If we choose the cos-
mic time t ′′ describing the evolution of our universe as the
rotation-axis, then r ′′G = 2eU constitutes the Gödel radius for
which the time lines close up and are tangential to the light
cones (null curves). These curves are contained in the plane
t ′′ = const. in the same way as detailed above. Inspection
shows that the fluid rotates with the angular velocity

ω =
c
√

2 eU
. (13)

Through the equation of state ρ = f (P), the Gödel radius
will be set by tuning the pressure parameter P of the consid-
ered fluid.

Referring to the work initiated in [8], we complete here-
inafter our last publication [9] in which a spacecraft moves
along a Gödel trajectory by using a warp drive propulsion.
The required negative energy will be now given a physical
meaning.

2 A short review on Alcubierre’s theory

2.1 The ADM formalism

Arnowitt, Deser and Misner (ADM) suggested to a construct
a space-time foliation of hypersurfaces parametrized by an
arbitrarily chosen time coordinate value x0 [10]. This folia-
tion is caracterised by a proper time dτ between two nearby
hypersurfaces

x0 = const , and x0 + dx0 = const , (14)

where cdτ is proportionnal to dx0

cdτ = N
(
xa, x0) dx0, (15)

and in the ADM terminology, N is called the lapse function.
Let us evaluate the 3-vector whose spatial coordinates xa

are lying in the hypersurface x0 = const, and the vector is nor-
mal to the hypersurface on the second hypersurface x0+dx0 =

const, where those coordinates become

N a dx0,
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and the vector Na is called the shift vector.
From these definitions follows the derivation of the 3-

tensor
Kab = (2N)−1 (

−Na;b − Nb;a + ∂0gab
)
, (16)

It represents the “extrinsic curvature”, and as such de-
scribes the manner in which the hypersurface x0 = const is
embedded in the surrounding space-time.

With this brief preparation we are now able to tackle our
topic.

2.2 Alcubierre’s function

In 1994, M. Alcubierre showed that a superluminal velocity
can be achieved without violating the laws of Relativity. He
considered a perturbed space-time region likened to bubble
(“warp drive”) which could transport a spacecraft in a surfing
mode inside the bubble, the proper time dτ is the coordinate
time element dt measured by an external observer called “Eu-
lerian”.

The motion is only achieved by the space wave, so that the
occupants of the spacecraft are at rest and would not suffer
any acceleration nor time dilation in the displacement [11].
This process requires a front contraction of the space while
subject to a rear expansion. The spacecraft center distance
located in the bubble

rs (t) =
√(

x − xs (t)
)2
+ y2 + z2 (17)

varies until Re, which is the external radius of the bubble.
With respect to the distant observer the apparent velocity

of the spacecraft is

vs (t) =
dxs (t)

dt
, (18)

where xs (t) is the coordinate of the bubble’s trajectory along
the x-direction.

Alcubierre then defined the step function f (rs, t)

f (rs, t) =
tanh

[
σ (rs + Re)

]
− tanh

[
σ (rs − Re)

]
2 tanh (σRe)

, (19)

where Re > 0 is the external radius of the bubble, and σ is a
“bump” parameter used to tune the wall thickness of the bub-
ble. The larger the parameter σ, the greater the contained en-
ergy density; for its shell thickness decreases. Moreover, the
absolute increase of σ means a faster approach of the condi-
tion

lim
σ→∞

f (rs, t) = 1 for rs ∈ [−Re,Re]

and is 0 everywhere else

 . (20)

The Alcubierre metric is

(ds2)AL = −c2dt2 +
[
dx − vs f (rs, t) cdt

]2
+ dy2 + dz2. (21)

Inspection shows that

Kab = −ua;b , (22)

which is sometimes called the second fundamental form of
the 3-space.

Within this formalism, the expansion scalar becomes

θ = ∂1 N1 = − tr Kab (23)

that with (20) is

θ = vs
d f
drs

xs

rs
. (24)

Let us now write the Alcubierre metric in the following
equivalent form

(ds2)AL = −
[
(1 − v2

s f 2(rs, t)
]

c2dt2 −

− 2vs f cdtdx + dx2 + dy2 + dz2. (25)

Taking account of (20) one finally find the energy density

(T 00)AL = −
c4

32πG
v2

s

(
d f
drs

)2
y2 + z2

r2
s
. (26)

This expression is unfortunately negative as measured by
the Eulerian observer and therefore it violates the weak en-
ergy conditions (WEC) [12]. Notwithstanding this violation,
one is nevertheless forced to introduce a way to obtain a neg-
ative energy density. This possibility is examined below.

2.3 Nature of the negative energy

We consider a spacecraft having a shell whose thickness is
Re − Ri, where Re is the external radius, while Ri is the inner
radius. Re coincides with the Alcubierre bubble which thus
constitutes the whole spacecraft contour.

Consider now a charge µ circulating within the shell thus
giving rise of a 4-current density

jα = µuα. (27)

This current is coupled to a co-moving electromagnetic
field characterized with the 4-potential Aa which yields the
interacting energy-momentum tensor

(T αβ)elec =
1

4π

(
1
4
gαβFγδF γδ + F ασF βν

)
+

+ gαβ jνAν − jαAβ. (28)

The extracted energy density is

(T 00)elec =
1

4π

(
1
4

FγδF γδ + F 0νF 0
ν

)
+ jνAν − j0A0. (29)

Since we chose an orthonormal basis, we have

(T 00)elec =
1

8π

(
E2 + B2

) 1
4π
∆ (ΦE) , (30)

where E and B are respectively the electric and magnetic field
strengths derived from the Maxwell tensor

Fγδ = ∂γ Aδ − ∂δAγ . (31)
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We assume that the field potential Aα (Φ, A) is given in
the Lorentz gauge.

The charge density is derived from

∆E = 4πµ , (32)

which is just the time component of the 4-current density in-
ferred from Maxwell’s equations

∇αF αβ =
4π
c

jβ. (33)

Therefore negative energy density may be shown explic-
itly by the interaction tensor

(T 00)electitn =
1

4π
E∆Φ + µΦ, (34)

(T 00)elecint =
1

4π

(
−∆Φ −

1
c
∂t A

)
∆Φ + µΦ (35)

since E = −∆Φ − 1
c ∂t A.

In (35) the first term in the brackets is always negative.
As to the last term, it is made negative when the time varying
charge density µ and the scalar potential Φ are 180◦ out of
phase (method reached by the use of phasors).

We now suppose that the positive free radiative energy
density

(T 00)elecrad =
1

8π

(
E2 + B2

)
is confined within the spacecraft, i.e., right to the inner side
of the shell wall. The interacting tensor (T 00)elecint is set so
as to exhibit its energy density part on the external side of the
shell. This is made consistent since the charges are circulating
inside the surrounding shell of the spacecraft.

So we see that negative energy production can be achiev-
ed with such a configuration. The higher the charge density
and the higher the scalar potential, then the most effective
negative energy density.

The local field equations read

Gµβ =
8πG

c4

[(
ρc2 + P

)
uµuβ − Pgµβ + (Tµβ)elec

]
. (36)

Remains now the energy density level (T 00)elecint which
is anticipated to be very huge. There is however a possible
drastic reduction which adequately exploits the contribution
of the electromagnetic field interacting with the charges.

2.4 Reducing the required negative energy

The spacecraft bubble is externally charged surrrounded by
a comoving electromagentic field. As such it follows a fins-
lerian geodesic [13] provided the ratio µ

ρ
remains constant

along the trajectory

(ds)shell = ds +
µ

ρ
Aαdxα, ds =

√
ηαβ dxαdxβ . (37)

Neglecting the non-quadratic terms the metric reads

(ds2)shell = ds2 +

(
µ

ρ
Aαdxα

)2

. (38)

The interacting charge of the spacecraft must now be in-
cluded in the metric (25).

Because we are considering only the energy density of
the spacecraft-bubble as a whole, the spatial components of
µ
ρ

Aαdxα in (38) can be neglected and the interaction term re-
duces to its time component

µ

ρ
A0 dx0 =

Φµ

ρ
cdt . (39)

The metric (37) becomes now

ds2 = −

(
1 +
Φµ

ρ

)2

c2dt2 + dz2 + dx2 + dy2. (40)

Notice that the time component of the metric tensor

g00 = −

(
1 +
Φµ

ρ

)2

(41)

can be expressed by the following formula

M = − (1 + N) , (42)

where the lapse function is defined as

N = Φ
µ

ρ
. (43)

The Alcubierre metric (25) reads now

ds2 = −
[
M2 − v2

s f 2 (rs)
]

c2dt2 −

2vs f (rs) cdtdx + dz2 + dx2 + dy2. (44)

The interaction term should be only function of rs, Re,
σ, and of the thickness (Re − Ri), but not depending on the
velocity vs.

Here, our analysis is not too dissimilar to the approach
detailed in [14, 15].

Finally, the negative energy density requirement is

c4

8G
v2

s

(
d f
drs

)2
y2 + z2

r2
s
=

(
∆Φ +

1
c
∂t A

)
∆Φ + µΦ . (45)

The splitting shell/inner part of the spacecraft frame, is
really the hallmark of the theory here it implies that the proper
time τ of the inner part of the spacecraft is not affected by the
term N.

The spacecraft-bubble follows the trajectory xs (t). There-
fore For R ⩽ Re, the bubble is assumed to be ruled by the new
Alcubierre metric (44) expressed with the signature −2

ds2 =
(
M2 − v2

s f 2)c2dt2 − 2vs f (rs) cdtdx −

− dz2 − dx2 − dy2. (46)
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A 2D representation of the warped region according to (44). Prop-
agation is from left (expansion) to right (contraction). The groove
corresponds to the shell thickness determined by the function N.

This space-time is thus regarded as globally hyperbolic
and the bubble will never know whether it moves along a
CTC. As a result,the bubble is seen by a specific observer (see
below) as being transported forward along the x-direction
tangential to a CTC beyond the Gödel radius rG.

We may now write down the Gödel-Alcubierre metric

ds2 = e2U(1− f )


 (1 + Φµρ

)2

− v2
s f 2

 c2dt2 −

−

[
f −

1
2

(1 − f ) e2x
]

dy2 −

−2
[
vs f + (1 − f ) ex ] cdtdy − dx2 − dz2

}
. (47)

In the absence of charge, beyond the distance Re, we have
R > Re → ∞ and f = 0 outside of the spacecraft-bubble and
we retrieve Gödel’s original modified metric (6).

3 Entropy along a Gödel trajectory

3.1 Relativistic thermodynamics

Consider a fluid that consists of n particles in motion within
a given region. The primary variables are:

— The particle current

I µ = nuµ; (48)

— The energy-momentum T µν;
— The entropy flux S µ,

where, obviously, T µν and I µ are conserved

T µν; ν = 0 I µ;µ = 0 .

In a relativistic situation, the second law of thermodynam-
ics requires

S µ;µ ⩾ 0 . (49)

For equilibrium states we have

S µ = n suµ, (50)

where s is the entropy per particle.

Denoting Q as the chemical potential and T the heat quan-
tity (temperature) of the medium, the Euler relation reads

n s =
ρ + P

T
−

Qn
T
, (51)

where ρ and P are respectively the density and pressure of
the medium. We also have the Gibbs fundamental thermody-
namic equation

Tds = ds
(
ρ

n

)
+ P d

(
1
n

)
(52)

or
Tnds = dρ −

ρ + P
n
+ dn . (53)

From (51), we get

S µ = −
Q I µ

T
+

(ρ + P) uµ

T
. (54)

Since in the rest system, the matter energy flux must van-
ish, we have

uλT λµ = ρuµ (55)

and thus, we find the following expression for the entropy
vector in equilibrium

S µ = −
Q I µ

T
+

uλT λµ

T
+

Puµ

T
. (56)

3.2 Applying to the time travel trajectory

Let us consider a spacecraft moving along a Gödel trajectory.
We obviously neglect the chemical potential of the space-
craft’s bodyframe as well as the pressure and the entropy vec-
tor reduces to

S µ =
uλT λµ

T
. (57)

This vector must be measured by the Eulerian observer
which travels along the trajectory tangential to uµ, where he
“sees”

dt
dτ
= M−1. (58)

With this definition, it is easy to show that its velocity
components are

(uµ)E =
[
cM−1, vs f cM−1, 0, 0

]
(59)

(uµ)E = [cM, 0, 0, 0] . (59bis)

We are interested in the entropy scalar part

(S 0)E =
(u0)E (T 00)AL

T
(60)

with

(T 00)AL = −
c4

32πG

v2
s

(
y2 + z2

)
M4 r2

s

(
d f
drs

)2

, (61)

(u0)E = cM. (62)
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We clearly see that the entropy (S 0)E of the system is
negative. Hence, the entropy S 0 attached to the spacecraft
is seen negative with respect to the Eulerian observer which
thus measures a “negentropy”. While travelling to the past,
the occupants of the spacecraft experience a positive entropy,
i.e., they are ageing in their own proper time.

Conclusions

In the novel “The time machine” (1895) by H. G. Wells, an
english scientist constructs a machine which allows him to
travel back and forth in time.

Closed time-like curves were discovered in the 1920’s,
but it is really in 1988 that time travel possibility was seri-
ously considered by physicists in the stunning article [16].
The Gödel solution was mainly regarded as a mathematical
curiosity and thus it was almost forgotten. We have succeeded
in reviving his work by using some transformations which
give Gödel’s mathematical derivation a full physical signif-
icance. In this view, the major contribution of J. Natàrio’s
work [17, 18] introduces now a complementary perspective.

So far, Gödel’s model only depicts a travel into the past.
What about the journey home? If advanced civilizations har-
ness the time travel technology, they must be able to return to
their own present, meaning a reversed time orientation. In the
light of the aforementioned derivations we conclude that they
should take another path. A possibility arises by considering
our recent publication [19]. In this article, we recalled that
the current Einstein’s field equations are inferred from the
second Bianchi’s identity which is verified by the Riemann
tensor. The latter tensor can be particularized to the Landau-
Lifchitz superpotential [20], which is shown to yield two op-
posite field equations (not necessarily symmetrical) coupled
with a common index.

Identifying the time coordinate chosen as the cosmic
time-axis, to this common index, the solution of the second
field equation would ten display a reversed time orientation.
In this case an advanced civilization could adequately exploit
this circumstance to return to its epoch.

Much remains to be worked out on the subject, but we
trust that Gödel’s legacy will continue to stimulate my funda-
mental researches in this field.

Submitted on May 31, 2024
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universe. arXiv: 0404032 (2004).

8. Tippett B.J., Tsang D. Traversable achronal retrograde domain in
space-time. arXiv: 1310.7985 (2013).
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