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In this paper, we recall the historical achievements of Bohr’s Hydrogen atom; we iden-
tify a number of experimental deviations from quantum mechanical spectral predictions
in giant atoms; and we show that a most probable origin of the deviations is given by
the collective entanglement of orbiting electrons with ensuing interactions expected to
be nonlocal, nonlinear, and not derivable from a potential. We then review the repre-
sentation of collective non-Hamiltonian entanglement interactions via the isounit of the
Lie-isotopic branch of hadronic mechanics and present, apparently for the first time:
1) The reduction of unsolvable many-body quantum mechanical problems into solvable
two-body Lie-isotopic problems. 2) The representation of giant atoms via the Einstein-
Podolsky-Rosen Lie-isotopic completion of Bohr’s Hydrogen atom under the suggested
name of iso-Bohr atoms. 3) The numerically exact and time invariant representation
via the iso-Bohr atoms of anomalous quantum mechanical spectral deviations for giant

atoms.
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1 Experimental evidence of deviations from quantum
spectral lines in giant atoms

1.1 Quantum-mechanical model of giant atoms

As it is well known, the 1913 historical structure model of the
Hydrogen atom by Niels Bohr [1,2] provided the first numer-
ically exact and time invariant representation of the spectral
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emissions or absorptions of the Hydrogen atom whose ac-
curacy was such to trigger the wide acceptance of the local-
differential mathematical and physical laws of quantum me-
chanics (for additional historical notes see, e.g. [3]).

Let us also recall that, in the extension to atoms with large
atomic number Z > 1, known as giant atoms, Bohr’s funda-
mental quantization postulate for the orbital angular momen-
tum is retained,

mor = nh, n=123,..., €))

where 7 is the principal quantum number.
The balance between the centripetal force and the Coulo-

mb attraction yields
n’ll)2 _ 1 Zeff 62
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where m and v denote the electron mass and orbital velocity,
respectively, and Z, ¢ includes the Coulomb interaction of the
selected electron with the remaining electrons.

From (1) and (2), one obtains the radius of the allowed
electronic orbits,

4 hZ 2 2
ra= 2L T —ag o, 3)
me Zeff Zeff
where qg is the Bohr radius
4reoh?
ay = =0 = 5291772109 x 10 cm. &)
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The total mechanical energy of the electron in the n-orbit
is evidently given by the sum of kinetic and potential energies,
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By using the preceding equations, this expression reduces
to the well-known Hydrogenic energy levels,

2 2
E :_m—e‘lz‘fi:_RyZeff (6)
" 2(4mey)?h2 n? n?’

where Ry ~ 13.6 ¢V is the Rydberg energy.

Consequently, the quantum-mechanical energy difference
associated with a transition between two stationary states n;
and ny (n; > ny) is

11
— _ 2
AE = E, —E, = -RyZ2, (n—z - ;] , 7
f i

which are scaled up to large Z without structural changes.

1.2 Experimental evidence of deviations from quantum-
mechanical predictions of giant atoms

Systematic and reproducible deviations from quantum me-
chanical predictions have been obtained in [4-8] via X-ray
emission lines, core-electron binding energies, and spin orbit
splittings, which deviations increase monotonically with the
atomic number Z and can be summarized as follows.

1.2-A. Deviations in X-ray spectral lines

Inner-shell X-ray emission lines in heavy atoms exhibit syste-
matic shifts relative to predictions based on relativistic Dirac-
Fock theory with local exchanges. These discrepancies ex-
ceed experimental uncertainties and increase with Z, indicat-
ing a structural rather than instrumental origin as illustrated
by the example:

Atom/system: 23Uy, .

Observable: L, X-ray emission line.
Quantum-mechanical prediction: Relativistic atomic stru-
cture calculation with local interactions [8],

EPY ~ 13.61keV . )
Experimental value: Precision X-ray spectroscopy [8],
Eix” ~ 13.63keV. C)
Deviation:
AE;, ~ +20eV. (10)

Such deviations persist despite refined relativistic treatments
and signal the insufficiency of strictly local electron-electron
interactions in giant atoms as predicted by A. Einstein, B. Po-
dolsky and N. Rosen [10] (see recent experimental confirma-
tions [11-13]).

1.2-B. Deviations in core-electron binding energies

Systematic discrepancies are also observed in experimentally
determined core-electron binding energies of heavy atoms.
Local and semi-local relativistic quantum mechanical models
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consistently underestimate the measured energies, with de-
viations that grow with atomic number Z [4], as shown in
example:

Atom/system: *®Pog, .

Observable: K-shell core-electron binding energy.
Quantum-mechanical prediction: Relativistic Dirac-Fock
calculation with local exchange [4],

E" ~ 93.1keV. (11)
Experimental value: High-resolution X-ray spectroscopy
(4],

ESP ~93.25keV. (12)

Deviation:

AEx ~ +150eV. (13)

A similar effect is observed in uranium:

Atom/system: 23Uy, .

Observable: K-shell core-electron binding energy.
Quantum-mechanical prediction: Relativistic Dirac-Fock
calculation [4],

ESY ~ 115.6keV . (14)

Experimental value: X-ray absorption spectroscopy [4],

E{"” ~ 115.8keV. (15)
Deviation:
AEkx ~ +200eV. (16)

Accurate representations of the above deviations appear to re-
quire explicit nonlocal exchange and correlation functionals,
contradicting the foundational locality assumption of quan-
tum mechanics [4, 5].

1.2-C. Deviations in spin-orbit splittings

Additionally, as interested readers can verify, observed spin-
orbit splittings in giant atoms and correlated electron systems
consistently exceed predictions based on quantum mechani-
cal Hamiltonian.

In summary, extensive experimental and theoretical anal-
yses have established clear quantum mechanical deviations in
spectral predictions for giant atoms that cannot be eliminated
via relativistic corrections, higher-order perturbative expan-
sions, or improved local exchange-correlation potentials, by
therefore supporting the EPR completions of quantum meth-
ods.

1.3 Expected nonlocal origin of spectral deviations

The inability by local-differential models of representing the
anomalous spectral lines of giant atoms has triggered the stu-
dy of their nonlocal origin in diversified fields, including:
condensed matter and bound-electron systems [5, 6]; giant
nonlocal responses near Dirac points [7]; nonlocal spin trans-
port [9]; spatially extended spectral effects for bound elec-
trons in external fields [8]; and other studies.
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In this paper, we study the representation of spectral de-
viations via the nonlocal completion of quantum mechanics
suggested by A.Einstein, B. Podolsky and N.Rosen (EPR)
in their historical 1935 paper [10] (see recent experimental
confirmations [11-13]) according to axiom-preserving, thus
isotopic methods initiated in 1978 by R. M. Santilli [18,19] at
Harvard University under DOE support with the inclusion of:

1.3.1. Lagrangian/Hamiltonian interactions, here re-
ferred to long range interactions that are local (solely defined
at isolated points), linear (solely valid for the first power of
the wave function) and variationally selfadjoint (SA) [18]
(necessary and sufficient conditions for the existence of a La-
grangian or a Hamiltonian in the reference frame of the ex-
perimenter).

1.3.2. Non-Hamiltonian/non-Lagrangian interactions,
here referred to interactions that are nonlocal (defined over
volumes not reducible to isolated points), nonlinear (depend-
ing on arbitrary powers of the wave function) and variation-
ally nonselfadjoint (NSA) [18], thus not being derivable from
a potential.

Nonpotential interactions were introduced by I. Newton
[15] with his velocity-dependent resistive forces experienced
by extended bodies moving within a resistive medium. Non-
potential interactions were then represented by J. L. Lagrange
[16] and V.R. Hamilton [17] with the external terms in their
celebrated analytic equations. A systematic study of nonpo-
tential interactions was conducted by R. M. Santilli [18] via
the conditions of variational selfadjointness.

Note that NSA interactions are solely possible for ex-
tended particles/wave packets in conditions of deep mutual
penetration, as occurring in nuclear structures since nuclear
volumes are generally smaller than the sum of the volumes
of their protons and neutrons [14]. Vice versa, in view of
their extension in space, wave packets generally imply nonlo-
cal, nonlinear and nonpotential interactions caused by mutual
overlapping.

Similarly, by recalling the historical geometric difficulties
in admitting that a dimensionless point-electron can rotate,
the admission of the extended character of the electron wave
packets attracts the attention on the possibility for a physi-
cally well defined intrinsic rotation of the electron studied in
the 1998 work [103].

The above insufficiencies motivated R. M. Santilli to con-
struct the axiom-preserving EPR completion of quantum me-
chanics into hadronic mechanics initiated in the 1983 vol-
ume [19] for the time-invariant representation of extended
particles or wave packets under Hamiltonian/SA and non-
Hamiltonian/NSA interactions. Thanks to contributions by
a number of mathematicians, theoreticians and experimental-
ists, hadronic mechanics reached maturity for scientific and
industrial applications reported in the 1996 volumes [20-22]
(see also works [23-35]) with recent upgrade [44] published
by Cambridge Scholars Publishing.

Hereon, we assume the use of hadronic mechanics for
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Fig. 1: We illustrate the experimental evidence called by Albert Ein-
stein a “spooky action at a distance” according to which two parti-
cles/wave packets that were initially bound together and then sepa-
rated, can instantaneously influence each other at arbitrary distances
without any visible energy source.

our study of giant atoms due to the preservation by the iso-
Bohr models of the axioms of the Bohr model and the mere
use of broader realizations, to the extent that, at the abstract,
realization-free level, the iso-Bohr models coincide with the
historical Bohr’s model.

1.4 Expected implications for Pauli Exclusion Principle

As studied in details in the recent monograph [44], the ex-
act validity of the Pauli Exclusion Principle (PEP) is based
on the exact validity of its axiomatic foundations, including:
(i) Exact validity of quantum mechanics beginning with its
strict locality; (ii) Quantized local orbits; (iii) Geometrically
consistent particles with quantized spin J = 1/2, and other
requirements.

With the understanding that the exact validity of the quan-
tum mechanical form of PEP for light atoms is beyond scien-
tific doubts, departures from the PEP exact validity for giant
atoms are implicit in the 1935 EPR argument [10] because a
nonlocal character of electron orbits for extended and entan-
gled particles/wave packets imply the loss of the axiomatic
foundation of the principle.

In line with the EPR argument, Santilli [23] pointed out
in 1978 doubts on the geometric consistency of the 20th cen-
tury assumption that dimensionless point-electrons can ro-
tate, let alone have quantized rotations, in favor of extended,
thus nonlocal representations of particles/wave packets. Ad-
ditional doubts have been expressed in [45, 46] and papers
quoted therein.

We should therefore note that the experimental deviations
from quantum mechanical spectral predictions for giant at-
oms reported in §1.2 support doubts [10,23,45,46] on the ex-
act validity of PEP for giant atoms in vacuum due to the math-
ematical elaboration of the extremely small limit of possible
violations of PEP 1 + g < 107" suggested by various works
[47-53]. In fact, the crucial value of the 1987 Greenberg-
Mohapatra [45] “quon” g # —1 characterizing possible phys-
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ical deviations from spin J = 1/2 is done via the mathemat-
ical algebra of ladder operators aia; - qa jaiT = ¢;; which is
a particular case of Santilli’s Lie-admissible algebra [54-56]
paia; - qa jaj = 0; characterizing the time evolution of ir-
reversible processes [44], rather than possible changes of a
permanently stable quantity such as the spin J = 1/2 of the
electron.

Experimental deviations from quantum mechanical pre-
dictions much bigger than those for giant atoms in vacuum
exist for light atoms within physical media, such as for the
Hydrogen atom within the hyperdense Solar chromosphere
[57-65].

Note that systematic discrepancies between standard
quantum mechanical spectral predictions and observed spec-
tra arise in dense media due to: plasma microfields (Stark
broadening and asymmetry), non-ideal plasma effects, screen-
ing, level dissolution; many-body and collective interactions,
breakdown of two-body Coulomb assumptions; and other
complex physical conditions. This experimental evidence es-
tablishes beyond reasonable doubts that the spectral behavior
of any atom in dense media, whether light or giant, cannot be
exactly represented by quantum mechanics.

It should be finally indicated that a significant covering of
PEP with the inclusion of nonlocal effects is given by Aringa-
zin’s isotopies of Pauli’s principle [66] (see also the review in
Section 4.2.C, p. 140 of [21]) to be studied in a future work.

2 Collective electron entanglements in giant atoms
2.1 The mystery of particle entanglements

In this section, we study particle entanglements (Fig. 1) [67—
74] and their mutual action (also called steering [70-72]) ap-
plied to the collection of orbiting electrons in giant atoms as a
plausible nonlocal origin of the spectral deviations identified
in the preceding section.

According to clear experimental evidence dating back to
the early 2000’s, particles that were initially bound together
and then separated, can continuously and instantaneously in-
fluence each other at arbitrary distances. As an illustration,
consider two valence electrons originally bonded together in
a singlet state and then separated, one electron being kept in a
physics laboratory and the second sent to the opposite side of
Earth. In the event the first electron is subjected to a 180° spin
flip, the second electron continuously and instantaneously ex-
periences exactly the same spin flip without any human inter-
vention.

The most mysterious aspects of particle entanglements
are created by their interaction, called by Albert Einstein a
“spooky action at a distance”, which must verify the condi-
tions of being:

2.1.1) Continuous;

2.1.2) Instantaneous;

2.1.3) Invisible via current technologies;

2.1.4) Acting at arbitrary distances;
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Fig. 2: We illustrate the central notion of this paper according to
which, as a necessary condition to admit entanglements, atomic
electrons have a very small but finite wave packet with the frequency
v = 10% Hz (top view) which generates a new type of spherical “en-
tanglement wave” (here represented in two dimensions for simplic-
ity) with amplitude A ~ 1072° cm whose values are beyond current
experimental detection (bottom view).

2.1.5) Occurring without any measurable energy source.

In preceding works [73, 74], we present a quantitative
and invariant representation of the above features via hadron-
ic mechanics under the assumption that entanglements are
caused by the continuous and instantaneous overlapping of
particle wave packets, resulting in interactions that are nonlo-
cal, nonlinear and not derivable from a potential, by therefore
verifying the indicated five conditions without any need for
super-luminal speeds (as desired by Einstein [10]).

In this paper, we provide a visual illustration of the above
representation of entanglements via the unavoidable address-
ing the problem of the structure of the electron. To begin, as
a necessary condition to admit entanglements, the electron is
assumed to have a finite wave packet, although with charac-
teristics beyond current experimental capabilities, thus being
compatible with ongoing assumptions in particle physics that
the electron is dimensionless.

More particularly, we assume that the electron is char-
acterized by the oscillation of one dimensionless point of the
ether conceived as a universal substratum for the characteriza-
tion and propagation of elementary particles and electromag-
netic waves [75-78] (see also review in Chapter 3 of [79]).
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The use of characterization by the ether as a medium propa-
gating electromagnetic waves at 300,000 km/s then leads to
the following main characteristics of the electron (top view of
Fig.2):

2.1.A) An extended rotating wave packet under the single
valued irreducible representation of the spinorial covering of
the Lie symmetry SO(2) with spin J = 1/2;

2.1.B) The frequency v = E,/h = 1.2356 x 10*° Hz char-
acterized by the rest energy of the electron E, = 0.511 MeV;

2.1.C) A very small amplitude A(v) ~ 1072 cm.

It is evidently expected that the indicated oscillation of a
point of the ether creates a spherical wave in all three dimen-
sions of the ether (bottom view of Fig.2). The overlapping
of said waves in a pair of entangled particles then creates the
entanglement interaction verifying conditions 2.1.1 to 2.1.5,
as desired (Fig. 3).

It should be stressed that, even though currently invisible
to both our eyes as well as to our detectors, the interactions
underlying particle entanglements are real, as established by
its physical actions [70-72].

2.2 Einstein’s criticism of quantum entanglements

Particle entanglements are generally assumed to be represen-
ed by quantum mechanics, for which reason they are widely
called quantum entanglement. However, Albert Einstein stro-
ngly criticized such an assumption because their experimen-
tally established instantaneous character would imply super-
luminal communications that violate special relativity. This
occurrence motivated the 1935 historical EPR argument ac-
cording to which “Quantum mechanics is not a complete the-
ory” [10].

To honor Albert Einstein, R. M. Santilli [73] recalled that
quantum mechanics can only represent interactions derivable
from a potential. Since there exist no known potential that can
represent the entanglement steering at arbitrary distances, the
Schrodinger equation can only represent entangled particles
as being free due to the sole characterization of the Hamilto-
nian via their kinetic energy.

It should be noted that particle entanglements have been
studied for a century via their statistic-probabilistic correla-
tions, [80-82]. These studies are axiomatically correct for
a representation of particle entanglements at large distances
but, being strictly local, said correlations are unable ab initio
to represent the indicated five basic features of entanglements
with ensuing inability to generate spectral anomalies for giant
atoms.

2.3 Collective entanglements of orbiting electrons

In this paper, we present, apparently for the first time, a non-
local extension of Bohr’s atom to giant atoms, herein referred
to as iso-Bohr atom, to attempt a numerically exact and time
invariant representation of spectral deviations from quantum
mechanical predictions for giant atoms, where the prefix “iso”
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is intended in the Greek sense that the proposed model for
giant atom preserves the abstract axioms of Bohr’s atom.

The main conceptual assumption of the model is that all
atoms on Earth originated within the high pressure of the
plasma inside a primordial star, as a result of which all atomic
electrons of stable atoms existing on Earth were entangled
[73,74], and under the indicated condition of stability, they
have remained entangled to these days. This assumption im-
plies that, in the transition from Bohr’s atom for the atomic
number Z = 1 to large Z values, the original, isolated, fully-
Hamiltonian Bohr electron is turned into a collection of non-
Hamiltonian entanglements with the remaining Z — 1 elec-
trons.

By recalling that the exact, quantum mechanical represen-
tation of spectral emissions or absorptions for small atomic
numbers Z is beyond scientific doubt, we here show for com-
pleteness that the entanglement of individual electron pairs
appears to be insufficient for the generation of spectral anom-
alies in giant atoms, which anomalies therefore emerge as be-
ing due to the collective entanglement of all orbiting elec-
trons.

Consider the radius R(n) of a stable electron orbit for a
given value of the principal quantum number 7 [1, 83, 84]

Ry = 22,

Z A7)

where aq is is Bohr’s radius (4).

By maintaining correct spectral emissions forPauli’s elec-
tron pairs, the minimal entanglement contribution under con-
sideration is that of the four electrons of adjacent orbits R(r)
and R(n + 1). Consequently, we consider the inter-orbital dis-
tance

AR, = %[(m 12 —n?], (18)

which, for the smallest qualifying atom, the stable Beryllium
isotope *Bey, acquires the value

ARE,, = R(2) - R(1) = ag - %" ~3.96x 10 cm, (19)

with corresponding value for the stable Polonium isotope
198P0
84

11
AR ¢ = g3 X591 x 10 cm = 6.93 x 10" cm, (20)

and for the stable Uranium isotope 238U92

AR ¢, =748 x 107" cm. 1)

By recalling that no spectral deviation has been measured
with current technologies for the *Bey, comparison of value
(19) with values (20) and (21) indicates no appreciable in-
crease of entanglements between inter-orbital electron pairs
with the increase of the atomic number Z, thus confirming
the need for studying the collective entanglement between all
orbital electrons of giant atoms.
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Fig. 3: We illustrate the continuous, therefore instantaneous entan-
glement of atomic electrons which is implied by their finite wave
packets per Fig. 2, without any need for superluminal actions as de-
sired by Albert Einstein.

3 Lie-isotopic representation of collective electron ent-
anglements

3.1 Basic assumptions

In preparation for the extension of the Hamiltonian Bohr’s
atom to non-Hamiltonian iso-Bohr atom (§5), in this sec-
tion we outline the representation via hadronic mechanics
[18, 44] of nonlocal, nonlinear, nonpotential, and therefore
non-Hamiltonian particle entanglements specialized, appar-
ently for the first time, to the collective entanglement of pe-
ripheral electrons of giant atoms. Since we have restricted our
analysis to stable giant atoms, we shall use the Lie-isotopic
branch of hadronic mechanics, including its isomathemat-
ics [20] and isomechanics [21], where the prefix “iso” in-
dicates the axiom-preserving, thus isotopic character of the
representation.

The main conceptual assumption of our model is that all
atoms on Earth originated within the high pressures in the in-
terior of some primordial star, as a result of which all atomic
electrons were entangled, and under the indicated condition
of atomic stability, remained entangled to these days. This
implies that, in the transition from Bohr’s Hydrogen atom to
giant atoms, the original single electron for Z = 1 is turned
into an isoelectron entangled with all remaining Z — 1 isoelec-
trons.

A main methodological insufficiency is that the resulting
system is a complex, generally unsolvable many-body prob-
lem. This insufficiency is resolved by isomathematics with
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the embedding of all Z — 1 non-Hamiltonian interactions in
the multiplicative, positive-definite isounit / of the isothe-
ory with consequential reduction of the original multi-body
system to a two-body isoproblem axiomatically equivalent to
Bohr’s atom, which as we shall see, does admit exact ana-
Iytic solutions while assuring the recovering of Bohr’s atom
uniquely and unambiguously for [ = 1.

3.2 Isomathematical representation

The universal enveloping associative algebra & : {A, B, ...;X;
—1} for Hermitean operators A, B,... of Bohr’s atom with
associative product AB = A X B, A(BC) = (AB)C and
millenary multiplicative unit /, 1B = Al = AVA € ¢
is lifted into the universal enveloping isoassociative algebra
é :{A,B,...;AXB; f} of the iso-Bohr atom with isoassocia-
tive isoproduct (first introduced in Tables 5.1 to 5.4 of [19])

AXB=ASB, S >0,
(22)
AX(BXB) = (AXB)X C,

and consequential lifting of the multiplicative unit 1 into the
isounit
I=1/s, >0,
A A (23)
IXA=AXI=AVYA € ¢,

where the Hermitean, dimensionless, positive-definite, inte-
grodifferential function or operator S (originally called the
isotopic element and nowadays called the Santillian [85-87])
has an arbitrary dependence on local quantities, such as time
t, coordinates r, velocities v, acceleration a, energy E, den-
sity d, pressure m, temperature 7, wave function ¢, or any
other needed local variable § = S(t,r,v,a,E,d, n, 7, ¢,...) =
ST S >0, and nonrelativistic realizations of the type [88]

S =1/I = 241,21 Diag (b, b} .. b2,,) =

l/n2

y.a’

= Z4-1,..z-1 Diag (1/n}

X,

1/nl,)xet >0, (24)

,,,,,

bio >0, I'=T(r,v,a,E,d,mt,7,¢,...) >0,

where: nfy,k, k = 1,2, 3 represent the dimension and shape of
atomic orbital and the positive-definite function I' represents
all non-Hamiltonian interactions.

It should be stressed that, despite their simplicity, basic
axioms (22) and (23) imply the corresponding compatible
lifting of the totality of 20th century applied mathematics
and related mechanics into isomathematics [20] and related
isomechanics [21] with no exception known to this author.
To render this paper minimally self-sufficient, in this subsec-
tion we outline a simple method for the construction of the
isomathematics needed for the iso-Bohr atom, while the cor-
responding method for the construction of physical laws is
outlined in the subsequent subsection.
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In its simplest possible form, isomathematics can be con-
structed via the following non-unitary transformation

h > UUT=1>0,

UxAxB)xU' =A"XB =A'SB,

(25)
S=UxUH",
A =UxAxU", B=UxBxU",
applied to the fotality of conventional methods and their op-
erations.

It should be stressed that, being defined on the conven-
tional Hilbert space H over the numeric field of complex
numbers C, transformations (25), characterize nonunitary
quantum theories, that as such, are afflicted by a number of in-
sufficiencies [89]. Their resolution requires the reformulation
of the theories into the full isomathematical language [20],
with particular reference to the reconstruction of unitarity on
iso-Hilbert isospaces H [90] over the isofield ¢ [91], called
isounitarity [92)

U=U0Ss"?,
e e (26)
vut=0x0"=0"%x0=1,

with corresponding isolinearity and isolocality (see Sec.4.2,

p- 128 on of [20]). In such a reformulation, we assume for

simplicity that Hermiticity coincides with iso-Hermiticity,
Ut =Wy =Wy =U". (27)

Consider the field R(n, X, 1) of real numbers n with prod-
uct nm and unit 1 on which the Bohr atom is constructed.
Assumptions (22)—(25) imply that the iso-Bohr atom is con-
structed on Santilli isofield @(ﬁ, 1 ) of isoreal isonumbers
A = nl with isoproduct A X m = nml ¥ nym € R [91] (see
also [93, 94]) which are obtained via the application of iso-
topic transformation (24) to all axioms of a numeric field and
all their operations. Consequently, all scalars s € R of Bohr’s
atom, such as coordinates r, velocities v, real valued functions
f(r), etc. are mapped into isoscalars § = si € 7A€ thus includ-
iI}g isocoordinates # = rl, isovelocities d = vf, isofunctions
f® =1fDU, ete.

Note that, by conception and construction, Santilli nu-
meric isofields verify all axioms of a numeric field. Never-
theless, when projected in our space, isonumbers represent
volumes in view of realizations of the type

it = nl = Diag (n/nj,n/n5,n/n3), (28)

which are necessary for the invariant representation of the ex-
tended particles [21].

Geometrically, the nonrelativistic Bohr atom is formu-
lated on the Euclidean space E(r,d, 1) over R with coordi-
nates r = (x,y,2) = ), k = 1,2,3, the familiar metric
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§ = (6;) and invariant r* = r'yr/ = ri + r; +r; € R. Con-
sequently, our nonrelativistic iso-Bohr atom is formulated on
the iso-Euclidean isospace E(#,5,1) over the isoreal isofield
R [20 95] with isocoordinates # = rI € R, isometric 6 =
(86)] € R and isoinvariant

A

(29)
] eR.

= (b2 + b + 202) [ = (—2
¢\

Algebraically, the Bohr atom is elaborated via the vari-
ous branches of Lie’s theory with particular reference to the
SU(2)-spin algebra with Hermitean operators Jy, k = 1,2,3
and commutation rules [J;, J;] = J;J; = J;J; = 6;; Ji, whose
fundamental representation characterizes the spin J = 1/2 of
the electron.

Thanks to the majestic axiomatic consistency of quantum
mechanics, the numeric predictions of the Bohr atom are in-
variant over time in view of the invariance of its nonrela-
tivistic (relativistic) dynamical equations under the Galilean
G(3.1) (Poincaré SO(3.1)) symmetry.

By comparison, the iso-Bohr atom is elaborated via the
Lie-Santilli isotheory [19] (see also [96,97]) for the construc-
tion of the isotopic space-time isosymmetries [98—108] with
generators Ji, where k = 1,2,..., N (which are the same
as those in quantum mechanics because they are observable)
with isocommutation rules

Ui 1" =ik =i xJi=J;ST, - JiSJ; = Cf;]k, (30)
where the Santillian S (24) represents extended particle/wave
packets and their consequential contact, thus zero-range non-
Hamiltonian interactions.

The first role of the Lie-Santilli isotheory for the study of
giant atoms is that of introducing the notion of isoparticles at
large and isoelectrons in particular (called eletons in the orig-
inal 1978 proposal [23]) as isounitary isoirreducible isorepre-
sentations of the iso-Poincaré isosymmetry P (3.1) [107,108].

In turn, by remembering that it is geometrically impos-
sible for a dimensionless point to have rotations, the second
role of the Lie-Santilli isotheory is that of introducing the no-
tion of hadronic spin [101,103] with axiomatically consistent
rotations due to the extended character of particles repres-
neted by the Santillian (24), e.g. a rotating prolate ellipsoid
with NSA interactions due to the environment represented by
the exponential term. Said hadronic spin does admit the spin
J = 1/2 for the electron as a particular case when the par-
ticle is isolated in vacuum, although the numeric value of J
generally depends on the environmental conditions. As an ex-
ample, due to the dependence of the Santillian on local den-
sities, the spin of an electron under the immense pressures in
the core of a star is expected to be different than the spin of
the same electron when orbiting in vacuum around a nucleus.
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The third role of the Lie-Santilli isotheory is that of as-
suring the invariance over time of the numeric predictions of
the theory at the nonrelativistic (relativistic) level because the
dynamical equations isoequations are invariant under the iso-
Galilean isosymmetry G(3.1) [36-38] (iso-Poincaré P(3.1)
[39-41]) isosymmetry.

We should finally indicate that, under the assumption that
the electron is actually dimensionless, no entanglementis con-
ceivably possible, in which case the author is aware of no ac-
tual physical interaction capable of a numeric representation
of the quantum mechanical spectral anomalies reported in §1.

We also recall that, from a differential viewpoint, the Bohr
atom is elaborated via the historical Newton-Leibnitz differ-
ential calculus with basic differential of the local coordinates
dr and derivative 9, f(r)/d, from which we derive the opera-
tor realization of the linear momentum (for 2 = 1) pl|y(r)) =
—i0, 1 (r)).

The iso-Bohr atom cannot be elaborated via the Newton-
Leibnitz differential calculus because said calculus can be
solely used over a numeric field whose multiplicative unit
is the constant number 1, thus being inapplicable for mul-
tiplicative units with a dependence on the local coordinates
i= fv(t,r,v,a,E,d,ﬂ,T,gb,...).

Following an extensive search, Santilli [109] proposed
the generalization of the Newton-Leibnitz differential calcu-
lus applicable to all possible multiplicative units admitted by
the axioms of a numeric field, with basic isodifferential and
isoderivatives

di =d[ri(r,.. )1 =8d[ri(r,.. ) = dr +rSdl,

bf ) _ ;of®) Gl
o o

which finally allowed the axiomatically consistent identifica-
tion of the operator form of the isomomentum

Pe X W)y = =i 10:(P)) (32)
needed for the elaboration of the isodynamical isoequations
of hadronic mechanics.

It should be noted that two decades following proposal
[109], the mathematician S. Georgiev discovered Santilli’s
isodifferential calculus by initiating its systematic mathemat-
ical study reported in the various monographs [110] and pa-
pers quoted therein.

3.3 Isomechanical representation

We finally recall that, on operator grounds, the Bohr model
is formulated on a Hilbert space H with: states |y); normal-
ization (Y/|ly) = 1; expectation values < A >= (p|A|y); Her-
miticity condition {p|(Al¥)) = (plA)) Yo, ¥ € Hi; as well
as the familiar Schrodinger equation for a stable bound state
of two particles with masses m,, a = 1,2, relative coordinate
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r=(r*),k = 1,2,3, Coulomb potential V.(r), and /i = 1

H(r, p)ly(r)) =

1 (33)
= z"k,(y > PkaPka T Ve | lw(r)) = Ep(r)) .

2mk,a
The iso-Bohr atom is formulated on tpe infinite §-class
of Hilbert-Myung-Santilli isospace [90] H over the isofield
of isocomplex isonumbers C with: isostates |f/); isonormal-
ization

WKW = WISy =S ; (34)
isoexpectation values
2AS = (JIRAXI) = (WISAS W) ; (35)
and iso-Hermiticity condition (36), i.e.
PIRARIY) = [PIKA K YN =
(36)

= (PIXAKIY Vp, i € H ,

where the first equation is formulated on H over C while
the second equation is the projection of the former onto H
over C.

The main dynamical equation of the stable iso-Bohr atom
is given by the Schrodinger-Santilli isoequation [19] (see also
[85,86]),

~

HP p) X 10(F) =

>
>

- [zk:1,2,3 = KPSt C(?)]&h&(ff» =
’;’k (37)
= [Ekzl,z,s 2 (—ildys)(~ilby5) + Vc(?)]h@(f)) =

= HS () = EX|j(P) = EN(P),

where: V.(7) = [V.(?)]I; we have used (47) for the isolinear
isomomentum; and we have introduced the notion of isotime
7 = tl,, related isounit [, and Santillian S, = 1/1,.

The above isomechanical equation illustrates the comple-
mentary of the Santillian with respect to the Hamiltonian,
since the latter (former) represents all potential (nonpotential)
interactions. Note in (24) that measured quantities are repre-
sented by conventional numbers in view of cancellations of
the type £ X (7)) = EIJ ().

As one can see, the iso-Hilbert formalism is consider-
ably broader than the conventional Hilbert formalism, as il-
lustrated by the fact that the former holds for the infinite fam-
ily of Santillians (24). For this reason, to avoid mathemati-
cal complexities not used for measurements, in this paper we
have assumed that a quantity should be observable indepen-
dently from the methods used for its treatment, by therefore
assuming that the definition of Hermiticity coincides with the
conventional notion of Hermiticity, in which case we have the
following [21]:
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THEOREM 4-1. All well behaved operators that are Hermit-
ean (observable) in quantum mechanics remain Hermitean
(observable) in the Lie-isotopic branch of hadronic mech-
anics.

PROOF: Condition (36) of iso-Hermiticity (iso-observability)
of an operator A is reducible to the identity SA = (AS)' =
STAT = S A which is assured by the Hermiticity of the Hamil-
tonian H and of the Santillian S. Q.E.D.

Following the achievement in 1995 of sufficient matu-
rity [20-22], isomathematics allowed a number of advances
in physics and other fields that are generally impossible for
20th century applied mathematics, among which we mention
the following:

3.1. The invariant representation of the dimension, shape
and density of extended particles/wave packets and their non-
local, nonlinear and non-Hamiltonian interactions via the San-
tillian S in isoassociative product (22) [19,20];

3.2. The completion of weakly convergent or divergent
perturbative series into strongly convergent isoperturbative
series with consequential faster computations (see Chapter 11
of [21]);

3.3. The improvement of cybersecurity via the isomath-
ematical formulation of cryptograms, e.g. via sufficient nu-
merical isoproducts (22) whose solution cannot be identified
in a finite period of time under a computer change of the San-
tillian every nanosecond (see Appendix 2.C of [20] and pa-
per [102]);

3.4. The achievement of explicit and concrete realiza-
tions of Bohm’s variables as being hidden in the associativity
axiom [21,73];

3.5. The inapplicability of Bell’s inequalities for extend-
ed particles under non-Hamiltonian interactions [103];

3.6. The progressive recovering of Einstein’s determin-
ism with the increase of the strength of the interactions with
consequential full recovering of Einstein’s determinism at the
Schwartzschild horizon [111-114];

3.7. The exact and invariant representation of the synthe-
sis of the neutron from a proton and an electron in the core of
stars [115], its experimental verifications [116] and industrial
applications [117];

3.8. The exact and invariant representation of the experi-
mental data of the Deuteron and heavier nuclei [118-120];

3.9. The exact and invariant representation of the anoma-
lous magnetic moment of the muons [121, 122];

3.10. The theoretical prediction [123] and experimental
verification [124] of the local character of the speed and fre-
quency of electromagnetic waves propagating within physical
media;
plus applications in chemistry and biology here ignored for
brevity [43].
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4 Nonlocal Lie-isotopic Bohr atoms
4.1 Foreword

In this section we present apparently for the first time:

1) The reduction of unsolvable many-body quantum me-
chanical problems to solvable two-body Lie-isotopic prob-
lems.

2) The Lie-isotopic reduction of Giant atoms with Z > 1
to Bohr’s Hydrogen atom with Z = 1 under the suggested
name of iso-Bohr atom.

3) The numerically exact and time invariant representa-
tion via the iso-Bohr atom of anomalous quantum mechanical
spectra of giant atoms.

The iso-Bohr atom has been conceived and it is construc-
ted as being axiom-preserving, i.e. as being a two-body iso-
problem composed by a central isonucleus and a simgle or-
biting isoelectron as a isounitary isoirreducible isorepresen-
tation of the Lie-Santilli iso-Poincaré symmetry Pg(3.1) with
Santillian (24). The entanglement interactions responsible for
the contributions by all remaining orbiting electrons are rep-
resented by the isorenormalization of the characteristics of
the electron, beginning with its charge, which are generated
by non-Hamiltonian effects.

Besides the achievementof exact solutions for many-body
problems, the Lie-isotopic reformulation converts divergent
perturbative series into strongly convergent isotopic series
(see Chap. 11 of [21]) and having other computational advan-
tages.

4.2 Isodynamical representation

Let us assume that: 1) 771, represents the isomass of the iso-
electron; 2) i1, represents the isomass of the nucleus; 3) 7 :
{Xx, D, zx} k = e, n represents the iso-Euclidean coordinates;
4) px, k = 1,2 represents the isolinear isomomenta of the
isoparticles with realization (32); 5) f represents the isotime
hereon assumed to be, for simplicity, identical to the conven-
tional time, £ = ¢; 6) # = {%] — %2, §1 — o, 21 — 22} represents
the relative iso-Euclidean isocoordinates between the isoelec-
tron and the nucleus with isomomentum p ; 7) R = {X, V.2 }
represents the isocoordinates of the center of mass with iso-
momentum P; 8) M = i, + i, represents the total isomass
of the considered two-body isoproblem with isomass yu =
e K ity /(e + A,); and 9) Assume the expressions M X R =
{meﬁ\()’el - ﬁ'lnﬁ\()’eZ; ﬁ’leﬁ\(gl —ﬁinﬂﬁz; ﬁle 5221 _ﬁlﬂ >A<22}

Then the Schrodinger-Santilli isoequation for stable iso-
Bohr atom can be written

% gf@(f» = i%@(f» =

= [Steen@ K i) Kpi X pic + Ve(FIX | P(P) =
= [Skeen2mi” PiS Prc + Ve(FOIS 1¥(P) =

= Eror X () = Eor P(P))

(38)
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and reduces via (32) to

(39)
+Q R Py + py + P+ VPN K PG R)) =
= Eie X Wi(71)) = Eioal P(0)) -

Since hadronic mechanics verifies the isosuperposition
principle thanks to its isolinearity [21] and the motion of the

center of isomass is free, we can use the decomposition
[P, R)) = 1DR) X (7)), (40)

which reduces (39) to the equation for the center of isomass

(41)
= [QX M) K (P} + Py + PO X|OR)) = Ex X |DR))

and to the dynamical isoequation for the iso-Bohr atom

|

(7)) =

IX <

D
=

A 1A 5 5 5 A 42
(@R IKGE+ R+ P + VR RlGy = PP

= EXI(#).
To reach an analytic solution of (42), we now introduce

the isospherical isocoordinates (Sect. 5.5 of [21])
x = rb; ' sin(d) cos(¢), y = rby" sin(d) cos(9), @)
z=rby' cos(b36), O=0b30, ¢=Dbibg,

under which (42) reduces to the hadronic radial equation of
the iso-Bohr atom

1148 50 . .
- T = ?’,\—‘i‘ +VC?' 7y =FE 7 5 44
i P O W@ = EWp(@),  (44)

where p represents the contribution from the orbital angular
momentum treated below, plus the expression for the hadro-
nic angular momentum and its eigenvalues (Sect. 6.6 of [21]):

and

(45)
and

L x|V @,0)) = —i % 1750, 0)) = il V5,0, 0)),

0=1th;=0,1,2,3,...
m=mbby=0,0-1,0-2,...,-C.
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To appraise the physical value of the above iso-Bohr atom
we now assume in first approximation: 1) Hadronic ground
state for which £ = 0; 2) The consequential values 7z = 0 and
p = 01in (44); 3) The spherical symmetry of the isoorbits for
which b, = b, = b3 = b > 0; 4) The value of the isounit f¢ =
1 (Bohm’s hidden variable, p. 245 of [21]); 5) the average of
the resulting Santillian (24)

S = Diag (b}, b3,b3) = b*Diag (1, 1,1), b* = constant, (46)

resulting in the simplified expression for the hadronic radial
equation (44) (see Ch. 5, p. 182 of [21] for the general case)

1 1950 . N
[—IAZTQ—rZ—A+VC(r)—E]|t//(r))=
2u 2% or
1 1950 “n
= |55 5 £ 7o + 52Vl - S2E| i) = 0,
2u 2% or

that, by recalling (2), is reduced to the isorenormalization of
the effective nuclear charge

Zope=S8Zoyre, (48)
with corresponding isonormalization of the eigenvalues
E=SE, (49)
from which we can write
§2= Eep _ L AE (50)
Eqm Eom

By using the spectral deviations of (10), (13), and (16),
we then obtain the values

13.63 keV

Eq(lO) . S(ZAExZO ev) = m = 10014,
93.25 keV

Eq.(13) : S{ypaiso ev) = Biokey - 0016, D
115.8 keV

Eq(16) . S(ZAEzZOO eV) = m = 10017,

which constitute numerically exact representations of spec-
tral experimental data for giant atoms via hadronic mechan-
ics [19,21] that are invariant over time due to the invariance
of the basic dynamical isoequations (38) under the Galileo-
Santilli isosymmetry G(3.1) and related isorelativity [36] to
[38].

Representative mean values of the Santillian and of the
isounit are, therefore, given by

§ =1"=1.0008014756,
o (52)
I=57"=09991991669,

and, according to our basic assumptions, they represent all

quantum mechanical spectral deviations of giant atoms as a

67



Volume 22 (2026)

PROGRESS IN PHYSICS

Issue 1 (June)

necessary condition to reduce unsolvable many-body prob-
lems to solvable two-body isoproblems.

Note that approximation (46) of Santillian (24) is merely
intended to show the capability by the iso-Bohr atoms to achi-
eve an exact solution for giant atoms, the complete solution
being that for the full expression (24).

By keeping in mind that, according to Refs. [111-114],
the uncertainties under strong interactions are predicted to be
smaller than the corresponding values under electromagnetic
interactions (evidently due to the former interactions being
dramatically stronger than the latter), an intriguing implica-
tion of exact representations (51), and related mean values
(52), is that the uncertainties dr and Ap of the orbiting elec-
trons in giant atoms are predicted to be bigger than the corre-
sponding quantum mechanical uncertainties for light atoms,
as one can see from the nonunitary transformations (25) and
(26) and values (52) of Heisenberg’s uncertainty principle

ArAp

D= N =

|U@ILr. pllyyUT| =

53
>1hS>1h Y
“2 2

[(BIX[#p] X |0

This result was expected due to an apparent shielding of
said electrons by the entanglement interactions to be studied
in a subsequent work.

Note that, as indicated in §1, by conception and construc-
tion the iso-Bohr model coincides with the Bohr model at the
abstract realization-free level to such an extent that they could
be expressed via the same symbols, all differences occurring
in the preferred realization of their universal enveloping as-
sociative algebra.

5 Concluding remarks

In this paper, we have:

5.i) Identified the experimental values of the spectral de-
viations from quantum mechanical predictions for giant
atoms by therefore providing an additional confirmation of
the EPR argument on the lack of completeness of quantum
mechanics [10-13].

5.ii) Indicated the most plausible origin of said devia-
tions in the nonlocal, nonlinear and non-Hamiltonian inter-
actions of the entanglement of all orbital electrons.

5.iii) Represented the non-Hamiltonian/non-Lagrangian
interactions of particle entanglements via the Santillian S in
all isoassociative products A X B = AS B of hadronic mech-
anics.

5.iv) Introduced the notion of extended isoparticles at lar-
ge and isoelectrons, in particular, for a geometrically con-
sistent admission of intrinsic rotations with the spin value
J=1)2.

5.v) Introduced, apparently for the first time, the axiom-
preserving completion of Bohr’s Hydrogen atom into an ex-
actly solvable form applicable to giant atoms and shown that
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the resulting iso-Bohr atoms provide a numerically exact and
time invariant representation of quantum mechanical spectral
deviations.

In preceding works outlined in comments 3.1-3.10 we
have shown that isomathematics offers significant computa-
tional advantages over 20th century applied mathematics,
while in this paper we have shown that isomathematics can
map unsolvable many-body problems into solvable two-body
isotopic problems, by therefore validating the power of iso-
mathematics as a nonlocal, nonlinear and non-Hamiltonian
EPR completion of local, linear and Hamiltonian applied ma-
thematics for novel advances in all branches of physics, chem-
istry and biology.
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